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Baire and Cantor space

Baire space is a topology space over w* and Cantor space is over 2%.
They both are "Euclid spaces” for logicians. Note that Cantor space is

compact (Konig lemma).
We identify x C w with its characteristic function x € 2%,

Lebesgue measure over 2“.
x@ y(2n) = x(n) and x® y(2n + 1) = y(n).
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Arithmetical hierarchy

Definition
© The set A of bounded formulas in the arithmetic language is the

smallest set of the formulas containing the Boolean combination
of all atomic formulas and so that

o If p € A, then Ju < vip € A;
o If p € A, then —p € A.
@ A formula ¢ is X3 (or X3) if it is bounded.
Q A formula ¢ is %, if there is a M2 formula ¢ so that ¢ is of the
form 37¢.

Q A formula ¢ is NM%_; if there is a X2 formula ¢ so that ¢ is of the
form Vﬁw.
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Second order arithmetical hierarchy

Definition
@ A formula ¢ is X1 if there is a M9 formula 1 so that ¢ is of the
form 3f € wVmp(f | n, m).
Q A formula ¢ is X1 if there is a M} formula 9 so that ¢ is of the
form 37¢.

© A formula ¢ is M, if there is a X! formula 1 so that ¢ is of the
form V71/1.
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Definable sets

Definition
Given a collection of formulas I', a set x C w (or A C w¥) is called
[-definable, if there is a formula ¢ € T so that x= {n | ¢(n)} (or

A= {x[p(x)}).
A set x Cwis A% (or Al) if it is both ¥9 ( X! ) and MO (M}).
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Some basic facts

Proposition
e All the arithmetical definable sets are both Y1 and IN}-definable.
@ The hierarchy does not collapse.
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Recursive functions

Definition
A function f: w“ — w* is (partial-) recursive if there is a (partial-)
recursive function ® : w<* — wW<* so that

e 0 =< 7 implies ®(0) < ®(7); and

o Vx{J,®(x [ n) = fx).

The definition can be generalized to multiple dimensions
in an obvious way.
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Turing reduction and Turing degrees

Definition

We say that x <7y for x, y € 2, or x is Turing reducible to y (or x is
y-recursive), if there is a partial recursive function ® so that ®(y) = x.
If  is recursive, then we say that x <;; y, or truth table reducible to y.

We say that x=7y if x<7y and y<7rx. The equivalence
class [x]1 is called as a Turing degree.

We use 0 to denote the Turing degree of recursive sets
and 0’ to denote the Turing degree of Halting problem.
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Basic facts on Turing degrees

Proposition

@ x \Vy, the least upper bound of Turing degrees x andy, is the
degree of x® y.

@ Any countable set of Turing degrees has an upper bound.
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Ag—reals (1)

Proposition

TFAE

(1) xCw is AY ;
(2) x<7 0

(3) There is a recursive function f:w? — 2 so that
Vnx(n) = lim (s, n).

Proof.

(1) implies (2): By the fact that every r.e. set is
Turing reducible to (.

[

E—if: BV July 3, 2025

y

10 /33



N
Ag—reals (1)

(2) implies (3). Then there is a partial recursive function ® so that for
every n, there is some m, so that (' | m,) = x | n. Define f{s, n) to
be the value of ®(('[s] | s)(n), where (/[s] is ( enumerated at stage s.
(3) implies (1). xis X9 since x(n) = 1 if and only if

Jsvt > sf(t,n) = 1. xis also M3 since x(n) = 1 if and only if

Vs3t > sf(t, n) = 1.
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Relativized heirarchy

Both the arithmetical and second order arithmetical
hierarchy can be relativized.

X is halting problem relative to x. So x <71 X.

A set of reals is open if and only if it is ¥%(x) for some
X.

All the arithmetical definable sets are Borel.

Proposition

Every continuous function f: w¥ — w* is a recursive function
relativized to some x.
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Relativization principle

If a result is proved, then the relativization follows.

For example, a set of numbers is recursive if it is ch’
and I'I(l’. Then for any x, a set of numbers is x—recursive
if it is Z9(x) and MY(x).

And there is an r.e. set UC w so that for any r.e. set
W, there is some e so that W= {n| (e,n) € U}. Then this
also holds for any xr.e. set.
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Lowness and highness

Definition
@ Areal xis low if X =7 0; A real x is high if X =7 0".

@ A real x is generalized low if X =7 x& ().
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Upward closure.

Theorem (Sacks; de Leeuw, Moore, Shannon, and Shapiro)

Given a non-recursive real x € 2¥, the set {y € 2* | x <7y} is null.

