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Multiple Levels of Infinities and Ramsey's Theorem

There have been many recent applications of nonstandard
analysis to Ramsey type problems in combinatorial number theory.
One of the characteristics of these new applications is the use of
multiple levels of infinities. We will first construct nonstandard
universes with multiple levels of infinities and then solve some
combinatorial problems in these nonstandard universes.
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Multiple Levels of Infinities and Ramsey's Theorem

There have been many recent applications of nonstandard
analysis to Ramsey type problems in combinatorial number theory.
One of the characteristics of these new applications is the use of
multiple levels of infinities. We will first construct nonstandard
universes with multiple levels of infinities and then solve some
combinatorial problems in these nonstandard universes.

Our first goal in this subsection is to construct a sequence of
nonstandard universes and two types of correspondent elementary
embeddings satisfying some nice properties.
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Multiple Levels of Infinities and Ramsey's Theorem

Proposition (4.1)

There exists a sequence of nonstandard universes
Vo=V <V1<Vo <V, <
and elementary embeddings

im,n : Vn = Vn+1

for all 0 < m < n in N such that
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Multiple Levels of Infinities and Ramsey's Theorem

Proposition (4.1)

Q@ No:=Nand Npi1 1= ipn(Np) D inn[Ns] =N, is an
end-extension of N, i.e., every number in N1 \ N, is
greater than any number in N, forn=0,1,...;
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Multiple Levels of Infinities and Ramsey's Theorem

Proposition (4.1)

Q@ No:=Nand Npi1 1= ipn(Np) D inn[Ns] =N, is an
end-extension of N, i.e., every number in N1 \ N, is
greater than any number in N, forn=0,1,...;

Q I'm,n[Nk\Nkfl]gNk+1\Nk fork=m+1m+2,...,n;
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Multiple Levels of Infinities and Ramsey's Theorem

Proposition (4.1)

Q@ No:=Nand Npi1 1= ipn(Np) D inn[Ns] =N, is an
end-extension of N, i.e., every number in N1 \ N, is
greater than any number in N, forn=0,1,...;

Q I'm,n[Nk\Nkfl]gNkJrl\Nk fork=m+1m+2,...,n;

Q imn(x) = x for every x € Ny, and i n [ Vi = imk for
m<k<n;
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Multiple Levels of Infinities and Ramsey's Theorem

Proposition (4.1)

Q@ No:=Nand Npi1 1= ipn(Np) D inn[Ns] =N, is an
end-extension of N, i.e., every number in N1 \ N, is
greater than any number in N, forn=0,1,...;

Q I'm,n[Nk\Nkfl]gNkJrl\Nk fork=m+1m+2,...,n;

Q imn(x) = x for every x € Ny, and i n [ Vi = imk for
m<k<n;

Q imn Vit (Vi Ri—i1, R 1) = (Vhr1i R 42, Rey1-y) is an
elementary embedding where (Vi; Rx—j+1, Rk—y) and
(Vi1 Ri—r42, Re1-1) represent the models Vi and Vi1
augmented by unary relations Ry1_,Ryx_; & Vi and
Ry_j12, Ryr1-y & Vi, respectively, for m < k < n and
2< [ < k—m;
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Multiple Levels of Infinities and Ramsey's Theorem

Recall that the ultrafilter F is fixed after Definition 1.6. Let
Vo =V, Fo:=F, V1 := *V be the ultrapower of Vy modulo Fy,
and ipo := * be the elementary embedding from 1y to V;
constructed in Definition 1.21. Note that Fg € V.
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Multiple Levels of Infinities and Ramsey's Theorem

Recall that the ultrafilter F is fixed after Definition 1.6. Let
Vo =V, Fo:=F, V1 := *V be the ultrapower of Vy modulo Fy,
and ipo := * be the elementary embedding from 1y to V;
constructed in Definition 1.21. Note that Fg € V.

Let 71 := ip,0(Fo) € V1. By the transfer principle we have that
J1 satisfies Parts 1 — 4 of Definition 1.6 for any A, B € V1 with
X =Ny :=ip0(Np) and co-finite is replaced by co-hyperfinite in
V1. We call F; a Vi—internal non-principal ultrafilter on Nj.
Notice that ipo(Z(Ng)) = V1 N Z(Ny) and

i0,0(Z<n,(No)) = V1 N P, (N1)
—{ACN; |Ac Vi A3N e Ni(AC[N])}.
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Multiple Levels of Infinities and Ramsey's Theorem

If an e—formula ¢ is coded by a finite sequence of numbers in
Ng, then iO,O(SD) = .
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Multiple Levels of Infinities and Ramsey's Theorem

If an e—formula ¢ is coded by a finite sequence of numbers in
Ng, then I'o’o(go) = .

Without loss of generality we can identify ip o[Vo] with Vp so
that Vy is an elementary submodel of V;.
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Multiple Levels of Infinities and Ramsey's Theorem

If an e—formula ¢ is coded by a finite sequence of numbers in
Ng, then I'o’o(go) = .

Without loss of generality we can identify ip o[Vo] with Vp so
that Vy is an elementary submodel of V;.

Let Fy := Fo and Nj := Ng. We use ’ to indicate the different
location where Fy and Ng are used. To form an ultrapower of V4
modulo F},, we obtain an elementary extension
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Multiple Levels of Infinities and Ramsey's Theorem

If an e—formula ¢ is coded by a finite sequence of numbers in
Ng, then I'o’o(go) = .

Without loss of generality we can identify ip o[Vo] with Vp so
that Vy is an elementary submodel of V;.

Let Fy := Fo and Nj := Ng. We use ’ to indicate the different
location where Fy and Ng are used. To form an ultrapower of V4
modulo F},, we obtain an elementary extension

! A N/
Vo i= (V0 R, €)= V0 F = (Vo /Re) T (1)

and associated elementary embedding ip 1 : V1 — V» as we did in
Definition 1.8 and Corollary 1.10.
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Multiple Levels of Infinities and Ramsey's Theorem

By applying Mostowski collapsing map again we can assume
that *¢ is the real membership relation € and N; C Ny := iy 1(Nyp).
Note that Ny and i 1[Ni] are not the same even after Mostowski

. : N
collapsing. Let's call V;°/F] the external ultrapower of V; modulo
Fo.
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Multiple Levels of Infinities and Ramsey's Theorem

By applying Mostowski collapsing map again we can assume
that *¢ is the real membership relation € and N; C Ny := iy 1(Nyp).
Note that Ny and i 1[Ni] are not the same even after Mostowski

. : N
collapsing. Let's call V;°/F] the external ultrapower of V; modulo
Fo.

If Ny had been identified with ip 1[N1], then N> won't be an
end-extension of N;. Therefore, we should look at V> from a
different angle.
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Multiple Levels of Infinities and Ramsey's Theorem

Definition (4.2)
The V1-internal ultrapower of V1 modulo Fi is the model with
the base set V" NV = {[f]7, | f € VI" and f € V1}, where
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Multiple Levels of Infinities and Ramsey's Theorem

Definition (4.2)
The V1-internal ultrapower of V1 modulo Fi is the model with
the base set V" NV = {[f]7, | f € VI" and f € V1}, where

f~r g iff {n€Ny|f(n)=g(n)}eFr and
[l ={g V"NV | f ~F g},
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Multiple Levels of Infinities and Ramsey's Theorem

Definition (4.2)
The V1-internal ultrapower of V1 modulo Fi is the model with
the base set V" NV = {[f]7, | f € VI" and f € V1}, where

f~r g iff {neN;y|f(n)=g(n)} € F1 and
[fln ={g eV NN |f~F g}
and the membership relation €, defined by
[flr €2 [glm iff {ne Ny |f(n)ecg(n)}eF.
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Multiple Levels of Infinities and Ramsey's Theorem

Definition (4.2)
The V1-internal ultrapower of V1 modulo Fi is the model with
the base set V" NV = {[f]7, | f € VI" and f € V1}, where

f~r g iff {neN;y|f(n)=g(n)} € F1 and
[fln ={g eV NN |f~F g}
and the membership relation €, defined by
[f17 €2 [glm iff {n €Ny |f(n) € g(n)} e A

The map I'171 V1 — (Vi\h N Vl)/fl with I'171(C) = [(256]]:1 is the
elementary embedding from V; to (Vi\Il NV1)/F1 associated with
the Vi-internal ultrapower of V1 modulo the Vi-internal ultrafilter
Fi.
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Multiple Levels of Infinities and Ramsey's Theorem

By applying Mostowski collapsing map again we can assume
that €5 is €. An element a € V% is called V»-internal. An element
a € Vs is called Vi-internal if a € i 1[V1].
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Multiple Levels of Infinities and Ramsey's Theorem

By applying Mostowski collapsing map again we can assume
that €5 is €. An element a € V% is called V»-internal. An element
a € Vs is called Vi-internal if a € i 1[V1].

Note that the Vi-internal ultrapower of V; modulo Fj is really
the same as the external ultrapower of V; modulo .7-"6. Indeed, we
can make two-step ultrapower process in two different order.
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Multiple Levels of Infinities and Ramsey's Theorem

By applying Mostowski collapsing map again we can assume
that €5 is €. An element a € V% is called V»-internal. An element
a € Vs is called Vi-internal if a € i 1[V1].

