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Interaction of logic, games, and automata

Modal u-calculus

Equivalence over

Game semantic .
binary trees

Infinite games
g Tree automata

Winning strategy

We will introduce the weak fragment of modal p-calculus.
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Modal p-calculus

Modal p-calculus is an extension of proposition logic by adding

e modalities
At a state in a transition system (directed graph):

P
OP: P holds in all successors. ©-0Q
{$P: P hold in some successor. |:|PO ® 5
e fixpoint operators (second order operators), 0Q \
, and . [ R
n _lQ
Example

e 1 X.pV X expresses that there is a path where p eventually eventually.
o Y. uX.(pAOY)V OX expresses that p holds infinitely many times.
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A warm-up example

~ Example.

> Suppose K;p means “the agent ¢ knows that ¢ holds” ,i=1,2,---n

> Let E be the “everyone knows” modality:
FEp:=KipN---NKpp
» Then common knowledge C'p can be given as an infinite conjunction:
Co< oANEpNEEoQNEEEQANE*oN---NE"$A---

With greatest fixed-point operator, common knowledge has an elegant finite
characterization:

Cp=vXpANEX




Common knowledge Cp :=vX.po AN EX
» v X denotes the greatest fixed-point of the equation X = ¢ A E(X).

Layer O: %) p is true

Layer 1: Eyp Everyone knows ¢

Layer 22 EFE¢  Everyone knows that everyone knows ¢

Layer 3: EFEFEy Everyone knows that everyone knows that everyone kno

Intuitively, X updates "the things that everyone knows":

X ={¢,Ep,EEp,EEEy---}.

» The greatest fixed-point of X = ¢ A E(X) captures largest possible set that
meets “things that everyone knows".



Basics of p-calculus: syntax
The formulas of p-calculus are generated by the following grammar:
p=P|-P|X|p1 Npa|p1V 2| Op|Op|pX.@|vX.p,
where P denotes an atomic proposition. Let T := PV =P and 1L := P A —P.

The negation is allowed to use only if a negated formula can be transformed to a
regular formula by the following rules:

~(~P) =P, ~(~X) = X,
~(Y V)= A e, (WY AQ) =9V g,
—Hp = O, ~Qp = U=y,
—uX.o(X) =vX.—p(-X), v X.p(X) = pX.—p(=X).

Notice that for a formula nX.p(X) (n = p or v), X appears only positively in ¢(X),
namely within an even number of the scopes of negations.
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Semantics
A Kripke model, (a.k.a. transition system), is a triple M = (W, R, V'), where (W, R) is
a directed graph and V is a function from atomic propositions to the subsets of W. By
w € V(P), we mean that P holds in a state or world w € W.
Given a set A C W, the augmented model M|[X := A] is obtained by V(X) := A.

For a u-formula ¢, we define the valuation ||o||* on a Kripke model M inductively:
IPIM =V (P); [ X|ME=AT= A [lmp| M= W [l M
> oAM= el ™ e vl = llel™ U )M
> |Op[|M = {w e W | Yo.wRv — v € ||¢[|M};
10@||M :={w e W | Jv.wRv Av € ||p||M};

> ||uX.o||M is the least fixpoint of I',; and |[vX.¢||™ is the greatest fixpoint of Iy,
where T, : P(W) — P(W) maps A C W to [|o(X)||MX:=4l abbrev. by [p(A)||M.

We also write I',(X) = [|o(X)||M. As X occurs positively in ¢(X), the operator ',
is monotone and its least and greatest fixed-points are well-defined.

v
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Semantics via approximations

We can also generate the least fixpoints by approximating from the below and the
greatest fixpoints from the above.
Recall that ¢(X) defines an operator

I%:NWU%PMU
S/ — [[(P]]M[X::S’]

We can define inductively,
e X0 :—90

° Xa+1 — 99]\/[(Xo¢)

o XN = cr M (X*), where X ranges over limit ordinals.

There is an inductive sequence X0C...c xecC x>t C ... which finally reaches a
fixpoint X# = XA+ .= X We have
[nX.] = X>

FITTE.



