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Fregean abstraction

The Fregean ontology: objects vs. concepts.

Abstraction principles establish a certain correspondence between objects
and concepts.

Two prominent instances: Frege’s Basic Law V and Hume’s Principle.
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Fregean abstraction

(Basic Law V) Every concept X has an extension, εX, such that εX = εY
if and only if, the same objects fall under X and Y.

(Hume’s Principle) Every concept X has a number, #X, such that
#X =#Y if and only if X and Y are equinumerous.

Why abstraction?

Abstraction principles are philosophically appealing. Many take some of
them, e.g., Hume’s Principle, as analytic truths.

Within a suitable framework, some fragment of mathematics can be
recovered from abstraction principles.
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Abstraction in set theory

Set theory provides a natural framework for studying abstraction principles.

Objects are things in the first-order domain, while concepts are classes.

Different ways of talking about classes:

In ZF, all classes are definable. They can be seen as abbreviations of
formulas.

Gödel-Bernays set theory (GB) quantifiers over classes, but only the
first-order definable ones.

Kelley-Morse set theory (KM) quantifiers over “all” classes.
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Basic Law V in set theory

Definition
A model M of set theory satisfies Basic Law V if M defines a map X 7→ εX
from classes to the first-order objects such that for any classes X and Y,

εX = εY ↔∀x(x ∈ X ↔ x ∈ Y).

Russell’s Paradox
No model of KM satisfies Basic Law V.

Proof.
The class R = {x | ∃X(x = εX∧ x /∈ X)} can have no extension satisfying
BLV.
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Hume’s Principle in set theory

Definition
A model of set theory M satisfies the first-order Hume’s Principle if M has
a class function x 7→#x such that for any sets x and y,

#x =#y ↔ x ∼ y.

Every model of ZF satisfies the first-order HP by Soctt’s trick.
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Hamkins (2023) has studied abstraction principles in the context of ZF.

However, in ZF, everything is assumed to be a set.

It is more natural to consider set-theoretic abstraction principles in the
context of absolute generality.
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Set Theory with Absolute Generality
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Urelements

Urelements: members of sets that are not themselves sets.

To have absolute generality in set theory, urelements need to be included.

What does the resulting set theory look like?
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ZFUR

Definition
The language of urelement set theory contains A as a unary predicate for
urelements. ZU is Zermelo set theory modified to allow a proper class of
urelements plus ∀x(A (x)→∀y(y /∈ x)).

Definition
ZFUR = ZU + Replacement.
ZFCUR = ZFUR + AC.
ZF(C) = ZF(C)UR + ∀x¬A (x).
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ZFUR

Let A be a set of urelements.
V0(A) = A;
Vα+1(A) = P(Vα(A))∪Vα(A);
Vγ(A) =

∪
α<γ Vα(A), where γ is a limit;

V(A) =∪
α∈Ord Vα(A).

Let A be the class of urelements (not necessarily a set). Then we have
the whole universe U as

U =
∪

A⊆A

V(A).
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The universe with urelements

U

V

A
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Abstraction in ZFUR
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Basic Law V in ZFUR

Theorem (Hamkins)
BLV holds in a model U of ZFUR if the urelements in U form a set.
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Basic Law V in ZFUR

Proof Sketch.
In the metatheory fix a particular enumeration ψ0, ...,ψn, ... of the formulas
and this enumeration will be the standard part of a definable enumeration
in U.
Thus, given a definable class X of U, we let φ(X,εX) be the second-order
assertion

“εX is an ordered pair 〈⌜ψn⌝,u〉, where ψn is a Σk formula for some k
and u is the set of parameters p with minimal rank such that there is
a Σk truth predicate T with ∀x(x ∈ X ↔ T(⌜ψn⌝,〈x,p〉)), and no
preceding formula ψi has this property.”

The map X 7→ εX then fulfills Basic Law V.

The definability of X 7→ εX amounts to a solution to the Julius Caesar
problem.
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Basic Law V in ZFUR

Question: What happens if the urelements form a proper class?

(Collection) ∀x ∈ w∃yφ(x,y,u)→∃v∀x ∈ w∃y ∈ v φ(x,y,u).

(Plenitude) For every initial ordinal κ, there are κ-many urelements.

Theorem
A model U of ZFUR + Collection + ACω satisfies BLV if and only if the
urelements form a set in U.

Theorem
No model U of ZFUR + Plenitude satisfies BLV.
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Failure of Hume’s Principle in ZFUR

When the urelements form a set, the first-order Hume’s Principle holds by
Scott’s trick.

Theorem (Lévy)
It is consistent with ZFUR that the first-order HP fails.

However, Lévy’s model does not satisfy many desirable axioms such as the
Collection Principle and Reflection Principle.

Theorem
For any cardinal κ, it is consistent with ZFUR + DCκ -Scheme +
Reflection Principle that the first-order HP fails.

Point: Natural axioms of urelement set theory cannot save Hume’s
Principle.
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Full Hume’s Principle

If the urelements form a set, Limitation of Size is equivalent to the
existence of a global well-ordering (GWO).

Thus, a global well-ordering will suffice for Hume’s Principle when the
urelements are few.
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A failure of Hume’s Principle with GWO

Theorem
Assume the consistency of an inaccessible cardinal. There is a model of
KMU + GWO in which the full HP fails.
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A failure of Hume’s principle with GWO

Proof sketch
Let V be a model of ZFC + an inaccessible cardinal κ. In V, let
Ā = {0}×Ord and define

VJOrdK = Ā ∪{x̄ ∈ V : ∃x(x̄ = 〈1,x〉∧ x ⊆ VJOrdK)}.
For every x̄, ȳ ∈ VJOrdK, define x̄ ∈̄ ȳ as ∃y(ȳ = 〈1,y〉∧ x̄ ∈ y).

Let U denote the model
⟨
VJOrdK, Ā , ∈̄

⟩
. U |= ZFCUR + Plenitude.

Moreover, VU ∼= V so U also contains (a copy of) κ as an inaccessible
cardinal.
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A failure of second-order Hume’s principle with GWO

Proof sketch
In U, let λ = ℵκ+ and A be a set of urelements of size λ . Define

Uκ(A) =
∪

B∈Pκ (A)

Vκ(B).

Uκ(A) |= KMU + GWO.

If X 7→#X defines a cardinality-assignment function in Uκ(A), then one
can observe that #X ∈ V for every class X. So the image of this map has
size κ. But there are at least κ+-many cardinalities for the proper classes
of Uκ(A)—contradiction.
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Philosophical Remarks
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In the context of urelement set theory, abstraction principles rely on the
size of reality:

Basic Law V holds if and only if the urelements form a set (assuming
some axioms).
Basic Law V cannot hold if the urelements are too many.
There are natural models where the first-order Hume’s Principle fails.
Global-Well Ordering is not sufficient for the full Hume’s Principle if
the urelements are abundant.

Hot take: In the context of absolute generality, abstraction principles are
far from being analytic.
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Thank you!
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