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DAy 1
(1) The Complete Reflection Principle (CR) (Levy 1960): For every
formula p(zq,...,x,) of the language of set theory, and every set a, there

exists a transitive set A closed under subsets (i.e, all elements of the
elements of A and all subsets of elements of A belong to A) which contains
a and such that for every aq,...,a, € A,

olay,...,a,) ifand only if A E p(ay,...,a,).
Prove that
Extensionality + Separation + Foundation + CR

is equivalent to Zermelo-Fraenkel (ZF) set theory.

(2) Show that the Reflection Principle of Levy also holds with proper classes
as additional predicates: for every (definable, with set parameters) proper
class A, and every n, there is an ordinal « such that

(Vo €, ANV,) =2, (V€ A).

(3) Show that & is inaccessible iff for each subset A of V, there is some a < k
such that

(Vo €, ANVL) 25, (Vi €, A).
(4) (Reinhardt) Prove that one cannot have Reflection at any cardinal &, i.e.,
at (Vi, €, A), for I} formulas with arbitrary third-order parameters A.
Hint: Suppose & is such a cardinal and consider A = {V,, : o < Kk}
seen as a third-order predicate, i.e., as a subset of P(V,). Consider the
sentence saying that every element of A is a set.
(5) Show that C)) is the club proper class of uncountable cardinals  such
that V., = H,.. Hence CV) is I1;-definable.

More generally, show that C'™ is II,-definable.
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Hint: Use the fact that the X,-satisfaction relation (for n > 1) is
Y.,-definable, and also that the function o — V,, is II;-definable.
(6) Show that if j : V' — M is an elementary embedding that is non-trivial,
i.e., not the identity, then its critical point, namely the first ordinal moved
by 7, is an inaccessible cardinal.

DAy 2

(1) Let M C N, where M and N are transitive sets or proper classes. Show
that Xy formulas, i.e., with only bounded quantifiers, are absolute for
M, N. Namely, for every ¥ formula ¢(x1,...,z,) and every ay,...,a, €
M.

M Eo(ay,...,a,) it N E@a,..., a,).

Show that >; formulas are upwards absolute and that II; formulas are
downwards absolute for M, N.
(2) Show that he following are equivalent:
(a) Ae CW
(b) A is an uncountable cardinal and V) = H)
(c) A is uncountable and |Vy| = A
(d) A is a fixed point of the 3 function.

(3) Fill in the details in the background notes (4.6 to 4.10) showing that a
cardinal x is supercompact iff for every A > k there exists a xk-complete,
normal, fine ultrafilter U over P, ().

(4) Show that every supercompact cardinal is strong.

(5) Show that every extendible cardinal is a supercompact limit of supercom-
pact cardinals.

Day 3

(1) Show that the following are equivalent for a cardinal k, and n > 1:
(a) & is the first C(™-extendible cardinal.
(b) k is the least cardinal such that SR, (II,41) holds.
This is a straightforward generalization of the proof for the n = 2 case,
done in class.

(2) Show that an ultrafilter U over P\ is normal iff every function f : P.A —
A that is regressive (i.e., f(o) € o) on a set in U, is constant on a set in
Uu.

(3) Show that a cardinal & is C'™-extendible iff there exists a fine and normal
(n+1)-reflecting measure on P\, for all cardinals A € C"*1) greater than
or equal to k.

This is an easy generalization of the proof for the n = 1 case, done in

class.

(4) Show that PSR(Y,) is witnessed by every x € C),

(5) Show that if x witnesses PSR(IL,), then x € C"+1).
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