Example

The formula X .pV $X expresses that there exists a path which leads to states where p holds. This is
called liveness / reachability property. The approximation process is as follows:

p =0
ph = Ip v OXTM =T = [pv 0] = [p] = V(p)
2 = [p v OXTMX=R = [l U [Op] = p* U v : Fw, (v,w) € EAw € V(p)}

ut = [p v XTI = ] U [0p] U [002]
=p? U{v: 3w,u, (v,w) € EA(w,u) € EAu€ V(p)}

Intuitively, " is the set of vertices where p holds, u? = u' U [{p] consists of vertices v such that
either p holds at v or there is a successor of v such that p holds and so on.

e This process produces an inductive sequence u° C p* Cp2 Cpd C .- CunC....
e Such a sequence reaches a fixpoint pu* = p~+! = Un<w 1", which means that there exists n

such that p holds in the n-th stage.

S



vZ.uX.(p ANOZ)V HX expresses that p holds infinitely many times
o' =W p? =0
1O = A G2) v OXTMI = IE=WE — [ A WU [00] = [p A OW]
W% = 1o £ 02) v OXPIIE=IEE < [p A QW] U [Op™]
uo3 = [pAOW]U [[<>M0,2]]

o' =10 eventually p pl =0
u = [(p A 02) v OXTM=HZ= — (o A ut) v 0] = [p A 0]
ph? = Ao ) Vol = [ A v v (Op A OOvh)]
p = A Ovh) Vv Qap?

1 1,00

o =p eventually p followed by (eventually p)

ee]

_— 7 infinitelv manv
ITIS.



Semantics in terms of games

» Given a sentence of modal p-calculus ¢ and a
transition system M = (W, R, V'), we define
the evaluation game E(M, s, @) with players 3
and V moving a token along positions of the
form (1), s), where 1) is a subformula of ¢ and
seWw.

» Player 3's purpose is to show ¢ is satisfied at
s, while player V's goal is opposite.

ITTE. T ITIVS. y &

Player v wins ‘

a
0:070

(0.47.v2.8,((0TVy) A 2))

(0,v2.0,((0uT V) A 2))

(0.8a(© pTV) A2))

(1,(9,TVy) AZ)

1,0,TVy) @

,9,7) @y) % (1,0,((0,T V) A2))

@™ 0,(05TVy)AZ)
Player 3 wins 0,9,Tvy)
Player 3 / Verifies

" Player 3 cannot move =N



Rules of evaluation game for modal u-calculus

Positions for player 3

Admissible moves for player 3

(11 V 42, )
(0%, 5)
(J‘7 8)
(P,s) and s ¢ V(P)
(=P, s) and s € V(P)
(nXabx, s)
(X, s) for some subformula uX.¢x

{(¥1,9), (¢2,5)}
{(¥, 1) | (s,1) € R}
0
0
0
{(¥x,9)}
{(¥x,9)}

Positions for player V

Admissible moves for player V

(1 N2, s)
(O, 5)
(T,s)
(P,s) and s € V(P)
(=P, s) and s ¢ V(P)
(l/XiﬂX, S)
(X, s) for some subformula v X.¢)x

{1, 8), (2, 9)}
{(,1) | (s,t) € R}
]

]

]
{(¥x,s)}
{(¢¥x, )}

S L S .



In an evaluation game M = (W, R, V') with an initial position (¢, sin), the two players can produce a
sequence of positions obeying the above rules as follows,

p = (0, 50) (1, 81)(p2,52) . .. with (o, 50) = (0, Sin)

which is called a play in the evaluation game M = (W, R, V).

Table: Winning conditions

player 3 wins player ¥V wins

if p is finite player V has no admissible move player 3 has no admissible move

if p is infinite | the outermost subformula visited infinite | the outermost subformula visited infinite

many times is of the form vx.p many times is of the form px.p




(O, wy.vz.0,((OpTVY) A z))

(0, vz. Da(( OpTVY)A Z))

Example

0,0,(0 ,TVY) A
Consider M as follows, where the (0 (Ez bTV)A2))
only atomic proposition is p, and @ (9 TVy)A2)

V(p) =W (i.e., pis always true). WO,TVY)

/We' 3 / Verifier, ,2)
E(M,0, py.vz.0a((0pT Vy) A2)). (1, 0,T) (Ly) 5 (1,8,((95T V) A2))
b lP\ayer 3 / Verifier
oe - e “T 0.(0pTVy)AZ)

Player 3 wins 0,0,TVy) (0,2)

a mayer 3 / Verifier

©y)  (0,0,7)
° o
Player 3 cannot move
Player v wins So V wins
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Parity games

» A parity game G = (V3, Vg, E, Q) with index n is played on a colored directed
graph, where each node is colored by the priority function
QIVQUVV%{O,...,H}.