Proof.

The set {y€2¥|x<ry} is Borel and so must be
measurable. Further more {yc2¥|x <7y} ={J, A. where
Ae ={y| Pe(y) = x}. Since each A, is Borel, there must be
some e so that A, has positive measure. By Lebesgue
density, there must be some o so that

AcNo] = {y > o | ®c(y) = x} has measure greater than 3271,
To decide x(n), find sufficiently many 7's so that

{T = 0| ®(7)(n)} share a common value over n and has
measure greater than 2719171 Then the value is x(n). O

4
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Kleene—Post theorem (I )

Theorem (Kleene-Post)

There are two reals x and y Turing reducible to (' so that they are
Turing incomparable.

We (/-recursively build two sequences oy < o;--- and

To < T1--- so that x=|J,0, and y=J, 75 with the required
property as follows.

At stage s+ 1,
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Kleene—Post theorem (I1)

Substep (1). If there are ¢',0” > 0, and some ny > |74| so

that ®4(0')(no) # ®s(c”)(ng). Let 7' > 75 so that

®4(0’)(no) # 7' (o). Go to next step. Otherwise, go to next
substep.

Substep (2). |If there are 7”,7” > 7' and some n; > |o'| so
that ®&4(7")(n1) # ®s(7")(n1). Let 75,1 =7" and 041 = 0’ so

that ®4(7511)(n1) # 0s:1(n1). Otherwise, go to next step.
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Jump inversion theorem

Theorem (Friedberg)
For any real x >1 (', there is a real g so that d =7 g®V =1 x.

Proof.

We build a sequence oy < o;--- as follows:

At step s+ 1, check whether there is some 7 > o7 x(s) so
that ®4(7)(s) |-

If yes, let o..; be the shortest such 7. Otherwise, let
Ost1 = 02 X(S).

Let g=J, 0

The construction can be decoded by both g@® () and x. So
g=7800 =1x ]

v
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On I_I(l)—sets

Proposition

Given a I’I?—set A C w¥, there is a recursive tree T C w=<¥ so that
A=[T={x€w”|Vnx| ne T}

Proof.

The complement of Ais a ¥9 set.

At stage 0, T, = 2<v.

At stage s+ 1, if we find some o enters the complement of A, then
cut all of 7 = o with length at least s+ 1 from Ts.

Then T = limg Ty is recursive and [T] = A. O

4

So, by compactness, if x is an isolated point in a M9 set A C 2%, then
X is recursive.
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Kreisel's basis theorem

Theorem (Kreisel)

If A C 2¥ is a nonempty I'I(l)—set, then there must be some real x € A
with x <7 (.

Proof.
By the compactness, define x to be the leftmost infinite path through
the recursive tree. uy
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Low basis theorem (I)

Theorem (Jockusch and Soare)

If A C 2¥ js a nonempty I'I(l)—set, then there must be some real x € A
with X <1 0.

We ('-recursively build a sequence recursive infinite trees

T= Ty 2D Ty--- and finite segments gy < o7 --- from T, as follows:
At stage s+ 1, check whether there are infinitely many 7 > o5 in T,
so that ®4(7)(s) is undefined.

Case (1). Yes. Let 05,1 = 05 and

Tsp1 = {7 | 7 is comparable with a5 A ®4(7)(s) 1}.
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Low basis theorem (I1)

Case (2). No. By compactness, find some n so that for each o € T,
with length n extending o, ®4(c)(s) J. I'-recursively find 04,1 € T
extending with length nso that Ts,1 = {7 > 041 | 7 € T} is infinite.

x = |J 05 is an infinite path through T with required property.
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Domination property (1)

Given two f, g € w®, we say that f dominates g if
dmVn > mfin) > g(n).
Theorem (Kucera)

If x is a nonrecursive Ag real, then there is function f <+ x that is not
dominated by any recursive function.

Since x is Ag, there is a recursive function X so that

VnlimsX(s, n) = x(n). Define f(n) to be least stage s so that for each
m < n, X(s, m) = x(m).

fis x-recursive. Suppose that fis dominated by a recursive increasing
function g. Define glit1) = g(g{?) for each i € w.
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Domination property (2)

Then for any n, there must be some i so that for any m < n and
Vs € [g)(m), g*V)(m))x(s, m) = X(s+ 1, m). Then

x(g(’)(m), m) = x(m) for each m < n.

Then x must be recursive, a contradiction.
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HiF basis theorem (I)

A real x is hyperimmune-free if each function f <+ x is dominated by
a recursive function.