Note that the Vi-internal ultrapower of V; modulo Fj is really
the same as the external ultrapower of V; modulo .7-"6. Indeed, we
can make two-step ultrapower process in two different order.

In the external ultrapower of V; modulo .7-'6 we view the
ultrapower modulo Fy to get Vs first and the ultrapower of V;
modulo F| the second. If we view the two-step ultrapower process
by taking the ultrapower modulo Fj first, Ng and Fp in Vo become
N; and F7, respectively, and V§° because the collection Vi\Tl NV
of all Vi-internal functions from Nj to V.
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Multiple Levels of Infinities and Ramsey's Theorem

By applying Mostowski collapsing map again we can assume
that €5 is €. An element a € V% is called V»-internal. An element
a € Vs is called Vi-internal if a € i 1[V1].

Note that the Vi-internal ultrapower of V; modulo Fj is really
the same as the external ultrapower of V; modulo .7-"6. Indeed, we
can make two-step ultrapower process in two different order.

In the external ultrapower of V; modulo .7-'6 we view the
ultrapower modulo Fy to get Vs first and the ultrapower of V;
modulo F| the second. If we view the two-step ultrapower process
by taking the ultrapower modulo Fj first, Ng and Fp in Vo become
N; and F7, respectively, and V§° because the collection Vi\Tl NV
of all Vi-internal functions from N; to V;. Hence, the process of
taking ultrapower of Vo modulo Fy is lifted into V; to become the
Vi-internal ultrapower of V; modulo F; to complete the second
step.
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Multiple Levels of Infinities and Ramsey's Theorem

Symbolically, we have
N/
V2= (V1 7) " 17 = 04 v/ @)

= (V)P0 1 (VoL ) /() ).
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Multiple Levels of Infinities and Ramsey's Theorem

Symbolically, we have
N/
V2= (V1 7) " 17 = 04 v/ @)

= (V)P0 1 (VoL ) /() ).

Roughly speaking, (2) shows that one can change the order of
ultrapower of 1y construction steps first modulo Fy and then
modulo F{ to the order that first modulo F; and then modulo
Fi1= /.0,0(]:0)-
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Multiple Levels of Infinities and Ramsey's Theorem

Symbolically, we have
N/
v = (Vo/7) 17 = 0 /A ©)
N/ N/ N/ N/
= (Vo /Fo)No 7o 0 (Ve F9)) (Fo ° | Fo).

Roughly speaking, (2) shows that one can change the order of
ultrapower of 1y construction steps first modulo Fy and then
modulo F{ to the order that first modulo F; and then modulo
Fi1= /.0,0(]:0)-

By applying the transfer principle to the statement that every
bounded function from Ny to Ny is equivalent, modulo Fjy, to a
constant function, we have that every bounded Vi-internal function
from Nj to Nj is equivalent, modulo F7, to a constant function.
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Multiple Levels of Infinities and Ramsey's Theorem

So, if [f]lr, € N2 and f(n) < m € Ny for every n € Ny, then f is
equivalent, modulo Fi, to [¢¢] 7 for some ¢ € Ny, which implies
[f]]:1 € Nj.
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Multiple Levels of Infinities and Ramsey's Theorem

So, if [f]lr, € N2 and f(n) < m € Ny for every n € Ny, then f is
equivalent, modulo Fi, to [¢¢] 7 for some ¢ € Ny, which implies
[f]]:1 € Nj.

Thus, Ny := i1 1(Ny) D i1,1[N1] = Ny is an end-extension of Nj.
Note that ip 1 [Ng = i1,1 [Ng = ipo. If V> is considered as the
external ultrapower of V1, then Ny can be identified as NONé/f(’).
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Multiple Levels of Infinities and Ramsey's Theorem

So, if [f]lr, € N2 and f(n) < m € Ny for every n € Ny, then f is
equivalent, modulo Fi, to [¢¢] 7 for some ¢ € Ny, which implies
[f]]:1 € Nj.

Thus, Ny := i1 1(Ny) D i1,1[N1] = Ny is an end-extension of Nj.
Note that ip 1 [Ng = i1,1 [Ng = ipo. If V> is considered as the
external ultrapower of V1, then Ny can be identified as NONé/f(’).

It is easy to check that the elementary embeddings ip., io,1, /1,1
satisfy Proposition 4.1 except Part 4, which is irrelevant.
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Multiple Levels of Infinities and Ramsey's Theorem

So, if [f]lr, € N2 and f(n) < m € Ny for every n € Ny, then f is
equivalent, modulo Fi, to [¢¢] 7 for some ¢ € Ny, which implies
[f]]:1 € Nj.

Thus, Ny := i1 1(Ny) D i1,1[N1] = Ny is an end-extension of Nj.
Note that ip 1 [Ng = i1,1 [Ng = ipo. If V> is considered as the

. - N/
external ultrapower of V1, then Ny can be identified as NOO/]:(’).

It is easy to check that the elementary embeddings ip., io,1, /1,1
satisfy Proposition 4.1 except Part 4, which is irrelevant.

In fact, V» can be viewed as one-step ultrapower of Vo modulo
the tensor product of Fy and Fy where

.7:0®]-"6::{A§N0><N6\
{n" eNy |{neNy|(nn)e A} eFo}eFyt

is a non-principle ultrafilter on Ny x Nj.

Renling Jin Nonstandard Analysis and CNT



Multiple Levels of Infinities and Ramsey's Theorem

This indicates that V5 is countably saturated and elements in V,
can be represented by the equivalence class, modulo Fy ® F, of
functions f : Ng x Nj — V.
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Multiple Levels of Infinities and Ramsey's Theorem

This indicates that V5 is countably saturated and elements in V,
can be represented by the equivalence class, modulo Fy ® F, of
functions f : Ng x Nj — V.

Now consider a three-step ultrapower construction. Let
fé’ = JFo, Ng = Np, and F, := I'171(.7:1) e V.
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Multiple Levels of Infinities and Ramsey's Theorem

This indicates that V5 is countably saturated and elements in V,
can be represented by the equivalence class, modulo Fy ® F, of
functions f : Ng x Nj — V.

Now consider a three-step ultrapower construction. Let
6/ = Fo, 6/ = Np, and F, := I'171(.7:1) € V5. Then
Vs = (V5 /Fo) /7)) 7Y =3 /7Y 3)
= (O nW)/FNS W)/ F = () /F ()
(1 N/ F) V) /FL = (V2N V)/Fa. (5)
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Multiple Levels of Infinities and Ramsey's Theorem

The ultrapower in (3) results in the associated elementary
embedding ip2 : Vo — V3. The ultrapower in (4) results in the
associated elementary embedding i1 : V> — V3. And the
ultrapower in (5) results in the associated elementary embedding
I'272 Vo — Vs,
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Multiple Levels of Infinities and Ramsey's Theorem

The ultrapower in (3) results in the associated elementary
embedding ip2 : Vo — V3. The ultrapower in (4) results in the
associated elementary embedding i1 : V> — V3. And the
ultrapower in (5) results in the associated elementary embedding
I'272 Vo — Vs,

After applying Mostowski collapsing map we can again assume
that N3 := i 2(Ny) D No = i »[Np] and N3 is an end-extension of
N>. We can also assume that V, C V3 via ib». It is also easy to
check that I'072 [V = I'071 and I'072 Vo = I'070. Similarly, we have
i2V1=1i,.
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Multiple Levels of Infinities and Ramsey's Theorem

The ultrapower in (3) results in the associated elementary
embedding ip2 : Vo — V3. The ultrapower in (4) results in the
associated elementary embedding i1 : V> — V3. And the
ultrapower in (5) results in the associated elementary embedding
I'272 Vo — Vs,

After applying Mostowski collapsing map we can again assume
that N3 := i 2(Ny) D No = i »[Np] and N3 is an end-extension of
N>. We can also assume that V, C V3 via ib». It is also easy to
check that I'072 [V = I'071 and I'072 Vo = I'070. Similarly, we have
i12 V1 = i1,1. Note that Part 4 in Proposition 4.1 follows from the
fact that (V3; Rz, Ry) is the ultrapower of (V2; R1,Rg) modulo Fj.
Hence, i is an elementary embedding from (V2;R1,Rp) to
(V3; RQ, Rl).
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Multiple Levels of Infinities and Ramsey's Theorem

The ultrapower in (3) results in the associated elementary
embedding ip2 : Vo — V3. The ultrapower in (4) results in the
associated elementary embedding i1 : V> — V3. And the
ultrapower in (5) results in the associated elementary embedding
I'272 Vo — Vs,

After applying Mostowski collapsing map we can again assume
that N3 := i 2(Ny) D No = i »[Np] and N3 is an end-extension of
N>. We can also assume that V, C V3 via ib». It is also easy to
check that I'072 [V = I'071 and I'072 Vo = I'070. Similarly, we have
i12 V1 = i1,1. Note that Part 4 in Proposition 4.1 follows from the
fact that (V3; Rz, Ry) is the ultrapower of (V2; R1,Rg) modulo Fj.
Hence, i is an elementary embedding from (V2;R1,Rp) to
(V3; RQ, Rl).