» Parity condition: Player 3 (V) wins an infinite play if the largest priority occurring
infinitely often in the play is even (odd).

2 3—»23



Parity games
» A parity game G = (V3, Vg, E, Q) with index n is played on a colored directed
graph, where each node is colored by the priority function
Q:VgUVv%{O,...,TL}.
» Parity condition: Player 3 (V) wins an infinite play (produced by their choices) if
the largest priority occurring infinitely often in the play is even (odd).

» Winning region: the set of vertices from which that player has a winning strategy.
» Parity games are positionally determined (i.e., from any vertex, either player has a
memoryless winning strategy).

ITTE. T ITITITITITITS



Evaluation game and parity game

Theorem

The following are equivalent.

e Player 3 has a winning strategy in the evaluation game E(M, s, ).

o M s E .

To show the above theorem, the following facts are usefull.

(1) If M, s |= ¢ then 3 has a memoryless winning strategy in E(M, s, p).
(2) If M, s [~ ¢ then V has a memoryless winning strategy in £(M, s, ¢).

Theorem (Calude CS, Jain S, Khoussainov B, Li W, Stephan F., 2017)
The parity game can be solved in quasipolynomial time.

ITTE. T ITITITITITITS



Consider the following formulas in a Kripke model M at the root r:
> “always p holds”
vX.pAOX

» ‘“eventually p holds”
uXpVvEoX

> “p holds infinitely many times”

vY uX.(pAQY) VvV OX

Question
Does the expressive power become stronger by increasing the number of the fixpoints?
To measure the complexity of such formulas,

» alternation hierarchy, classifying by by the numbers of i and v operators that
appear alternatively.
» variable hierarchy, classifying the numbers of distinct bind variables.

S L S .



Alternation hierarchy

Definition
The alternation hierarchy of modal p-calculus is defined as follows.

» Xf,IIj : the class of formulas with no fixpoint operators

> Zn—l—l containing X5, UII}, and closed under the following operations
(i) if p1, 2 € X 410 then ©1 Vg, 01 A s, Orp1, Oryr € En+1

i)

)

(i) ifpe Xt then pZ.p e Xl |, and
(iii) if o(X), ¥ € ¥4, and 1) a closed formula (namely, no free variables), then
p(X\y) € 57,
» dually for HnJrl

> AM = PN

Example. vY.QY A puZ.pVv $Z isin Al
uX VY. QY AuZ.O(XVZ)isin ># but not Hg‘, since there are no closed subformulas.

S | T ITIVS. y & T TITITITITS



Question
Does the alternation hierarchy for modal p-calculus collapse?

No

(1) Bradfield's proof using the strictness results arithmetic p-calculus

(2) Lenzi's 4, and II}, formula on n-ary trees (1998).

(3) Arnold’s automata-theoretic method to show the strictness over binary trees
(1999).

Subsequently, Walukiewicz pointed out the strict formulas in fact express the winning
positions of parity games.



The alternation hierarchy of modal p-calculus is strict

Ziﬂ : H’r‘d»l
T
P . 5
L.9

o 115
L] L]

o G
L[] [ ]

Witness of strictness:

on=wXp.--vXo. [ (\/ pAPAOX) V() —pApiADX))
0<i<n 0<i<n

where p denotes the position of player 3, p; the color of i and n = v if n is even and n = p if n
is odd.

"”’Ac"””””°"”"”"°’l""l"le

Modal p-calculus Evaluation game Alternation hierarchies



Alternation hierarchy
of modal p-calculus

Index hierarchy of ’—‘ Index hierarchy of
parity games alternating automata

"”’Ac"””””°"”"”"°’l""l"le
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Focus of this study

Modal p-calculus Evaluation game Alternation hierarchies
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Definition (Weak alternation hierarchy of L,,)
The weak alternation hierarchy of modal p-calculus is defined as follows.
> Eg/“ = HgV“ = II}: the class of formulas with no fixpoint operators

> Em‘lz is the least class of formulas containing EXV” U HXV” and closed under the

operations V, A, [0, & and the substitution: for a ¢(X) € X/ and a closed
v €St o(X\v) € T

