=i EERNIESE |

B BEARENMSIE July 23, 2025 1/34



-
Kraft-Chaitin Theorem (1)

A set A C 2<% is prefix-free if any two different strings in A are
incompatible.

Lemma
If A is prefix-free, then ZUGA 2-lol < 1.

Proof.

We may assume that A is finite. Then there is some n so that
AC25" Let B={r€2"| 30 € A(oc < 7)}. Then since A is
prefix-free, we have

ZQ*IU\ < ZQ*IUI < ZQ*ITI <1

g€eA oceB TE2N

|:|J
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Kraft-Chaitin Theorem (Il)

Theorem

For any infinite r.e. set AC w, > ,..27" <1 if and only if there is a
a recursive prefix-free sequence {o;}ic,, so that A= {|oj| | i € w}.

Proof.

By the lemma, the direction from right to left is immediate.
For the direction from right to left. Assigning finite strings to A
economically....
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Kolmogorov complexity (1)

© Fix a Turing machine M, for each finite string o € 2<“, define
Cu(o) = min{|7| : M(T) = o}.
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Kolmogorov complexity (1)

© Fix a Turing machine M, for each finite string o € 2<“, define
Cu(o) = min{|7| : M(T) = o}.

@ Fix a prefix free Turing machine M, for each finite string
o € 2=, define Ky(o) = min{|7| : M(7) = o}.
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Kolmogorov complexity (Il)

Theorem
@ There is a Turing machine U so that for any machine M, there is
some ¢y so that VnCy(n) < Cu(n) + cm.

@ There is a prefix-free Turing machine U so that for any prefix-free
machine M, there is some cp so that YnKy(n) < Ku(n) + cm.

Proof.
Both machines are built by a standard coding. [
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Basic properties of Kolmogorov complexity (1)

Theorem
Q dcvo((o) <|o|+c
Q JcVoK(o) < |o|+2loglo| + ¢
@ dcVoK(o) < |o|+ K(|o|) + ¢

Q IVoVTK(o~T) < K(o) + K(T) + ¢

Proof.

(1) is clear.

(2). Let (Jo| +loglof,0) € V. Then 3= pomin2 " <

Z 2—l|o|-loglo] _Z Z|U| 9—n—2logn < Z 2—2logn < Zn . By
KC-theorem, V/ can be V|ewed as a prefix-machine. Then

Kv(c) < |o| + 2log|o| + d for a constant d. O

v
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Basic properties of Kolmogorov complexity (I1)

Proof.

(3). Let U be a universal prefix-free machine. Let (|o| + |7|,0) € Vif

U() = |o|. Then

DIERED S MR B O DD IR

mé&Dom(V) o U(r)=|o| n lo|=n U(T)=n

<22"2" Z I <1,

U(t)=n

(4) Let (vgv1,071) € Mif (vg,0) and (v1,7) € U. Mis prefix-free
since ZVOGDom(U) ZuleDom(U) 2_|VO|_‘V1| < ZVOEDom(U) 2_|VO‘ <1l

DJ
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Counting theorem for C

Theorem
Q Ivnvd(|[{c | (o) < n—d}| < on—d _ 1).
Q@ JvnVd|{o | |o| =nA (o) < Cn)+d}| < d? . 2ctd,

Proof.

(1) is clear.

(2). Suppose not. For any c and m, by (1), there are at most

% = 2m—2logd=ctl many n's so that

{o | lo| = nA C(e) < C(n)+ d}| > &? - 27 with C(n) = m. We use
recursion theorem to define a machine M so that ey < ¢ and
M(0191p) = n where |p| < m— c—2logd. O
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Coding lemma

Theorem

If M is a prefix-free machine, then 3cvn2~KM+e > ZM(U):H 2-lal,

Proof.

Put (I,n) € Vif I= | =108 p)=n 27lel| + 1. By KC-theorem, there
is some constant ¢ so that VnK(n) < c+ Ky(n).
0

o
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Counting theorem for K

Theorem
dcvnvd|{o | |o| = n A K(o) < n+ K(n) — d}| <29t

Proof.

Let U be a universal prefix-free machine. Then by the coding lemma,
there is some ¢ so that for every n,

2*K(n)+c > Z\a|:n/\KU(U)§n+KU(n)—d27”7K(n)+d > |{J | |0| =

nAK(o) < n+ K(n) — d}| - 27 "—Kln)+d, O
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Martin-Lof test

Definition (Martin-Lof)

(i) A X9 Martin-L&f test is a computable collection {V,, : n € N} of
c.e. sets such that p(V,) <27

(i) A real yis said to pass the X9 Martin-Lof test if y ¢

(i) A real yis said to be Martin-Léf-random if it passes all X9
Martin-Lof tests.