The validity of the remaining properties in Proposition 4.1 for
im2 with m = 0,1, 2 is left for the reader to check.
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Multiple Levels of Infinities and Ramsey's Theorem

In general, we can use the same idea to iterate the ultrapower
construction. Given 0 < m < n, if we iterate the ultrapower
construction m times internally followed by iterating ultrapower
construction n — m times within V,, “externally” we obtain the
elementary embedding im n : Vo — Vpy1. These iy 5's satisfy the
four parts in Proposition 4.1.
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Multiple Levels of Infinities and Ramsey's Theorem

In general, we can use the same idea to iterate the ultrapower
construction. Given 0 < m < n, if we iterate the ultrapower
construction m times internally followed by iterating ultrapower
construction n — m times within V,, “externally” we obtain the
elementary embedding im n : Vo — Vpy1. These iy 5's satisfy the
four parts in Proposition 4.1.

The second gaol of this subsection is to present a probably the
simplest proof of Ramsey's Theorem as a testing case for working
within a nonstandard universe such as V,. In the remaining part of
this subsection let [X]X := {S C X | |S| = k} for any set X and
k € Np. A coloring of a set Y with r colors is a function
c:Y —[r]. Aset Z C Y is monochromatic (with respect to c) if
c [ Z is a constant function.
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Multiple Levels of Infinities and Ramsey's Theorem

Theorem (4.3, Ramsey’s Theorem)

Let k,r € Ng. If ¢ : [No]& — [r] is a coloring of [No]X with at most
r colors, then there exists an infinite set H C Ng such that [H]¥ is
monochromatic.
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Multiple Levels of Infinities and Ramsey's Theorem

Theorem (4.3, Ramsey’s Theorem)

Let k,r € Ng. If ¢ : [No]& — [r] is a coloring of [No]X with at most
r colors, then there exists an infinite set H C Ng such that [H]¥ is
monochromatic.

Proof. Work within V. Let x; = [ldy,] 7, € N1 \ No and

Xj+1 1= o k—1(xj) for j=1,2,...,k—1. Then

X = {x1,%0,...,%} € [Nk]X. Note that x; is the equivalence class
represented by the identity map ldy,_, : Nj_1 — N;_1.
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Multiple Levels of Infinities and Ramsey's Theorem

Theorem (4.3, Ramsey’s Theorem)

Let k,r € Ng. If ¢ : [No]& — [r] is a coloring of [No]X with at most
r colors, then there exists an infinite set H C Ng such that [H]¥ is
monochromatic.

Proof. Work within V. Let x; = [ldy,] 7, € N1 \ No and
Xj+1 1= o k—1(xj) for j=1,2,...,k—1. Then
X = {x1,%0,...,%} € [Nk]X. Note that x; is the equivalence class
represented by the identity map ldy,_, : Nj_1 — N;_1.

For convenience we denote still ¢ for the extension of ¢ from
[Nj]€ to [r] in V}. Let c(X) = co.
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Multiple Levels of Infinities and Ramsey's Theorem

Theorem (4.3, Ramsey’s Theorem)

Let k,r € Ng. If ¢ : [No]& — [r] is a coloring of [No]X with at most
r colors, then there exists an infinite set H C Ng such that [H]¥ is
monochromatic.

Proof. Work within V. Let x; = [ldy,] 7, € N1 \ No and
Xj+1 1= o k—1(xj) for j=1,2,...,k—1. Then
X = {x1,%0,...,%} € [Nk]X. Note that x; is the equivalence class
represented by the identity map ldy,_, : Nj_1 — N;_1.

For convenience we denote still ¢ for the extension of ¢ from
[Nj]€ to [r] in V}. Let c(X) = co.

We construct a sequence A = {ag < a; < ---} C Np inductively
such that c[[AUX]X = .
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Multiple Levels of Infinities and Ramsey's Theorem

Theorem (4.3, Ramsey’s Theorem)

Let k,r € Ng. If ¢ : [No]& — [r] is a coloring of [No]X with at most
r colors, then there exists an infinite set H C Ng such that [H]¥ is
monochromatic.

Proof. Work within V. Let x; = [ldy,] 7, € N1 \ No and
Xj+1 1= o k—1(xj) for j=1,2,...,k—1. Then
X = {x1,%0,...,%} € [Nk]X. Note that x; is the equivalence class
represented by the identity map ldy,_, : Nj_1 — N;_1.

For convenience we denote still ¢ for the extension of ¢ from
[Nj]€ to [r] in V}. Let c(X) = co.

We construct a sequence A = {ag < a; < ---} C Np inductively
such that c[[AUX]X = .

Suppose that Ay, :={ag,...,am—1} has been found that
c[[Am UX]X = .
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Multiple Levels of Infinities and Ramsey's Theorem

Note that the sentence

Jy € Ny (y > am—1 and
cMAm U {y} U {iok-1(x1).- -, iok—10x—1)}¥ = o)

is true in (Vi;R1) where y is witnessed by x;.
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Multiple Levels of Infinities and Ramsey's Theorem

Note that the sentence

Jy € Ny (y > am—1 and
cMAm U {y} U {iok-1(x1).- -, iok—10x—1)}¥ = o)

is true in (Vx;R1) where y is witnessed by x;. Hence,

Jy € No(y > am-1 and (6)
c r[Am U {y} U {Xl, . ,Xk,]_}]f = Co)

is true in (Vx—1;Rg) by Part 4 of Proposition 4.1.
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Multiple Levels of Infinities and Ramsey's Theorem

Note that the sentence

Jy € Ny (y > am—1 and
cMAm U {y} U {iok-1(x1).- -, iok—10x—1)}¥ = o)

is true in (Vx;R1) where y is witnessed by x;. Hence,

dy € No(y > am—1 and (6)
Cc r[Am U {y} U {Xl, - ,Xk,]_}]f = Co)
is true in (Vx—1;Rg) by Part 4 of Proposition 4.1.

Let y = am € Np be the witness of the truth of (6) in Vx_1 and
Am+1 = AmU{am}. It suffices to show the following claim.
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Multiple Levels of Infinities and Ramsey's Theorem

Claim: c[[An1 UX]S = oo.
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Multiple Levels of Infinities and Ramsey's Theorem

Claim: c[[An1 UX]S = oo.

Proof of Claim: Let b= {by < by < --- < bi} € [Ams+1 UX]X. We

show that ¢(b) = ¢.
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Multiple Levels of Infinities and Ramsey's Theorem

Claim: c[[An1 UX]S = oo.

Proof of Claim: Let b= {by < by < --- < bi} € [Ams+1 UX]X. We
show that c(b) = .
E by < Xy, then C(b) = ¢y by (6) If by = xq, then

c(b) = c(x) = ¢p. So, we can assume that by € Ny and by = x.
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Multiple Levels of Infinities and Ramsey's Theorem

Claim: c[[An1 UX]S = oo.

Proof of Claim: Let b= {b; < by < - < b} € [Ams1 UX]K. We
show that ¢(b) = co.
If by < X, then C(B) = ¢y by (6) If by = xq, then
c(b) = c¢(X) = co. So, we can assume that b; € Ng and by = x.
Let p=max{j € 1+ [k] | x; € b}. Then p < k, b, = x; for
some 1 < j < porb,€Ng, and bj=xj for j=p+1,... k.
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Multiple Levels of Infinities and Ramsey's Theorem

Claim: c[[An1 UX]S = oo.

Proof of Claim: Let b= {b; < by < - < b} € [Ams1 UX]K. We
show that ¢(b) = co.
If by < X, then C(B) = ¢y by (6) If by = xq, then
c(b) = c¢(X) = co. So, we can assume that b; € Ng and by = x.
Let p=max{j € 1+ [k] | x; € b}. Then p < k, b, = x; for
some 1 < j < porb,€Ng, and bj=xj for j=p+1,... k.
Let p’ := 0 if b, € Ng or p’ = j if b, = xj for some
1<j/<p-1
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Multiple Levels of Infinities and Ramsey's Theorem

Claim: c[[An1 UX]S = oo.

Proof of Claim: Let b= {by < by < --- < bi} € [Ams+1 UX]X. We
show that ¢(b) = co.
If b < xg, then C(B) = ¢y by (6) If by = xq, then
c(b) = c¢(X) = co. So, we can assume that b; € Ng and by = x.
Let p=max{j € 1+ [k] | x; € b}. Then p < k, b, = x; for
some 1 < j < porb,€Ng, and bj=xj for j=p+1,... k.
Let p’ := 0 if b, € Ng or p’ = j if b, = xj for some
1 <" < p—1. Note that iy x_1(bj) = bj for j < p. Note also
that I.p/7k,1(Xj_1) = iO,k—l(Xj—l) = bj forj=p+1,...,k because
i k—1(Xj—1) is an equivalence class represented by /de,l-
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Multiple Levels of Infinities and Ramsey's Theorem

Claim: c[[An1 UX]S = oo.

