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This yields an algorithm deciding consistency of a system of polynomial partial differential
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with n commuting derivations for any n.

The methods used both by Pierce and by Leon Sanchez and Gustavson are based on the notion
of a differential kernel, which was introduced by Lando in 1970. Below, for simplicity, we
restrict ourselves to the case of two commuting derivations and characteristic 0.
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The companionability of the theory of fields with commuting derivations was deduced by Pierce
from his following result:

Fact(Pierce)

If a kernel L of height 2r has no minimal leaders at levels higher than r, then L has a
differential kernel extension of arbitrary height s > 2r.
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commute on K(g;,¢,)(g1,42)<(ki—1,ke—1), and e can put ay k, = O1(ak—1,4) = 92(ak, ko—1).
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As (€1, ® € :0<i<myq,0<j<m)isan R-linear basis of D1(D>(R)), it follows that
Di(e2) o e1(a) = r* o ex(a) if and only if

01,i0h j(a) = 0pj01i(a) forall1<i<m,1<j<m.
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Let m e N and
D = kle1,...,em)/ (€1, .., €m)?

with 7(€;) = 0 and ranked basis (1, €1, ..., €n). This recovers differential rings with m-many
derivations. Let (c/) ,_; be a tuple from k such that for each £ the m x m-matrix (¢/)"_; is

skew-symmetric. Consider the k-algebra homomorphism r : D — D(D(k)) determined by

r(eg):1®eg+ ZE;@EJ@C?
ij=1

for £ =1,...,m. Then, on any D-ring (R, e), e commutes on R with respect to r¢ if and only if
[01,8]] = cloL + -+ Lo

for1<i,j<m.
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Example: Iterative truncated Hasse-Schmidt derivations

Assume char(k) = p > 0. Let n € N and D = k[e]/(¢)?" with () = 0 and ranked basis
(1,¢,...,e"~1). This recovers rings equipped with a (p” — 1)-truncated Hasse-Schmidt
derivation. Consider the k-algebra homomorphism r : D — D ®, D determined by

re)=e®1+1®e

(the fact that char(k) = p yields that r is indeed a homomorphism). Then, on any D-ring
(R, e), e commutes on R with respect to r* if and only if for 1 </, j < n we have

9:0; — (") 014 i+j<p"—1
I 0 i+j>p"
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Lie commutativity

Let m be the maximal ideal of D and let d < w be minimal such that m9+! = 0.
We say that a homomorphism r : D — D ® D is of Lie-commutation type if there is a tuple
(c/): 4=y from k such that

rleg) =, ®1+ Ze;@q@céi
ij=1
and ¢ = 0 unless ¢;,¢; € m9. We call the tuple (c}/) the Lie-coefficients of r.

Let r be of Lie-commutation type. Then, on any D-ring (R, e), e commutes on R with respect

to r€ if and only if . .
[0,,0]] =c{O1+ -+ c)Om

where (clfj) is the tuple of Lie coefficients of r.
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HS-commutativity

We say r : D — D ® D is of HS-iteration if there is a tuple (Céj),'-',},e:l from k such that

I’(G@):Q@l-‘rl@ég-‘rZE;@Gj@Cg.
ij=1

We call the tuple (clfj) the HS-coefficients of r.

Let r be of HS-iteration type. Then, on any D-ring (R, e), e commutes on R with respect to r*
if and only if ) }
6;8j:cf81+~-~+c,’{,8m, forall 1 <i,j <m,

where (cg) is the tuple of HS-coefficients of r.
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Associativity condition

Let r be of HS-iteration type. Suppose there exists a D'-ring (R, e) where the operators
(01, ...,0m) are k-linearly independent (as functions R — R). J

Then 90,0k = 3, cl oo = Y, (Zz J “) O,. On the other hand,

;0,0 = Za (cf0e) = Z “0,00 = ZZM 110,

As (01, ...,0m) are k-linearly independent, comparing coefficients on both sides yields that
R, itk =3, Cékc,’[ forall 1< i, j, k,r <m.

Definition

Let r be of HS-type. We say that r is associative if for all 1 < i, j, k,r < m we have

Zuﬂk chklé




Jacobi condition

For similar reasons, we introduce the following definition.