V.

new
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Universal Martin-Lof test

Theorem
There is a Martin-L6f test covering all the Martin-L6f tests.

Proof.

For any e, let o € U, if there is some i > e so that there is some stage
s for which Mi(o) converges at stage s and

Z{T|M(T)¢at stage s} 27l <27

Then {Ue}ec,, is as required. O

Corollary

There is a nonempty M9 set which only contains Martin-Léf random
reals.
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Betting strategy

Definition
© A martingale is a function f: 2<% — R such that for all
w _ fl070)+f0"1)
o €2 flo) = =57
© A martingale fis said to succeed on a real y if
limsup, fly | n) = oc.

fis super-martingale if flo) > w :

B BIARENMSE July 23, 2025 13 / 34



|
Counting theorem for supermartingales

Note that if fis a supermartingale, then A\(c) = 271°If(5) defines a
semi-measure over 2¢.

Theorem

If f is a supermartingale with f(0) < a, then
n({x | 3nfix I n) > a}) < 0.

Proof.

It is sufficient to prove that for any finite prefix-free set A with
Vo € Aflo) > a, > .27 < @
Note that ZoeA 2717l < ZaeA 240‘@ < f(Tm L]
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Left-r.e. supermartingales

Definition

A supermartingale fis left-r.e. if the set {(c,q) | g€ QA g < flo)} is
r.e.
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Schnorr's theorem (1)

Theorem (Schnorr)

For any real x,
© x doesn't belong to any effective Matin-Lof test;
@ JcvnK(x [ n)>n—c

© No left-r.e. supermartingale can win on x.

Proof.

(1) implies (2): By the counting theorem for the Kolmogorov
complexity, the sequence V= {x | EInK( [n)<n—d}isa
Martin-Lof test with u(Vy) < >, 27Kn=dte < p=dre

(2) implies (1): Suppose that x is covered by a Martin-Lof test
{Vatnew: S0 22,2 vy, 27lol+n < 5™ 271 < 1. We may assume that
V, is a prefix-free set for every n. Then by KC-theorem. ]

4
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Schnorr’s theorem (1)

Proof.

Implies : the counting theorem for supermartingales.
1) implies (3): By th ing th f ingal

Implies . Note that f(o) = - Is a left-r.e.
(3) implies (2): Note that flo) =217 3= 27K is a lef
supermartingale.
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Why not C?

Theorem

For any real x, lim,n — C(x | n) = +oc.

Proof.

Given any m, let n=m+ x [ m. Then

C(x | n) < x| [m,n]) < n— m+ cfor some constant c.
Son—C(x[n)>m-c O
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Left-r.e. reals

Definition
A real x is left-r.e. if there is a recursive non-decreasing sequence of
rationals {gs}sc. so that limsgs = x.

Since there is a non-empty MM%-set only containing Martin-Léf random
reals, there is a left-r.e. random real.
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Chaitin's Q2
Let U be a universal prefix-free Turing machine, define

Qu= Z -l
U(o)d

Theorem (Chaitin)

Qu is a random real.

Proof.

At any stage s, if a new 7 so that U(7) = Qs | n at stage s, we let
M(7) be any finite string not in range of U before the stage s+ 1. If
Qy is not random, then there is some 7 so that |7| < n— ey — 1 and
so M(7) would output a finite string o with Ky(o) > n but
K/\//(O')Sn—e/\//—].. L]

v
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The Turing degree of (2.

Theorem
Q =T @l.

Proof.

First note that for any r.e. A, K(A | n) < 4logn+ c for some
constant c.

Then the module function of Q must dominate the module function of
0. ]

v
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Ample excess lemma

Theorem (Miller, Yu)
x is I-random iff 3 2" KXIN < o0,

Proof.
Z|U|:m anm 2n—K(CT[n) = anm 2mn Z|T\:n 2n_K(T) =

27 H <27 S for amy € (x| 3,27 > ) < L
So Vo= {x| >, 2K > ¢} is a Martin-L&f test. O

v
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Random reals in I_I(l)—set.

Theorem (Kucera)

Suppose P is a N9 set having positive measure, then for every random
real r, there is some random real x =1 r with x € P.

v

Proof.