Proof of Claim: Let b= {b; < by < --- < bi} € [Amy1 UX]X. We
show that ¢(b) = co.

If b < xg, then C(B) = ¢y by (6) If by = xq, then
c(b) = c¢(X) = co. So, we can assume that b; € Ng and by = x.

Let p=max{j € 1+ [k] | x; € b}. Then p < k, b, = x; for
some 1 < j < porb,€Ng, and bj=xj for j=p+1,... k.

Let p’ := 0 if b, € Ng or p’ = j if b, = xj for some
1 <" < p—1. Note that iy x_1(bj) = bj for j < p. Note also
that I.p/7k,1(Xj_1) = iO,k—l(Xj—l) = bj forj=p+1,...,k because
i k—1(Xj—1) is an equivalence class represented by /de,l-

So, il;}k_l(B) € [Amr1 U {xt,...,xk_1}]¥ and hence,

C(f;}k,l(g)) = .
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Multiple Levels of Infinities and Ramsey's Theorem

Claim: c[[An1 UX]S = oo.

Proof of Claim: Let b= {by < by < --- < bi} € [Ams+1 UX]X. We
show that ¢(b) = co.

If b < xg, then C(B) = ¢y by (6) If by = xq, then
c(b) = c¢(X) = co. So, we can assume that b; € Ng and by = x.

Let p=max{j € 1+ [k] | x; € b}. Then p < k, b, = x; for
some 1 < j < porb,€Ng, and bj=xj for j=p+1,... k.

Let p’ := 0 if b, € Ng or p’ = j if b, = xj for some
1 <" < p—1. Note that iy x_1(bj) = bj for j < p. Note also
that I.p/7k,1(Xj_1) = I.07k_1(Xj_1) = bj forj=p+1,...,k because
i k—1(Xj—1) is an equivalence class represented by /de,l-

So, il;}k_l(B) € [Amr1 U {xt,...,xk_1}]¥ and hence,
C(f;}k,l(b)) = (.

By the transfer principle for iy x_1 we have c(b) = c. This
completes the proof of the claim as well as the theorem. O
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Multidimensional van der Waerden's Theorem

The multidimensional van der Waerden's Theorem is also called
Gallai's Theorem. Fix a dimension s and let
[n]°* = {(x1,x2,...,xs) | x; € [n] for j=1,2,...,s}. A
homothetic copy of [n]® is a set of the form

HCsg.n =3+ d[n]* = {3+ dx | % € [n]°}

for some 3 € N° and d € N, d > 0. The subscript n in HG; 4, will
be omitted after it is fixed.
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Multidimensional van der Waerden's Theorem

The multidimensional van der Waerden's Theorem is also called
Gallai's Theorem. Fix a dimension s and let
[n]°* = {(x1,x2,...,xs) | x; € [n] for j=1,2,...,s}. A
homothetic copy of [n]® is a set of the form

HCsg.n =3+ d[n]* = {3+ dx | % € [n]°}

for some 3 € N° and d € N, d > 0. The subscript n in HG; 4, will
be omitted after it is fixed.

Theorem (4.4, T. Gallai)

Given any positive r,n € Ny, one can find an N € Ny such that for
every coloring ¢ : [N]° — [r] there exists 3, d such that
HCs 4.0 € [N]® and c [ HC5 4., = co for some ¢ € [r].
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Multidimensional van der Waerden's Theorem

The multidimensional van der Waerden's Theorem is also called
Gallai's Theorem. Fix a dimension s and let
[n]°* = {(x1,x2,...,xs) | x; € [n] for j=1,2,...,s}. A
homothetic copy of [n]® is a set of the form

HCsg.n =3+ d[n]* = {3+ dx | % € [n]°}

for some 3 € N° and d € N, d > 0. The subscript n in HG; 4, will
be omitted after it is fixed.

Theorem (4.4, T. Gallai)

Given any positive r,n € Ny, one can find an N € Ny such that for
every coloring ¢ : [N]° — [r] there exists 3, d such that
HCs 4.0 € [N]® and c [ HC5 4., = co for some ¢ € [r].

The proof of Theorem 4.4 in this subsection is inspired by the
proof of the one-dimensional version in Khinchin's book “Three
Pearls in Number Theory".
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Multidimensional van der Waerden's Theorem

Proof.  Fix n € Ng. Let <1 be the lexicographical order of HC; 4.
For each 0 < / < n® let HC; 4(/) denote the /-th element of HC; 4
under <. Note that HG; 4(0) = &.
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Multidimensional van der Waerden's Theorem

Proof.  Fix n € Ng. Let <1 be the lexicographical order of HC; 4.
For each 0 < / < n® let HC; 4(/) denote the /-th element of HC; 4
under <. Note that HG; 4(0) = &.

Let @m(r, N) be the following first-order sentence:

Ve : [N]* — [r] IHCs 4 C [N]* 3¢ € [r]
(c(HGs4(1)) = o for 1=0,1,...,m). (7)
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Multidimensional van der Waerden's Theorem

Proof.  Fix n € Ng. Let <1 be the lexicographical order of HC; 4.
For each 0 < / < n® let HC; 4(/) denote the /-th element of HC; 4
under <. Note that HG; 4(0) = &.

Let @m(r, N) be the following first-order sentence:

Vc: [/V]s — [r] E|HC57d - [N]s dcg € [r]
(c(HGs4(1)) = o for 1=0,1,...,m). (7)

It suffices to prove the following claim.
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Multidimensional van der Waerden's Theorem

Proof.  Fix n € Ng. Let <1 be the lexicographical order of HC; 4.
For each 0 < / < n® let HC; 4(/) denote the /-th element of HC; 4
under <. Note that HG; 4(0) = &.

Let @m(r, N) be the following first-order sentence:
Vc: [/V]s — [r] E|HC57d C [N]s dcg € [r]
(c(HGs4(1)) = o for 1=0,1,...,m). (7)
It suffices to prove the following claim.

Claim 1: Let 0 < m < n®. For every r € Ny there exists an
N € Ny such that @n,(r, N) is true in V.
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Multidimensional van der Waerden's Theorem

Proof.  Fix n € Ng. Let <1 be the lexicographical order of HC; 4.
For each 0 < / < n® let HC; 4(/) denote the /-th element of HC; 4
under <. Note that HG; 4(0) = &.

Let @m(r, N) be the following first-order sentence:
Vc: [/V]s — [r] E|HC57d C [N]s dcg € [r]
(c(HGs4(1)) = o for 1=0,1,...,m). (7)
It suffices to prove the following claim.

Claim 1: Let 0 < m < n®. For every r € Ny there exists an
N € Ny such that @n,(r, N) is true in V.

Note that the claim when m = n®* — 1 is Theorem 4.4. It suffices
to prove the claim by induction on m < n® — 1. Call HG; 4 in (7)
monochromatic up to m with respect to c.
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Multidimensional van der Waerden's Theorem

Proof of Claim 1: The case for m = 0 is trivial.
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Multidimensional van der Waerden's Theorem

Proof of Claim 1: The case for m = 0 is trivial.
Assume that the claim is true for m — 1. We prove that the
claim is true for m < n®.
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Multidimensional van der Waerden's Theorem

Proof of Claim 1. The case for m = 0 is trivial.

Assume that the claim is true for m — 1. We prove that the
claim is true for m < n®.

Given r € Ny, the task now is to find N € Ng such that
©m(r, N) is true in V.
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Multidimensional van der Waerden's Theorem

Proof of Claim 1. The case for m = 0 is trivial.

Assume that the claim is true for m — 1. We prove that the
claim is true for m < n®.

Given r € Ny, the task now is to find N € Ng such that
©m(r, N) is true in V.

Work within V,;1. Choose any N, € N,;1 \ N,. It suffices to
prove that @m,(r,2N,) is true in V, by the transfer principle.
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Multidimensional van der Waerden's Theorem

Proof of Claim 1. The case for m = 0 is trivial.

Assume that the claim is true for m — 1. We prove that the
claim is true for m < n®.

Given r € Ny, the task now is to find N € Ng such that
©m(r, N) is true in V.

Work within V,;1. Choose any N, € N,;1 \ N,. It suffices to
prove that @m,(r,2N,) is true in V, by the transfer principle.

Fix ¢ : [2N,]° — [r]. It suffices to find a HC; 4 C [2N,]° which is
monochromatic up to m with respect to c.
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Multidimensional van der Waerden's Theorem

Proof of Claim 1. The case for m = 0 is trivial.

Assume that the claim is true for m — 1. We prove that the
claim is true for m < n®.

Given r € Ny, the task now is to find N € Ng such that
©m(r, N) is true in V.

Work within V,;1. Choose any N, € N,;1 \ N,. It suffices to
prove that @m,(r,2N,) is true in V, by the transfer principle.

Fix ¢ : [2N,]° — [r]. It suffices to find a HC; 4 C [2N,]° which is
monochromatic up to m with respect to c.

Choose any N; € N;11 \N; for j =0,1,...,r — 1. Since Nj; is
an end-extension of Nj, the number r(Ni-1)* is infinitely smaller
than N;. Note also that N; + N;_1 +--- + No < Njy1.