Let r be of Lie type. We say r is Jacobi, if for each ¢, the m x m matrix (céf)j"J:l is
skew-symmetric, and for each 1 </, j, k,r < m we have

m

Z (ciePk+ clicP + cifePl) = 0

p=1

(this is a form of the Jacobi identity)

Both the iterativity and the Jacobi conditions become more complicated when we do not
assume that ¢/ are in k (hence constant for all 9;).
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Jacobi and e, is associative.
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Let r; : Dy — D1 ®x D1 be of Lie type and Jacobi, and let r; : Dy — D, ®y D> be of
HS-iteration type and associative. Put [ = (r1, r2). We say that I is Jacobi-associative if e is
Jacobi and e, is associative.

For operators e; : R — D1(R) and e, : R — D,(R), we say that (e, &) [-commutes if
@ e commutes with respect to ",
@ e commutes with respect to rj, and
0 01,0 j =000 forall 1<i<mpandl<j<my.

Theorem (D., Leon Sanchez 2025)

1. Let I' be Jacobi-associative. If char(k) = 0, then the theory of fields with -commuting
(D1, Dy)-operators is companionable. In positive characteristic the same is true if the maximal
ideal of D; coincides with the kernel of the Frobenius homomorphism Fr : D; — D; for i = 1, 2.
2. The model companion is a stable theory. In characteristic 0 it is |k|-stable, and satisfies
Zilber's Dichotomy for finite-dimensional types:

if a finite-dimensional type of U-rank 1 is not locally modular, then it is non-orthogonal to the
field of constants C := {x : (Vu,i)(dy,i(x) = 0)}.




Fact by Pierce repeated

If a kernel L of height 2r has no minimal separable leader of length bigger than r, then L has a
differential kernel extension of arbitrary height s > 2r.

The proof of this statement is by inductive construction of partial kernels k(as, 1,)) (e, 6)<(ki k)
satisfying the differential condition:

If a polynomial f over k vanishes on (a(s, r,))(¢1,62)<(ki—1,k:), then the polynomial 0y (f)
vanishes on k(a(¢,,,))(61,62)<(ki, k), and likewise for 0. (*)
While the notion of a differential kernel has a natural analogue in our context of -commuting
operators,
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Fact by Pierce repeated

If a kernel L of height 2r has no minimal separable leader of length bigger than r, then L has a
differential kernel extension of arbitrary height s > 2r.

The proof of this statement is by inductive construction of partial kernels k(as, 1,)) (e, 6)<(ki k)
satisfying the differential condition:

If a polynomial f over k vanishes on (a(s, r,))(¢1,62)<(ki—1,k:), then the polynomial 0y (f)
vanishes on k(a(¢,,,))(61,62)<(ki, k), and likewise for 0. (*)
While the notion of a differential kernel has a natural analogue in our context of -commuting
operators, the above condition (*) for “partial” kernel (a(s, e,))(£1,6:)< (ki —1,k;) dO€S NOt seem to
have any reasonable analogue in our context.

Hence, we do the kernel construction differently - given a kernel of length s, we first we
construct some “approximation” of a kernel of length r + 1 that induces non-I'-commuting
operators, on which we then perform suitable a sequence of specialisations that eventually yield
-commutativity.
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Let r,n e Nand n:={1,...,n}. A D-kernel of length r (in n-variables) over (K, e) consists of
a field extension of the form
L, = K(a5: (& t) €= x n)
together with a D-operator e : L,_; — D(L,) extending that on K such that for each
ue {1,2} and £ € 0= we have
eu(at) = €u0 at +eun aﬁ‘”’”’f) + 4 €m, a ((” m)-£),

In other words, 8, j(a¢) = al“»*). We set L, = K and normally assume that r > 2. Note that
Q(Lr 2) - 2( r— 1)

Let (L,,e) be a D-kernel. When r > 2, we say that the D-kernel has [-commuting operators if
e commutes with respect to I'. In this case we also say that L, is a Qr—kernel.