> Hm‘l: is the least class of formulas containing YWE UTIWVH and closed under the

operations \V, A, [J, O and the substitution: for a (X) € II} and a closed
W W
¢ € Enflr ¢(X\w) € anl

Forn > 1, SyH / ITV* is not closed under uX | vX.
Example. vX.OvZ.((nY.0Y) AOX)V Z is in ILy ",

S | L S y & IS S & S 4



Definition (Weak alternation hierarchy of L,,)
The weak alternation hierarchy of modal p-calculus is defined as follows.
> Eg/“ = HgV“ = II}: the class of formulas with no fixpoint operators

> Em‘lz is the least class of formulas containing EXV” U HXV” and closed under the
operations V, A, [, O and the substitution: for a p(X) € EﬁL and a closed
W, W,
Y e p(X\y) € B0

> Hm‘l: is the least class of formulas containing YWE UTIWVH and closed under the
operations \V, A, [J, O and the substitution: for a (X) € II} and a closed
W W,
w € ETHfil' (,O(X\@D) € anl

Forn > 1, SyH / ITV* is not closed under uX | vX.
Example. vX.OvZ.((nY.0Y) AOX)V Z is in ILy ",

Theorem (Pacheco-L.-Tanaka)

The weak alternation hierarchy is strict.

S | L IS y & IS IS & S .



Strictness of weak alternation hierarchy witness by weak parity games

» A parity game G = (V3, Vi, E, Q) is said to be weak if the coloring function Q has
the following additional property:

for all v,v" € V53U Vg, if (v,0") € E, then Q(v) > Q(v').

» If p denotes a position of player 3's turn, and p/ a position with priority 4, then
Wo =vX.(pApy AOX)V (=p Apyp AOX),

Wit1 =0X. 0 Ay ANOX)V (mp Apy AOX) VW, for n > 0.

where 7 is p if n is even, otherwise v. Notice that W, is a Hg‘:fil—formula, and
Wani1 is a E;Z’jrz-formula.

» W, indeed describes the winning positions for 3 in a weak parity game with colors
up to n.

ITTE. T ITIVS. y & T TITITITITS TITTITITITITITITS.



How far can the weak alteration hierarchy reach?

Observations on syntax tree

(a) alternation (b) alternation-free

The weak alternation hierarchy captures the alternation-free fragment (i.e., no nested
fixed-point operators).

VllllAa'll’lll’lla"lll’lll‘e'll’lllllA°'IIIIIIIIA
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Theorem (Pacheco-L.-Tanaka)

The weak AH syntactically exhausts A, i.e., every formula in Ab belongs to some
level WVH or TIVH of the weak hierarchy and vice versa.
Proof. To show weak AH C A% By induction on n:
> Base Case (n =0): EXV“ and HXV” contain only fixpoint-free formulas, which
are in XY NII) C AL,
: : Wy mWa 1% Wi,
» Inductive Step: Assume ¥, ", 11, " C Ay, For X '
> Formulas are built from WK UTLWVH (already in AY by IH).
> Substitution of 1 € X' into ¢(X) € B preserves Al

To show AL C weak AH Every A% formula £ can be constructed via:
» Decomposing ¢ into X/ or IT{ subformulas.

» Using the weak hierarchy's substitution closure to inductively build £ in some
St or T H.



Theorem (Pacheco-L.-Tanaka)

On infinite binary trees, there exist Aly-definable properties that cannot be expressed

by any finite level Sy'* or IIW* of the weak AH, but require the transfinite extension
W,
ot

Setup: Weak parity games and their formulas

Let {W, }nen be a family of weak parity games, where:
» Each W, has priorities {0,1,...,n}.
» The winning condition: parity condition + weak

By the strictness of the weak AH:

Wu

niy formula, but not by any SVE or

» The winning region of W, is definable by a
V" formula.



Translation from weak to non-weak parity games
For each weak parity game W,,, we construct a corresponding non-weak parity game
W), with only two priorities {0,1}, where
P priority 0 encodes even priorities in W,,, and 1 encodes odd priorities in W,
» the winning condition remains parity (smallest priority is 0).
The key is:
» The winning regions of W), can be expressed as:

uXo.vX1.(p Aph AOXo) V (p AP AOXT) V (mp Apy ADXg) V (—=p Ap) AOX),

> Since each node has at a unique color, that is V(p,) N V(p}) = 0, by Beki¢
Principle, we have

vX1.uXo.(p Apg A OXo) V (p APy AOX1) V (mp Apy ADXo) V (—p Apy ADIXG).
» Thus the winning regions of W), can be captured by a A} formula.