Renling Jin Nonstandard Analysis and CNT



Multidimensional van der Waerden's Theorem

Proof of Claim 1. The case for m = 0 is trivial.

Assume that the claim is true for m — 1. We prove that the
claim is true for m < n®.

Given r € Ny, the task now is to find N € Ng such that
©m(r, N) is true in V.

Work within V,;1. Choose any N, € N,;1 \ N,. It suffices to
prove that @m,(r,2N,) is true in V, by the transfer principle.

Fix ¢ : [2N,]° — [r]. It suffices to find a HC; 4 C [2N,]° which is
monochromatic up to m with respect to c.

Choose any N; € N;11 \N; for j =0,1,...,r — 1. Since Nj; is
an end-extension of Nj, the number r(Ni-1)* is infinitely smaller
than N;. Note also that N; + N;_1 +--- + No < Njy1.

For any X,y € [N,]°® we say that X and y have the same
2N;-type if for any Z € [2N;]* we have c(X + Z) = c(y + 2), i.e,,
the color patterns of X + [2/;]® and y + [2N;]° with respect to ¢
are the same.
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Multidimensional van der Waerden's Theorem

Since the first-order sentence
(Vr’ S No) (VN e Ny \No) <pm_1(r’, /V)

is true in (V1; Np),
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Multidimensional van der Waerden's Theorem

Since the first-order sentence
(Vr' € Ng) (VN € Ny \ No) om—1(r', N)

is true in (V1; Np), the sentence
(Vr' € Nj) (VN € Njy1 \ N;) om-1(r', V)

is true in (Vj+1;N;) for j =1,2,...,r by Part 4 of Proposition 4.1.

Renling Jin Nonstandard Analysis and CNT



Multidimensional van der Waerden's Theorem

Since the first-order sentence
(Vr' € Ng) (VN € Ny \ No) om—1(r', N)
is true in (V1; Np), the sentence
(Vr' € Nj) (VN € Njy1 \ N;) om-1(r', V)
is true in (Vj+1;N;) for j =1,2,...,r by Part 4 of Proposition 4.1.

In particular, @m_1(r@Ni—1)° N;) is true in Vj,; for
j=1,2,...,r
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Multidimensional van der Waerden's Theorem

Since the first-order sentence

(Vr’ S No) (VN S Nl \No) <pm_1(r’, /V)

is true in (V1; Np), the sentence
(Vr' € Nj) (VN € Njy1 \ Nj) om-1(r', N)

is true in (Vj+1;N;) for j =1,2,...,r by Part 4 of Proposition 4.1.

In particular, @m_1(r@Ni—1)° N;) is true in Vj,; for
j=12 ... r.

Since the number of different 2\V;_;-types is at most r(?Ni-1)°,
for any b+ [N;]° we can find HG;, 4 C b+ [Nj]® such that HG;, 4,
is monochromatic up to m — 1 with respect to 2N;_;-types, i.e.,
HC;bdj(l) for =0,1,...,m—1 have the same 2N;_;-type.

Renling Jin
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Multidimensional van der Waerden's Theorem

So, we can now find a sequence of homothetic copies of [n]°®
HG;, 4,, HG

ar—1,

dr—17 > C507do

such that
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Multidimensional van der Waerden's Theorem

So, we can now find a sequence of homothetic copies of [n]°®
HG;, 4,, HG

ar—1,

dr—17 > C507do

such that

o HG;, 4, C [N,]® is monochromatic up to m — 1 with respect to
2N,_1-types;
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Multidimensional van der Waerden's Theorem

So, we can now find a sequence of homothetic copies of [n]°®
HCErydr’ HC§r717dr71, ttt C.507‘10

such that

o HG;, 4, C [N,]® is monochromatic up to m — 1 with respect to
2N,_1-types;

® HC;5, |4, € [Nr_1]° such that HG; 4(0) + HCs, 4, , is

monochromatic up to m — 1 with respect to 2/,_»-types.

Note that HCy, 4.(1) + HCs, 4, ,(I') for 0< 1,/ <m—1

have the same 2N,_,-type;

Renling Jin Nonstandard Analysis and CNT



Multidimensional van der Waerden's Theorem

So, we can now find a sequence of homothetic copies of [n]°®

HCErydr’ HC§r717dr71, ttt C.507‘10
such that
o HG;, 4, C [N,]® is monochromatic up to m — 1 with respect to
2N,_1-types;

® HCs, , 4, C[Nr—1]° such that HC;, 4 (0) + HG;, , 4, , is
monochromatic up to m — 1 with respect to 2/,_»-types.
Note that HCy, 4.(1) + HCs, 4, ,(I') for 0< 1,/ <m—1
have the same 2N,_,-type;

® HG;, ,.4,_, € [N_2]° such that
HG;, 4,(0) + HGs, 4, ,(0) + HG;, , 4, , is monochromatic up
to m — 1 with respect to 2/N,_3-types. Note that
HCE,,d,(/) + HCEr—l,dr—l(Il) + HCErfz,drfz(/”) for
0<1,I' " < m—1 have the same 2N, _3-type;
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Multidimensional van der Waerden's Theorem
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Multidimensional van der Waerden's Theorem

r
o HCs, 4, C [M1]* such that > HC;, 4(0) + HC, g, is
j=2
monochromatic up to m — 1 with respect to 2Np-types. Note
r
that Y~ HCs, 4(}) + HCs, .4,(h) for 0 < h, b, .. lr < m—1
j=2
have the same 2Np-type;
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Multidimensional van der Waerden's Theorem

o HCs, 4 C [N1]° such that Z HC;, 4,(0) + HC, 4, is
j=2
monochromatic up to m — 1 with respect to 2Np-types. Note
that ZHCa o (i) + HCs, 4, () for 0 < b, .l <m—1

j=2
have the same 2Np-type;

o HCsyd, C [No]* such that Y ~ HCy, 4,(0) + HCz q, is
j=1
monochromatic up to m — 1 with respect to coloring c. Note
that ZHCa o (1j) + HCy. o (o) for 0 < lo, h,.... [ < m—1

j=1
have the same c-value.
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Multidimensional van der Waerden's Theorem

Let HC; 4 ® HCy o := HC354.5 g4ar- Clearly, for any | < n® we
have
(HCgvd b HC§/7d/)(I) = HC§7d(/) + HC{:;/’d/(/).
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Multidimensional van der Waerden's Theorem

Let HC; g ® HC s ¢ == HC54 5 q4q- Clearly, for any [ < n® we
have (HG,q ® HCy 4 )(1) = HGg 4(1) + HCz /(1)

Foreach j=0,1,...,r let
Vi = HG, 4,(0)+- - -+HGC5, 4.(0)+HG,_, g, (m)+ - -+ HC5, g0 (m).

Since there are r +1 many yj's and r colors, there must exist
0 < j1 < j2 < rsuch that ¢(y;,) = c(¥j)-
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Multidimensional van der Waerden's Theorem

Let HC; g ® HC s ¢ == HC54 5 q4q- Clearly, for any [ < n® we
have (HG,q ® HCy 4 )(1) = HGg 4(1) + HCz /(1)

Foreach j=0,1,...,r let
Vi = HG, 4,(0)+- - -+HGC5, 4.(0)+HG,_, g, (m)+ - -+ HC5, g0 (m).

Since there are r +1 many yj's and r colors, there must exist
0 < j1 < j2 < rsuch that ¢(y;) = c(yj,). Let

D:= HCE,,d,(O) + -+ HC;,J.Q’dJ.2 (0) (8)
+HC3j2_1,dj2_1 S RRRN<> HCgJ.l’dj1

+HG, ya, o (m) + -+ HGg, g (m).
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Multidimensional van der Waerden's Theorem

Let HC; 4 ® HCy o := HC354.5 g4ar- Clearly, for any | < n® we
have
(HCgvd b HC§/7d/)(I) = HC§7d(/) + HCE’,d’(/)'
Foreach j =0,1,...,r let
Vi = HG, 4,(0)+- - -+HGC5, 4.(0)+HG,_, g, (m)+ - -+ HC5, g0 (m).
Since there are r +1 many yj's and r colors, there must exist
0 < j1 < j2 < rsuch that ¢(y;) = c(yj,). Let
D = HC;,(0) + -+ + HCs, 4, (0) ®)
+HC5J'2—17dJ'2—1 DD Hngpdjl
+HG, ya, o (m) + -+ HGg, g (m).

Then D is a homothetic copy of [n]°.
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Multidimensional van der Waerden's Theorem

Claim 2: The homothetic copy D of [n]® in (8) is monochromatic
up to m — 1 with respect to c.
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Multidimensional van der Waerden's Theorem

Claim 2: The homothetic copy D of [n]® in (8) is monochromatic
up to m — 1 with respect to c.

Claim 1 follows from Claim 2 because D(0) = yj, and
D(m) = yj, have the same c-value and hence, the homothetic
copy D of [n]® is monochromatic up to m with respect to c.
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Multidimensional van der Waerden's Theorem

Claim 2: The homothetic copy D of [n]® in (8) is monochromatic
up to m — 1 with respect to c.