We set N§ = Ng™ % {(&1,.-.&m,) €ENg? : &4 -+ + Em, < 1} We equip N§ x n with two
orders: for (v, t) and (B, t) in N§ x n we set (o, t) < (8, t) if t = t' and a < 8 in the product
order of N™*™ 3 N2 on the other hand, (a,t) < (3,t') when

(Oé t, |OKD Srlex (ﬁa |B|)

where <, denotes the right-lexicographic order on Ng'1+"’2+2 ) NS x Ng x Ng and |«
denotes the sum of the entries of «.
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Let N3(r) = {8 € N3 : |5] < r}. Wite § € N3(r) as
B=((Bits-- -+ Brm)s Bots - -, Bomy))
and consider the map 1 : N3(r) — 2=" given by
»(B)=((1,m),...,(L,m),....(1,1),...,(1,1),(2,m),...,(2,m2),...,(2,1),...,(2,1))

where (u, i) appears 8, ;-times. Clearly ¢ is injective, thus we identify NJ(r) with its image in
[



Let N3(r) = {8 € N§ : |B] < r}. Write 8 € N§(r) as
B= (15 Brm)s (B, -- -, Bom))

and consider the map 1 : N3(r) — 9=" given by

»(B)=((1,m),...,(L,m),....(1,1),...,(1,1),(2,m),...,(2,m2),...,(2,1),...,(2,1))

where (u, i) appears 8, ;-times. Clearly ¢ is injective, thus we identify NJ(r) with its image in
=",

Now consider the map p : 0" — NS(r) where £ € 9=" is mapped to (p1(£), p2(€)) where p1(€)
is the unique tuple of N{™ in which each (1, /) appears as many times as it appears in §
(identifying Ng™ with the image of N x {(0,...,0)} in 9<" under ¢), and

p2(€) =(0,...,0,1,0,...,0) with 1 in the k-position if po1 + -+ po.m, =1 and pox =1,
and p2(§) =(0,...,0) if po1+ -+ pom # 1.
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Let (Xyu,e)(u.t)enz (s+1)xn be an algebraically independent over L, tuple of elements of €.

Let (70, t) € N§ x n with |79| = s and suppose we have extended the D-structure

e:lsy = D(Ls) to e: Ly(ry,) — D(2). We consider cases:

Case 1. Suppose (7o, t) is a leader. Since |79| > 2r > r and L, is a generic prolongation of L,,
(70, t) is a separable leader. There is a unique D-structure L, jy — D(f2) extending

Lay(ry,t) = D(£2). Hence we can put Q™) .= 9,(a]*) for each i € 2.

Case 2. Suppose (79, t) is not a leader so we are allowed to choose (a’t(i’TD));ea arbitrarily.
Write 79 = (k,n) for some k € 0 and, for i € 0, consider two subcases:

Case 2.1. If i < k, define a ™ := x; 1o X(iro).t + Limo(Ls,t)
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Let (70, t) € N§ x n with |79| = s and suppose we have extended the D-structure

e:lsy = D(Ls) to e: Ly(ry,) — D(2). We consider cases:

Case 1. Suppose (7o, t) is a leader. Since |79| > 2r > r and L, is a generic prolongation of L,,
(70, t) is a separable leader. There is a unique D-structure L, jy — D(f2) extending

70,4
/(i T0

Ly (zo,t) = D(S2). Hence we can put a, )= 0i(a®) for each i € 0.

Case 2. Suppose (79, t) is not a leader so we are allowed to choose (a’t(i’T°))

Write 79 = (k,n) for some k € 0 and, for i € 0, consider two subcases:
Case 2.1. If i < k, define a ™ := x; 1o X(iro).t + Limo(Ls,t)

Case 2.2. If i > k, note that a"("™) = a’t(k"p("'ﬂ’)) has already been defined at an earlier
inductive step as p(i,7) < 7. So we set al™) = X,-ﬁTOa'tp("TO) + 0 r(Ls,t).-
This construction yields a kernel which is not necessarily -commuting. We fix this by

performing specialisations.

ico arbitrarily.



We prove by induction on (u,t) € N3(s+ 1) x n with respect to < that there is a

specialisation (af)(&j)@mm of the tuple (a’f)(&t)@sﬂxn over L, such that, considering the
D-structure on Lg given by the kernel K(af)(&t)@sﬂxn satisfying:
For all (7,t') € N§ x n and i,j € 0 with (p(i,j,7),t") < (i, t) we have

20;(al) = x;0;0i(a} +Z J0(al).

i.e. 0;0;(ay ) is what it is expected to be,
together with a number of auxiliary conditions letting us carry out the construction