S | L IS y & IS IS & S y



Constructing A} Property

e Define a AL property ¢ that describes the winning regions of all W/ :

» ¢, holds at a node if there exists some n s.t. the node is in the winning
region of W/ .

> Since each W}, is A}-definable, and A} is closed under countable disjunction
(for properties on trees), ¢ as a disjunction of all such 1, is also Ab.

e (o escapes all finite levels of the weak AH

e ¢ belongs to S0
(o can be constructed as a limit:

» For each n, the winning region of W, is Enwfl—definable.
> The union J,,cy yWH gives W,



Relation to the variable hierarchy

For any n, L,[n]| denotes the set of modal x formulas that have at most n distinct
bound variables, and likewise for ¥ [n], II¥[n] for all level i and the weak AH.

Example

The following formula ¢y is purely a one-variable formula (II5[1]). For readability, it
may be rewritten as @2, a one-variable formula in a broad sense.

> o1 =vX.OWX.0X) Vv X.

> o =vX.OWY.QY)VX.
And, the following formula @3 is a weak modal p-formula (in fact H;N“), but not
one-variable.

> o3 =vX.OvZ.((uY.0Y) AOX) V Z.

S | L IS y & IS IS & S y



Applying to variable hierarchy L, [n]

Theorem (Pacheco-L.-Tanaka)

The AH of L, [1] (the one-variable fragment of modal ji-calculus) is strict, which is in
fact witness by the weak parity games.

Let p denote a position of player 3's turn, and p) a position with priority i.
Wo =vX.(pApy AOX)V (—=p Apy ADOX),

Wit1 =nX. (0 A ANOX)V (mp Apyp AOX) VW, for n > 0.

where 7 is 11 if n is even, otherwise v. Notice that Wy, is a II;, ; [1]-formula, and
Wan 1 is a 35, o[1]-formula.

"IIIAo'IAVI’IIIIIo"”ll”ldo"ll”lllA VAT ITITITITSI
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Recall that
L2

s : n”
el — | | — M

w0 / : \ -

= < >H‘l‘

Theorem (Berwanger, 2003)
The AH of L, [2] is strict and not contained in any finite level of the full logic.

Theorem (Berwanger, Gradel and Lenzi, 2007)
For any n, there exists formula ¢ € L,[n| which is not equivalent to any L,[n — 1]
formula.

'IIIIAG"IIIIIIII°7’III’I’I‘°'I’I’II’IA°AVAVIIIAVIIA
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One-variable AH in the modal p-calculus

p
z:n+1

¥
LS
=4
Ly[1]
L]
D : )
15 (1)
i (1]
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Future work
> extending the notion of weak to study A% (n > 2), the ambiguous class of L.
» applications in studying the collapsing phenomenon when we restrict the Kripke
models to some special class.

Class of Alternation hierarchy  References

transition systems

of modal p-calculus

T™ strict Brad96,Brad98a
Tr-tree strict Lenzi96

T2tree strict Arnold99,Brad99a
TR strict AF09

TRS strict DAL12

Tfda collapse to AFMC Mateescu

T? collapse to AFMC AF09,DAL10,DO09
T collapse to AFMC ~ GKM14

Ttud collapse to ML AF09,DO09
TREG. collapse to AFMC  Roope

TVPL collapse to AFMC ~ GKM14

AFMC: alternation free fragment of L, (no nested 4 and v); ML: modal logic.



T™ : the class of recursive presentive transition systems

T™ "¢ : the class of n-ary trees

T%e¢ : the class of binary trees

T# : the class of reflexive transition sytsems
T7R9 . the class of reflexive and symmetric transition systems

T/ . the class of finite directed acyclic transition sytsems

T? : the class of transitive transition sytsems

T . T* with feedback vertex sets of a bounded size

T . the class of transitive and undirected graphs

TRECGw . the class of w-regular languages, and

TVPLe . the class of visibly pushdown w-languages.
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Thank you for your attention!
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Example
The negation of the formula v X.p A JX expressing “always p holds" is

(v X.pANDOX)
=puX.—(p NO-X)
=uX.—pVv3oX

which means “eventually —p holds”