Claim 1 follows from Claim 2 because D(0) = yj, and
D(m) = yj, have the same c-value and hence, the homothetic
copy D of [n]® is monochromatic up to m with respect to c.

Proof of Claim 2: By the construction of HC;, 4 we have that
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Multidimensional van der Waerden's Theorem

Claim 2: The homothetic copy D of [n]® in (8) is monochromatic
up to m — 1 with respect to c.

Claim 1 follows from Claim 2 because D(0) = yj, and
D(m) = yj, have the same c-value and hence, the homothetic
copy D of [n]® is monochromatic up to m with respect to c.

Proof of Claim 2: By the construction of HC;, 4 we have that

Jo—1

Z HCs,.4,(0) + Y HG;, 4
J=j

J=i

for 0 </ < m — 1 have the same 2N, _;-type.
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Multidimensional van der Waerden's Theorem

Claim 2: The homothetic copy D of [n]® in (8) is monochromatic
up to m — 1 with respect to c.

Claim 1 follows from Claim 2 because D(0) = yj, and
D(m) = yj, have the same c-value and hence, the homothetic
copy D of [n]® is monochromatic up to m with respect to c.

Proof of Claim 2: By the construction of HC;, 4 we have that

Jo—1

Z HCs,.4,(0) + Y HG;, 4
J=j

J=i

for 0 </ < m —1 have the same 2/, _;-type. Note that

B = Z H 3].7611.(/77) S [2Nj1,1]s.
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Multidimensional van der Waerden's Theorem

Hence,
D(/) = HCE,,d,(O) + -+ HCEJ-2,dj2 (O)
+HC312 1,0~ l(l) + - Can’ ( ) +b

for =0,1,...,m— 1 have the same c—value.
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Multidimensional van der Waerden's Theorem

Hence,

D(/) = HCE,,d,(O) + -+ HCEJ-2,dj2 (O)
+HC; (1) + -+ HCs, g, () + b

12*17‘/ U1

ljp—1

for =0,1,...,m— 1 have the same c—value. This completes the
proof. O
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Szemerédi’s Theorem

Szemerédi's Theorem is the center of attention in additive
combinatorics for many years which has attracted many prominent
mathematicians.
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Szemerédi’s Theorem

Szemerédi's Theorem is the center of attention in additive
combinatorics for many years which has attracted many prominent
mathematicians.

Theorem (4.5, E. Szemerédi, 1975)

If D C N has a positive upper density, then D contains a k—term
arithmetic progression for every k € N.
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Szemerédi’s Theorem

Szemerédi's Theorem is the center of attention in additive
combinatorics for many years which has attracted many prominent
mathematicians.

Theorem (4.5, E. Szemerédi, 1975)

If D C N has a positive upper density, then D contains a k—term
arithmetic progression for every k € N.

Szemerédi's Theorem confirms a conjecture of P. Erdés and P.
Turan made in 1936, which implies van der Waerden's Theorem.
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Szemerédi’s Theorem

Szemerédi's Theorem is the center of attention in additive
combinatorics for many years which has attracted many prominent
mathematicians.

Theorem (4.5, E. Szemerédi, 1975)

If D C N has a positive upper density, then D contains a k—term
arithmetic progression for every k € N.

Szemerédi's Theorem confirms a conjecture of P. Erdés and P.
Turan made in 1936, which implies van der Waerden's Theorem.

Nonstandard versions of Furstenberg's ergodic proof and
Gowers's harmonic proof of Szemerédi's Theorem have been tried
by T. Tao. In August 2017, Tao gave a series of lectures to explain
Szemerédi's original combinatorial proof and hope to simplify it so
that the proof can be better understood. He believed that
Szemerédi's combinatorial method should have a greater impact on
combinatorics.
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Szemerédi’s Theorem

During these lectures Tao challenged the audience to produce a
nonstandard proof of Szemerédi's Theorem which is noticeably
simpler and more transparent than Szemerédi’s original proof.
However, in his later blog post, Tao commented that “in fact there
are now signs that perhaps nonstandard analysis is not the optimal
framework in which to place this argument.”
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During these lectures Tao challenged the audience to produce a
nonstandard proof of Szemerédi's Theorem which is noticeably
simpler and more transparent than Szemerédi’s original proof.
However, in his later blog post, Tao commented that “in fact there
are now signs that perhaps nonstandard analysis is not the optimal
framework in which to place this argument.” We disagree. To
meet Tao's challenge we showed that with the help of a
nonstandard universe with three levels of infinities, Szemerédi's
original argument can be made simpler and more transparent.

Renling Jin Nonstandard Analysis and CNT



Szemerédi’s Theorem

During these lectures Tao challenged the audience to produce a
nonstandard proof of Szemerédi's Theorem which is noticeably
simpler and more transparent than Szemerédi’s original proof.
However, in his later blog post, Tao commented that “in fact there
are now signs that perhaps nonstandard analysis is not the optimal
framework in which to place this argument.” We disagree. To
meet Tao's challenge we showed that with the help of a
nonstandard universe with three levels of infinities, Szemerédi's
original argument can be made simpler and more transparent.

The main simplification in the following proof comparing to the
standard proof of Szemerédi—Tao is that a Tower of Hanoi type
induction is replaced by a straightforward induction, which makes
Szemerédi's idea more transparent.
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Szemerédi’s Theorem

During these lectures Tao challenged the audience to produce a
nonstandard proof of Szemerédi's Theorem which is noticeably
simpler and more transparent than Szemerédi’s original proof.
However, in his later blog post, Tao commented that “in fact there
are now signs that perhaps nonstandard analysis is not the optimal
framework in which to place this argument.” We disagree. To
meet Tao's challenge we showed that with the help of a
nonstandard universe with three levels of infinities, Szemerédi's
original argument can be made simpler and more transparent.

The main simplification in the following proof comparing to the
standard proof of Szemerédi—Tao is that a Tower of Hanoi type
induction is replaced by a straightforward induction, which makes
Szemerédi's idea more transparent.

To achieve this, V3 (see Proposition 4.1) is used which supply
three levels of infinities, plus various elementary embeddings from
V; to Vj for some 0 < j < j/ < 3.
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Szemerédi’s Theorem

In this subsection we will do the following:
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Szemerédi’s Theorem

In this subsection we will do the following:

© Assume a weak regularity lemma and derive a nonstandard
form of mixing lemma;
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In this subsection we will do the following:

© Assume a weak regularity lemma and derive a nonstandard
form of mixing lemma;

@ Prove Theorem 4.5 for k = 3;
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In this subsection we will do the following:

© Assume a weak regularity lemma and derive a nonstandard
form of mixing lemma;

@ Prove Theorem 4.5 for k = 3;

© Prove Theorem 4.5 for k = 4,
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In this subsection we will do the following:

© Assume a weak regularity lemma and derive a nonstandard
form of mixing lemma;

@ Prove Theorem 4.5 for k = 3;
© Prove Theorem 4.5 for k = 4,

@ Prove Theorem 4.5 for any k.
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Szemerédi’s Theorem

In this subsection we will do the following:

© Assume a weak regularity lemma and derive a nonstandard
form of mixing lemma;

@ Prove Theorem 4.5 for k = 3;
© Prove Theorem 4.5 for k = 4,
@ Prove Theorem 4.5 for any k.

The reason to present the proof for k = 3 and k = 4 is to show
how the level of difficulties arises.
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Szemerédi’s Theorem

In this subsection we will do the following:

© Assume a weak regularity lemma and derive a nonstandard
form of mixing lemma;

@ Prove Theorem 4.5 for k = 3;
© Prove Theorem 4.5 for k = 4,
@ Prove Theorem 4.5 for any k.

The reason to present the proof for k = 3 and k = 4 is to show
how the level of difficulties arises.

Let’'s fix some notation. The Greek letters «, 3,7, €, etc. will
represent standard real numbers unless otherwise specified. All
unspecified sets mentioned are either standard or Vj-internal for
Jj=1,2,0r3. If mnec N3, wewrite m< nif meN;jand
ne€ Ny \Ny_; for some 0 < j <" < 3. For example, 1 < n
means that n is hyperfinite.
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Szemerédi’s Theorem

The words “arithmetic progression” will be abbreviated to “a.p.”
The length of an a.p. p, denoted by |p|, is the number of the terms
in p. A finite a.p., often with length k, will be denoted by p, g, r,
etc. and an a.p. of hyperfinite length will be denoted by P, Q, R,
etc. If P (or p) is an a.p., the /-th term of P is denoted by P(/) for
any 1 </ < |P|. By k-term a.p. or just k-a.p. we mean an a.p.
with length k. If both p and q are k-a.p., let r := p @ g be the
k-a.p. such that r(/) = p(/) + q(/) for 1 < | < k.

Renling Jin Nonstandard Analysis and CNT



Szemerédi’s Theorem

The words “arithmetic progression” will be abbreviated to “a.p.”
The length of an a.p. p, denoted by |p|, is the number of the terms
in p. A finite a.p., often with length k, will be denoted by p, g, r,
etc. and an a.p. of hyperfinite length will be denoted by P, Q, R,
etc. If P (or p) is an a.p., the /-th term of P is denoted by P(/) for
any 1 </ < |P|. By k-term a.p. or just k-a.p. we mean an a.p.
with length k. If both p and q are k-a.p., let r := p @ g be the
k-a.p. such that r(/) = p(/) + q(/) for 1 < | < k.