Theorem (Jockusch and Soare)

Given a nonempty N9 set A, there is a hyperimmune-free real x € A.

We build a sequence recursive infinite trees T= Tqg O T;--- and
finite segments og < 071 --- from T, as follows:

At stage s+ 1, check whether there is some n so that there are
infinitely many 7 > o5 in Ts so that ®4(7)(n) is undefined.

Case (1). Yes. Let To.1 = {7 | 7 is comparable with o5 A ®4(7)(n) 1}
and 04,1 > 05 has infinitely many extensions in T¢.; with length at
least s+ 1.

Case (2). No. For each n, recursively find some m so that for each

o € T, with length m, ®,(c)(n) J. Let gs(n) be the sum of all of the
; _ T and

~ .« > a hac infinitely manv
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HiF basis theorem (I1)

Case (2). No. For each n, recursively find some m so that for each
o € T with length m, ®,(c)(n) |. Let gs(n) be the sum of all of the
values. Define Tg.; = T, and o¢,1 > 05 has infinitely many
extensions in T4y1 with length at least s+ 1.

Let x = (J, 05 be an infinite path through T.
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Recursion theorem and DNR-functions

Theorem (Kleene)

For any x-recursive function f: w — w, there is some e so that
X x - ; . .
&7 = o% ), where {®7}. is an x-effective enumeration of x-partial

recursive functions.

Definition

A function fis diagonally non-recursive (or DNR-) function if there is
no e so that ®, = Pgqq).

Clearly there is a DNR-function.
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DNR—function

Proposition (Jockusch)

Given a real x, there is a DNR-function f <+ x if and only if there is
some g < x so that Veg(e) # ®.(e).

Proof.

Given fbe a DNR-function. Let d be a recursive function so that
Pye) = Po.(e). Then let g = f{d). Then for all e,

Dfa(e)) 7 Paie) = Poc(e)- S0 g(€) # Pe(e).

Let 6 be a partial recurswe function so that 0(e) € W, if W, # (. Let
q be a recursive function so that ®) = 0(e) and Wy = {g(q(e))}
We prove that Wye) # W, for all e. Otherwise, Wge) = We,. Then

P e (g(€0)) = O(e0) = g(q(en)).

[

4
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Some properties of DNR-functions

Theorem (Arslanov)

If x is an r.e. real and is of DNR-degree, then x=1 (.

Lemma

The set {x € 2* | x &€ DNR} is Y.

So there is a hif DNR real and a low DNR-real.
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Minimal degrees (I)

Theorem (Spector)

There is a minimal degree x. l.e. a non-recursive real x so that for any
real y <t x, y is recursive.

We build a sequence recursive perfect tree To =2<“ D T; D -+ with
roots o9 = () < o7 < - - - respectively as follows:

At stage s+ 1,

Case(1). There is some 7 = o5 in T, and some n so that

Vv = 1(v € Ts — &4(v)(n) 1). Let 0511 = 7 and

Tsi1 = {v | v is comparable with o5, 1 Av € T}
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Minimal degrees (II)

Case(2). There is some 7 = o5 in T, and some n so that

Vm > Vg = 7V = m(g € Ts A vy € Ts A Py(1p)(m) |

AP(v1)(m) = Ds(1)(m) = Ps(119)(m)). Let 0511 = 7. Then one
can build a recursive perfect subtree T,,; of T so that for any infinite
path z through T, 1, ®4(x)(m) is defined everywhere. And actually
they all must be recursive.

Case (3). Otherwise. Then one can build a recursive perfect subtree
Ts1 of T so that for different infinite paths zy, z; through T, 4, both
d4(2) and P4(zg) are defined everywhere but they are different
functions. So for every z € [Ty], z <1 ®4(z). Let 04,1 be the root of
T5+1.

Set x = J, 0.
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Exercise

QO x<uy if and only if there is a recursive function ¢
and a recursive function f:w — w so that

Vn®(y | fin)) = x| n.
@ Given a non-recursive real xe€ 2¥, the set
{ye2¥|x<ry} is meager.
© Low basis theorem fails for a I'I? subset of w¥.
Q There is a hyperimmune-free DNR-real x <3 ()",

@ If xe?2¥ is DNR, then every nonempty I’I? subset of 2¢
contains a member Turing below x.

@ How many minimal degrees are there?

@ Given a countable set of reals {x,}n,c,, there is a
some real z Turing above all of them but there is no
real y <tz so that y is Turing above all of them.
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