°"Illlllll
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Note that uX.{ X is false. The approximation process is as follows:
p’ =0
pt = HOX]]M[X::“O] —{veS: Jw (v,w) e EAwe [X]MX=0}

={vesS: Ju, (v,w) eEANweD} =10

The approximation process of v X.{X is as follows:

N =9
= [[<>X]]M[X::u0] ={ves: Jw,(v,w) e EANwE [[X]]M[X::s]}
={ves: Juw,(v,w) eEANweES}=S

'IIIIAo'IIIIIIIII°7IIIIIIII‘°'IIIIIIIIA°IIIIIIIIA‘
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» For the common syntax trees of formulas with distinct fixpoint variables, every
fixpoint variable has a unique binding definition, that is, any leaf of an occurrence
of a fixpoint variable Z links to its unique binding definition uZ.1 or vZ.1).

» But when the formulas can be renamed by a single variable, we need brackets to
restrict the operator precedence. A leaf of an occurrence of the fixpoint variable
links to the nearest fixpoint formula in the form of uZ.(... Z...)orvZ.(... Z ...)

uX. ((m\'.([l. ABX) VX (00 A m‘)) V(@ ABX)

l

(,/X.(n. ABX)V X2 ABX )) /(2 AbX)

N

VX.(Q ApX) VX () AbX) [DYNS'

w\\ X) / (%
vX.(Qg AD) Q2
I) V; /\{

x /\

|:1

S | L IS y & IS IS Y& S y
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Parity games

» We can think the evaluation game of a (weak) modal p-formula as a (weak)
parity game.

> Given a pointed transition systems (S, sg) and a (weak) modal u-formula ¢, we
can define a (weak) parity game G on a tree, which is equivalent to the evaluation
game & of (S, s0) E .

» The arena of G is defined to be a tree constructed as follows:

1. each node p is a partial play (i.e., a finite sequence of admissible moves) of the
evaluation game &; the ownership of each node is inherited from the evaluation
game,

2. the relation of the arena is inherited from the admissible moves in the evaluation
game £.

The coloring function © of game G for a (weak) modal u-formula ¢ is defined by
cases mainly on the last element of a partial play p in G.



Example
Let K = (S, (Ee)eefap), V) be a Kripke structure as follows, with V(p) = {¢3} and a

interpretation function V.

a a

(=)

Modal p-calculus Evaluation game Alternation hierarchies Weak alternation hierarchy
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Example (Continued)
(1) We will first give the semantics of 1 = v X.0,(Opp V X).

N =9
v = [Oa(Oop VX) Ty = a({g2} U S) = {a1, 42,43}
—~—
{az}
= 1/0
—~—
fixpoint
Evaluation game Alternation hierarchies Weak alternation hierarchy
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Example (Continued)
(2) Next we give the semantics of w2 = puX.0,($rp V X).

p’ =0
p' =10 (<>bp VX)) lvix o) = Ba{g2} U D) = {a1, g3}
{qz}
12 = [0a(Oup V X))y = Ba({a2} U{ar, a3}) = {a1, a2, 3}

12 = [0a(Oup V X))y = Dal{a2} U{ar, @2, 43}) = {a1, a2, a3} = 1

VIIIIAa'llllllllla7””””‘6"”””’4°'IIIII’IIA
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Example (Continued)
(3) On the other hand, the semantics of g = I/Z.MX.DQ<(<>bp NZ)V X) with

respect to K can be computed as follows.

o’ =5 ={q,q,q}
100 — ¢
pt =0, <(<>bp AZ)V X)]]V[X\Mo,o] =, (({Q2} AMar, g2, q3}) v V)) ={q1,q3}
102 = [0a (000 1 2) U X )Ty = O (({a2} 0 {01, 02,05 U {1, 05} )
={q1,q2,93}
p? = [[Da<(<>bp NZ)V X)]]V[X\;LOQ] ={q1, @2, a3} = n°?

ot =% ={q1,q2,q3} = 1°

'IlllAe"III’I’IIe"l’l’l”‘e""l”’l4°AVAY/II/IA'AV/I/A‘
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Example (Continued)
e 1, o and 3 are semantically equivalent over the Kripke structure K, in the
sense that ¢1, 2 and 3 define the same set of vertices over K.

e The equivalence of ;1 and ¢y shows that the semantics of the least and greatest
operator makes no difference when the transition system contain no infinite paths.

e The equivalence of 3 and @9 shows that a syntactically complex formula may be
as expressive as some simple formula over a certain transition system.