The following standard lemma is a consequence of Szemerédi's
Regularity Lemma. The proof of the lemma can be found in the
appendix section of Tao's paper.
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Szemerédi’s Theorem

Lemma (4.6, Weak Regularity Lemma)

Let U, W be finite sets, let € > 0, and for each w € W, let E,,
be a subset of U. Then there exists a partition
U=UUUyU---UU, forsome n. e Ny, and real numbers
0<cyw<1inRq foru € [n] and w € W such that for any set
F C U, one has

IF N Ewl = cuwlF N U|| < elU|

u=1

for all but e|W| values of w € W.
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Szemerédi’s Theorem

Lemma (4.6, Weak Regularity Lemma)

Let U, W be finite sets, let € > 0, and for each w € W, let E,,
be a subset of U. Then there exists a partition
U=UUUyU---UU, forsome n. e Ny, and real numbers
0<cyw<1inRq foru € [n] and w € W such that for any set
F C U, one has

IF N Ewl = cuwlF N U|| < elU|

u=1

for all but e|W| values of w € W.

For the mixing lemma we introduce some notion for slightly
broader sense of Loeb measure, as well as strong upper Banach
density in V.
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Szemerédi’s Theorem

Definition (4.7)

Let 0 <j < j < 3. For any two numbers r,r' € Rj; we write
r=jr'if|r—r'| <1/n for every n € Nj. If r € nsj(R;) where
nsj(Rj:) is the set of all near standard elements when considering
V; as the “standard” universe, denote stj(r) for the unique number
a € R} such that r =~ «.. For any bounded set A C N;j; and
n € Nj denote

A .
dn(A) = A € Ry and 1,(A) = stj(0n(A)).

n
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Definition (4.7)

Let 0 <j < j < 3. For any two numbers r,r' € Rj; we write
r=jr'if|r—r'| <1/n for every n € Nj. If r € nsj(R;) where
nsj(Rj:) is the set of all near standard elements when considering
V; as the “standard” universe, denote stj(r) for the unique number
a € R} such that r =~ «.. For any bounded set A C N;j; and
n € Nj denote

5a(A) = 2L Ry and i (A) i sti(6,(A)).

n

Notice that d, is a Vj-internal function while ,uﬂ, are often
external functions but definable in (V;/; R;), i.e.,

. 1
14(A) = a iff Vne Ny NR; (5H(A) —al < n) .
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Szemerédi’s Theorem

If AC Q and |Q| = H, then puy(A) coincides with the Loeb
measure of A in €.

Renling Jin Nonstandard Analysis and CNT



Szemerédi’s Theorem

If AC Q and |Q| = H, then puy(A) coincides with the Loeb
measure of A in €.

Definition (4.8)
Let 0 <j <j <3 and ACNj with |A] € Ny \ N; the strong
upper Banach density SD/(A) of A inV; is defined by

SDI(A) = sup; {#{H(AHP) | |P] ENJ-/\NJ-}. (9)
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If AC Q and |Q| = H, then puy(A) coincides with the Loeb
measure of A in €.

Definition (4.8)
Let 0 <j <j <3 and ACNj with |A] € Ny \ N; the strong
upper Banach density SD/(A) of A inV; is defined by

SDI(A) = sup; {#{H(AHP) | |P] ENJ-/\NJ-}. (9)

The letter P above always represents an a.p. and sup; represents
the least upper bound in R; U {£oo} of a subset of R; in V;.
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If AC Q and |Q| = H, then puy(A) coincides with the Loeb
measure of A in €.

Definition (4.8)
Let 0 <j <j <3 and ACNj with |A] € Ny \ N; the strong
upper Banach density SD/(A) of A inV; is defined by

SDI(A) = sup; {#{H(AHP) | |P] ENJ-/\NJ-}. (9)

The letter P above always represents an a.p. and sup; represents
the least upper bound in R; U {£o0} of a subset of R; in V. If
S C Nj has SD/(S) =n € Rj and A C Ny, the strong upper
Banach density SDé of A relative to S is defined by
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Szemerédi’s Theorem
If AC Q and |Q| = H, then puy(A) coincides with the Loeb
measure of A in .
Definition (4.8)
Let 0 <j <j <3 and ACNj with |A] € Ny \ N; the strong
upper Banach density SD/(A) of A inV; is defined by

SDI(A) = sup; {#{H(AHP) | |P] ENJ-/\NJ-}. (9)

The letter P above always represents an a.p. and sup; represents
the least upper bound in R; U {£o0} of a subset of R; in V. If
S C Nj has SD/(S) =n € Rj and A C Ny, the strong upper
Banach density SDé of A relative to S is defined by

SDS(A) = sup; {H{P‘(Am P) | (10)
Pl € Ny \Nj, and il (SN P) = n} .
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Szemerédi’s Theorem

Proposition (4.9)

Let0<j<j <3. Given ACS C Nj: with |A| € Ny \ N; and
a,n € Rj with0 < o <n < 1. Then the following are true:
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Szemerédi’s Theorem

Proposition (4.9)

Let 0 <j<j <3. Given AC S C Ny with |A] € Ny \N; and
a,n € Rj with0 < o <n < 1. Then the following are true:
Q SDI(S) > 1 iff there exists a P with |P| € Ny \ N; and
/ij|(5 NP)>n;
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Szemerédi’s Theorem

Proposition (4.9)

Let 0 <j<j <3. Given AC S C Ny with |A] € Ny \N; and
a,n € Rj with0 < o <n < 1. Then the following are true:
Q SDI(S) > 1 iff there exists a P with |P| € Ny \ N; and
HJ|P|(S N 'D) >n;
Q@ If SDI(S) = n, then there exists a P with |P| € N;; \ N; such
that M{P‘(S NP)=SDI(SNP)=n;
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Szemerédi’s Theorem

Proposition (4.9)

Let 0 <j<j <3. Given AC S C Ny with |A] € Ny \N; and
a,n € Rj with0 < o <n < 1. Then the following are true:
Q SDI(S) > 1 iff there exists a P with |P| € Ny \ N; and
/ij|(5 NP)>n;
Q@ If SDI(S) = n, then there exists a P with |P| € N;; \ N; such
that ;H‘P‘(S NP)=SDI(SNP)=n;
© Suppose SD/(S) = 1. Then SDg(A) > « iff there exists a P
with |P| € Ny \ N;, MP‘(SH P) =n, and MP‘(AH P) > «;
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Szemerédi’s Theorem

Proposition (4.9)

Let 0 <j<j <3. Given AC S C Ny with |A] € Ny \N; and
a,n € Rj with0 < o <n < 1. Then the following are true:
Q SDI(S) > 1 iff there exists a P with |P| € Ny \ N; and
/ij|(5 NP)>n;
Q@ If SDI(S) = n, then there exists a P with |P| € N;; \ N; such
that ;H‘P‘(S NP)=SDI(SNP)=n;
© Suppose SD/(S) = 1. Then SDg(A) > « iff there exists a P
with |P| € Ny \ N;, MP‘(SH P) =n, and MP‘(AH P) > «;
© Suppose SD/(S) = 1. IfSDé(A) = «, then there exists a P
with |P| € Ny \ Nj such that ,uJ|P|(5 N P)=n and
plp (AN P) = SDgp(AN P) = a.
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Szemerédi’s Theorem

The uniformity of A € [N] when pn(A) = SD(A) will be useful.
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Szemerédi’s Theorem

The uniformity of A € [N] when pn(A) = SD(A) will be useful.
Lemma (4.10)

Let 0 < j < j' <3. Given N,H € Ny \N;, H < N/2, and
C C [N] with 1(C) = SD/(C) = a € R, for each n € Ny let

Dnnc i= {x € IV~ ]| u(C N (x-+ [HD) ~al < 1} (11

Then there exists a J € Ny \ N; such that ;LJ,.V_H(DJMC) =1
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Szemerédi’s Theorem

The uniformity of A € [N] when pn(A) = SD(A) will be useful.
Lemma (4.10)

Let 0 < j < j' <3. Given N,H € Ny \N;, H < N/2, and
C C [N] with 1(C) = SD/(C) = a € R, for each n € Ny let

Dnnc i= {x € IV~ ]| u(C N (x-+ [HD) ~al < 1} (11

Then there exists a J € Ny \ N; such that ;LJ,.V_H(DJMC) =1

Notice that D, ¢ € Dy p.c if n>n'.
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Szemerédi’s Theorem

Suppose 0 <j<j <3, N>H>1inNy, UC|[N],
ACSCIN],0<a<n<1, and x € [N]. For each n € N; let
E(x,a,m,A, S, U, H,n) be the following internal statement:
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Szemerédi’s Theorem

Suppose 0 < j </ <3, N>H>1inNj, UC|[N],
ACSCIN],0<a<n<1, and x € [N]. For each n € N; let
E(x,a,m,A, S, U, H,n) be the following internal statement:

Pu(x +[H)NU) =1 < 1/n,
oH((x+[H])NS)—n| < 1/n, and (12)
og((x +[H)NA)—a] < 1/n.
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Szemerédi’s Theorem

Suppose 0 < j </ <3, N>H>1inNj, UC|[N],
ACSCIN],0<a<n<1, and x € [N]. For each n € N; let
E(x,a,m,A, S, U, H,n) be the following internal statement:

Pu(x +[H)NU) =1 < 1/n,
oH((x+[H])NS)—n| < 1/n, and (12)
og((x +[H)NA)—a] < 1/n.