Suppose that p(P) > p for some rational p € (0,1]. Then

Uo = 2¥ \ P can be viewed as a prefix-free r.e. set. For any n, let
U1 ={o"17|oc € U, A7 € Up}. Then

(Unt1) < 3 per, 27171(Uo) < (1= p)™*. So {Up}pia s a
Martin-Lof test. If ris random, then there is some n so that r & U,.
Then there must be some m so that r [ m e U,_, but

rl(m,o0) €P. O

4
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C-triviality

Theorem (Chaitin)
If 3cvnC(x | n) < C(n) + ¢, then x is recursive.

Proof.

Since J¢VnC(n) < log n+ ¢y and for every k, there is some

n € [2%,2k11) so that C(x | n) > k = log n, we have that

{x|VnC(x | n) < C(n)+ c} C A= {x]| VkVsdn € [2¥ 2k 1)(logn <
C(n)[s] < C(x | n)[s] <logn+ c+ c)}. By the counting theorem for
C, A has only finitely many infinite paths. Moreover, A has a recursive
subtree T with same infinite paths. ]

4
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K-triviality

Definition
x is K-trivial if 3cvnK(x [ n) < K(n) + c.

Theorem (Chaitin)
If x is K-trivial, then x <+ /.

Proof.
By the counting theorem for K. ]
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K-triviality

Definition
x is K-trivial if 3cvnK(x [ n) < K(n) + c.

Theorem (Chaitin)
If x is K-trivial, then x <+ /.

Proof.
By the counting theorem for K. ]
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A non-recursive K-trivial r.e. real

Theorem (Downey, Hirschfeldt, Nies)

There is a non-recursive r.e. K-trivial real.

Proof.

We build a simple set x which is K-trivial by KC-theorem. We build a
prefix-fix machine M.

At any stage s, find the least e so that some n > 2e enters W, but
W.Nx=0and ), . 27K(m < 27¢=4 enumerate n into x and
(Ks(m), xs41 | m) for every m > n into M. O

v
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Geometric measure theory (1)

Given a non-empty U C R, the diameter of U is
diam(U) = |U| = sup{|x—y| : x,y € U}.
Given any set EC R and d > 0, let

HIUE) = (I;irrz)inf{z |Ui|? : {U;} is an open cover of EAYI |Uj| < 6},

i<w

Pg(E) = limso SUP{ZKm |Bi|d :
{B;} is a collection of disjoint balls of radii at most § with centres in E}
and

=inf{) PY(E) | EC|JE}.

i<w i<w
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Geometric measure theory (2)

Definition
Given any set E,
@ the Hausdorff dimension of E, or Dimy(E), is

inf{d | H/(E) = 0};
@ the Packing dimension of E, or Dimp(E), is

inf{d | PY(E) = 0}.
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On geometric measure theory

Theorem

H9(A) = 0 if and only if there is some real x and some constant c so

that for any z € A, there are infinitely many n's so that
Kz n)<dn+c

Proof.

From right to left, by the counting theorem of Kolmogorov complexity.

From left to right, for any i, let {0/}, be a prefix-free cover of A so
that

° Vjoj| > 24

o Y 27l <2
Let x code all such sequences. Then for any o}, K*(0}) < d|gj| + c for
a fixed constant. ]

v
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Lutz-Lutz theorem

Theorem (Lutz-Lutz)

=

Q Dimy(A) < d if and only if Vd' > d3xVr AIi_mKX(r:r"
@ Dimy(A) > dif and only if Vd < dvx3r e AIi_mKX(,:["

<d.
> d.

=
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Some open problems

Question
© For any real x, does there exist a random real r and a constant
¢ € w so that AmVn > mK(r | m) > K(x | m) — c?

@ Is there a degree invariant Borel function f so that for any real x,
f(x) is random relative to x?
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Exercise

@ Prove that Vddo3rC(o771) > ((0) + ((7) — d.

@ Prove that both C and K have Turing degree (.

© Every random real computes a DNR-function.

Q If 3cvnC*(n) > C(n) — ¢, then x is recursive.

@ There is a non-recursive r.e. real x so that 3cvnK*(n) > K(n) —c.
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Further readings

An introduction to Kolmogorov complexity, Li and Vitany, 2018.

Computability and randomness, Nies, 2012.

Algorithmic randomness and complexity, Downey and Hirschfeldt,
2010.
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