Another view of alternation free: syntax tree

An L,-formula is called alternation-free if no v-variable occurs free in the scope of a
p-operator, and vice versa.

vX.pY.(YV X)

(a) alternation (b) alternation-free
Fig. 2. Alternation (vX.(pY.Y V X)) vs. alternation-free (vX.(pY.Y)V X)

In term of syntax tree, ¢ is alternation free iff its syntax tree contains no cycle of a
p-variable and a v-variable. Figure (2a) has a cycle of both X and Y. Figure (2b) has
P9GSH | DI I I PTG ID I I YIRITITF TNy I FFFFITY
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Another view of alternation free: syntax tree

X ((PY-()Y) V () X) V pX((Y-(b)Y) A (a) X))

@X’.((uY’.(b)Y’) Aa) X'

Fig. 1. The graph for pX.((vY.(b)Y) V (@) X) V puX'.((vY'.(0)Y") A (a) X").

Source: Local parallel model checking for the alternation free u-caclsulus, technical
report, 2002...

'IIIIAo'IIIIIIIII°7IIIIIIII‘°'IIIIIIIIA°IIIIIIIIA‘
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Given n, Berwanger (2003) introduced the following formulas for all i = 1,...,n.
» for all odd i < n,

PH(X) = pZ. | (% A>Z)V (\/ﬂ Ax) v ( \/ G Aea(2)) |,
j=i+1
» for all even i < n,
oM7) = vX. | (i ABX)V (\/Q /\Z> ( \n/ QjAg0§L+1(X))
j=i+1

where
= Vo NOX) Vv (Vo AOX).

"”’Ac"””””°"”"”"°""””’A°IA'lllAvll“
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B n—1
oM(X) = uZ. ((Qn ABZ)V ( V ;A X)) € T5u]

#2a(2) = vX. [ Qi AvX) v (\/ﬂ NZ)V (\/ QjAso?+2(X>) eI 12

j=i+2

Z is a free varibale in ¢, |
<

P (X) = 2. <w»z>v(;\;/iﬂjAX)v( V % aeia(2)

S,
E “z+1[2]
=i+l

[ S ——

M Z is a bounded variable in ¢}

W[Z] = SO? = p,Z. (Q /\[>Z ( \/ Q A ‘PH—l(Z)) € Zg“p]
Jj=i+1

—

Mo free variable in
IS a'll’lll’lla"lll’l

lpilell’llllllelllllllll
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L2 = L,?

Formulas in L,[2] can express properties in arbitrary level of alternation hierarchy of
L,. Then it is natural to ask whether L,[2] = L, or not.

> It is negatively answered by showing the strictness of variable hierarchy.

Theorem (Berwanger, Gradel and Lenzi, 2007)
For any n, there exists formula ¢ € L,[n| which is not equivalent to any formula in
Lyn—1].

'IIIIAG'I’IIIIIIIQ'IIIIIIII‘o'l’l’l”l4°IIIIIAVIIA‘
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Question

How is the one-variable fragment of L, namely L,[1]?

L, [1] consists of formulas each of which only contains one fixpoint variable.

We can define the simple alternation hierarchy of L, [1] by modifying the definition of
simple alternation hierarchy for L, via level-by-level restricting the formulas with only
one fixpoint variable, for instance, $a"[1] = Sa* (N L,[1].

We first note that one-variable fragment of modal p-calculus is contained in the whole
weak alternation hierarchy. By definition, it is obvious that the relation

U =5 C A
nw

Simple altern. hierar. of L,[1]



We will show that L, [1] is enough to express the winning region of weak parity games.
A weak game can be given as a rooted structure G, vg with G = (V,V,, Vo, E, Q,n).
Player | wins with a play x if the priority sequence of x is nonincreasing.

Given n, we consider the following formulas for ¢ =1,...,n,

wi = vX. (i1 V (4 A >X)>, if i is odd *
0; = uX. (goz-_l VrX.(Q A I>X)) V(25 A I>X)), if 7 is even

where
pX = (Vo ANOX) V (VaADX).
The formula ¢,, describes that player <> has a winning strategy in a weak parity game
with priority n.
Example
For n=2, 1 = vX.( A>X),
oo = puX. ((uX.(Ql APX)VX.(Q2 A >X)> V (Q2 A I>X)) note that 9 € 25“[1].



pX.pV(gAOX),
means that there is a path in which p eventually holds and ¢ holds before p holds.
Similarly
02 = pX.( (VX.(Ql ABX)V X (22 A I>X)> V(Qs ABX)),

Property o

means that there is a path where property ¢ eventually holds and €25 is true before o
holds.

Theorem

The simple alternation hierarchy of L,[1] is strict over finitely branching transition
systems. Moreover, the simple alternation hierarchy of L, [1] exhausts the weak
alternation hierarchy.



|: Simple alternation hierarchy

Counting simply syntactic alternation of i and v results in the following definition.
The superscript S means simple or syntactic.

Definition
. Eg“,l'[g“: the class of formulas with no fixpoint operators
o Eiil : containing £5* UTIZ* and closed under the following operations
N . S S
(i) if o1,92 € B0, then 1 V o, 01 Ao, Opr, G € 22K,
(i) if o € ESﬁ‘rl, then uX.p € Egil
Sp
n+1
. . Sp ey - Su S
A formula is strict Yo if it is not X" UIIL,".

S
Example: uX.(pV pY.(X vV OY)) € 7.

e dually for II

S | T ITIVS. y & T TITITITITS TITTITITITITITITS.



Notice that simple alternation does not capture the complexity of feedbacks
between fixpoints.

For instance, it does not distinguish the following two formulas:
> O =Y uX.(pAOY)ANOX
> Oy =vY.QOY A (uZpVOZ)

Both ®; and ®5 are strict Hg“.

But the former is more complex: inner fixpoint depends on the outer one.
Observe that in ®9, the subformula pZ.p vV $pZ is a closed formula (namely, no
free variable).



II: Emerson-Lei alternation hierarchy

Definition
The Emerson-Lei alternation hierarchy of modal p-calculus is defined as follows.

> EEL“ HEL“ : the class of formulas with no fixpoint operators

ELpu U HEL,u

> 2n+1 containing Xy, and closed under the following operations

(i) if o1, s02 € En+1 , then @1 Vv 802 01 A2, Orpr, Orep1 € En+1'
(i) if p € Zn+1 then uZ.p € En+1 , and
(iii) if (X)), ¥ € Efff and ¢ a closed formula (namely, no free variables), then
P(X\Y) € Bt
> dually for TIZ 1

Example. vY.QY A pZ.pV $Z s Deltal

"IIAVAo'IAVIIIIAVIIOVI’IIAVIIIAo'lIAVl’lAVIA VAT ITITITITSI
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Niwinski alternation hierarchy

Definition
Np +7Np . . .
> 3,7, I, " : the class of formulas with no fixpoint operators

> ngl : containing SNE TN and closed under the following operations

(i) if 1, @2 € Eﬁ[j_‘l, then 1 V 2, @1 A @2, o1, Gpr1 € Eg_fl,
(i) if o € 2N, then puZ.p € BN, and
(iii) if p(X), v € Eivj_‘l and no free variable of ¢ is captured by ¢, then ¢(¢) € E,Iy_f_‘l.
N
> dually for IT, 1",
The Niwinski alternation depth of a formula ¢ is the least n such that ¢ € NG ﬂﬂﬁm.

Fact: 0K € 2 ¢ 9NE for > 2,
Ve N D AL

'l”le'IIlllllllOYIIIIIIIIAOIIIIIIIIIA VAT ITITITITSI
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Example

O =Y uX.(pAOY)ANOX
Dy =Y. QY ANuZpVv oz
e ®; and P, are in Hév“.

o ®y is also in Eé\[“. Thus @5 is in Aév“ and AQEL“.

Modal p-calculus Evaluation game Alternation hierarchies Weak alternation hierarchy
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Example
O3 = uXvY.QY AuZ.O(X Vv Z)
1. ®3isin Eg“, but not Hg“.

.. «EL ELp .
2. ®3isin 237", but not II; ™", since there are no closed subformulas.

3. But for Niwinski alternation hierarchy, @3 is in Eév". Because

uZ. (X Vv Z) vY.OY AW
S— N———
exNrcnlin enMreelin
N\ v
vY.QY ANpZ H(X VvV 2)
egér\"‘
d

pXvY.QY ANpZ. (X V Z)

exm

'l’lle"Il’l’l”e"l”l’l’do”l’l”llA
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