The statement &(x, a,m, A, S, U, H, n) infers that the densities
of A, S, U in the interval x + [H] go to a,n, 1, respectively, as
n — oo in N;. The statement & will be referred a few times later.

Renling Jin Nonstandard Analysis and CNT



Szemerédi’s Theorem

The following lemma is the application of Lemma 4.10 to the
sets U, S, A simultaneously.
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Szemerédi’s Theorem

The following lemma is the application of Lemma 4.10 to the
sets U, S, A simultaneously.

Lemma (4.11)

Let0<j<j <3 Let Ne Ny \N;, UC[N],and AC S C[N]
be such that ) (U) = 1, 17\ (S) = SD(S) =7, and
1y (A) = SDE(A) = o for some ), « € R;.
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Szemerédi’s Theorem

The following lemma is the application of Lemma 4.10 to the
sets U, S, A simultaneously.

Lemma (4.11)

Let0<j<j <3 Let Ne Ny \N;, UC[N],and AC S C[N]
be such that ) (U) = 1, 17\ (S) = SD(S) =7, and
1n(A) = SDE(A) = o for some n, e € R;. For any n, h € Nj/ let

Gop = {x € [N = ] | Vyr = €(x,a,m, A, S, U, hn)}. (13)
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Szemerédi’s Theorem

The following lemma is the application of Lemma 4.10 to the
sets U, S, A simultaneously.

Lemma (4.11)

Let0<j<j <3 Let Ne Ny \N;, UC[N],and AC S C[N]
be such that ) (U) = 1, 17\ (S) = SD(S) =7, and
1n(A) = SDE(A) = o for some n, e € R;. For any n, h € Nj/ let

Gop = {x € [N = ] | Vyr = €(x,a,m, A, S, U, hn)}. (13)

(a) Foreach H € Ny \ N; with H < N /2 there exists a
Je Nj/ \Nj such that ,LLJN_H(GJ’H) =1;
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Szemerédi’s Theorem

The following lemma is the application of Lemma 4.10 to the
sets U, S, A simultaneously.

Lemma (4.11)

Let0<j<j <3 Let Ne Ny \N;, UC[N],and AC S C[N]
be such that ) (U) = 1, 17\ (S) = SD(S) =7, and
1n(A) = SDE(A) = o for some n, e € R;. For any n, h € Nj/ let

Gop = {x € [N = ] | Vyr = €(x,a,m, A, S, U, hn)}. (13)

(a) Foreach H € Ny \ N; with H < N /2 there exists a
Je Nj/ \Nj such that ,LLJN_H(GJ’H) =1;

(b) For each n € Nj, there is an h, € N; with h, > n such that
5N(Gn,h,,) >1-— 1/n.

Renling Jin
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Szemerédi’s Theorem

We often write st for sty, u, for 4%, and SD for SD°. One can
derive a so-called mixing lemma from Weak Regularity Lemma.
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Szemerédi’s Theorem

We often write st for sty, u, for 4%, and SD for SD°. One can
derive a so-called mixing lemma from Weak Regularity Lemma.

Lemma (4.12, Mixing Lemma)

Let Ne Ny \No, ACSC[N], 1< H<N/2, and
R C [N — H] be an a.p. with |R| > 1 such that
un(S) =SD(S) =n >0, un(A) = SDs(A) = o > 0, (14)
wr((c+ M) N S) =7, and p((x+[H)NA) =a  (15)

for every x € R. Then the following are true.
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Szemerédi’s Theorem

We often write st for sty, u, for 4%, and SD for SD°. One can
derive a so-called mixing lemma from Weak Regularity Lemma.

Lemma (4.12, Mixing Lemma)

Let Ne Ny \No, ACSC[N], 1< H<N/2, and
R C [N — H] be an a.p. with |R| > 1 such that

in(S) = SD(S) =1 > 0, jn(A) = Ds(A) =a >0,  (14)
pa((x+[H) N S) =n, and pu((x +[H])NA)=a  (15)
for every x € R. Then the following are true.

(i) For any set E C [H] with un(E) > 0, there is an x € R such
that

uH(AN (x + E)) > apn(E);
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Szemerédi’s Theorem

Lemma (4.12, Mixing Lemma)

(i) Let m > 1 be such that the van der Waerden number
(3™, m) < |R|. For any internal partition {U, | n € [m]} of
[H] there exists an m—-a.p. P C R, a set | C [m] with
ur(Ur) =1 where Uy = J{U, | n € I}, and an infinitesimal
€ > 0 such that

0H(AN (X + Un)) — adn(Un)| < €61(Un)

forall n €| and all x € P;
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Szemerédi’s Theorem

Lemma (4.12, Mixing Lemma)

(ii)

(iii)

Let m > 1 be such that the van der Waerden number
(3™, m) < |R|. For any internal partition {U, | n € [m]} of
[H] there exists an m—a.p. P C R, a set | C [m] with
ur(Ur) =1 where Uy = J{U, | n € I}, and an infinitesimal
€ > 0 such that

0H(AN (X + Un)) — adn(Un)| < €61(Un)

forall n €| and all x € P;

Given an internal collection of sets {E,, C [H] | w € W} with
|W|>1 and pn(Ey) > 0 for every w € W, there exists an
x € Rand T C W such that pyw|(T) =1 and

Ha(AN (x + Ev)) = apn(Ew)

for every w € T.
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Szemerédi’s Theorem

Szemeredi's Theorem for k = 3

Theorem (4.13, K. F. Roth, 1953)

If UC N and SD(U) > 0, then U contains nontrivial 3-term
arithmetic progressions.
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Szemeredi's Theorem for k = 3

Theorem (4.13, K. F. Roth, 1953)

If UC N and SD(U) > 0, then U contains nontrivial 3-term
arithmetic progressions.

Proof:  We work within V;. The elementary embedding g is
represented by * for notational convenience.
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Szemerédi’s Theorem

Szemeredi's Theorem for k = 3

Theorem (4.13, K. F. Roth, 1953)

If UC N and SD(U) > 0, then U contains nontrivial 3-term
arithmetic progressions.

Proof:  We work within V;. The elementary embedding g is
represented by * for notational convenience.

Let « = SD(U). Then o > 0. Let P C Nj be an a.p. with
|P|>1and up|(*UN P) = a. Without loss of generality we can
assume that P = [N]U {0}. Let A:= *UnN[N]. It suffices to find
a 3-a.p. in A.
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Szemeredi's Theorem for k = 3

Theorem (4.13, K. F. Roth, 1953)

If UC N and SD(U) > 0, then U contains nontrivial 3-term
arithmetic progressions.

Proof:  We work within V;. The elementary embedding g is
represented by * for notational convenience.

Let « = SD(U). Then o > 0. Let P C Nj be an a.p. with
|P|>1and up|(*UN P) = a. Without loss of generality we can
assume that P = [N]U {0}. Let A:= *UnN[N]. It suffices to find
a 3-a.p. in A.

Let H=|N/6] and S = [N — H]. Notice that
{0}U(H+[H)U(@H+2[H]) C S.
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Szemerédi’s Theorem

For each t € [H] let
0. = {gC[H]|q isa3-ap, ql)€An[H], and q(3) =t}

and E; ={q(2) | g € Q:}.
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Szemerédi’s Theorem

For each t € [H] let
0. = {gC[H]|q isa3-ap, ql)€An[H], and q(3) =t}

and E; ={q(2) | g € Q:}.

Notice that py(E:) = a/2 > 0 because p(1) — t must be even
and the density of A in an a.p. of difference 2 and length
> |N/16] is also «.
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Szemerédi’s Theorem

For each t € [H] let
0. = {gC[H]|q isa3-ap, ql)€An[H], and q(3) =t}

and E; ={q(2) | g € Q:}.

Notice that py(E:) = a/2 > 0 because p(1) — t must be even
and the density of A in an a.p. of difference 2 and length
> |N/16] is also a.. By (iii) of Mixing Lemma, there is an / € [H]
and T C [H] with uy(T) =1 such that

pH(AN(H+ 1+ E)) = a?/2

forall t e T.
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Szemerédi’s Theorem

For each t € [H] let
0. = {gC[H]|q isa3-ap, ql)€An[H], and q(3) =t}

and E; ={q(2) | g € Q:}.

Notice that py(E:) = a/2 > 0 because p(1) — t must be even
and the density of A in an a.p. of difference 2 and length
> |N/16] is also a.. By (iii) of Mixing Lemma, there is an / € [H]
and T C [H] with uy(T) =1 such that

pH(AN(H+ 1+ E)) = a?/2
forall t € T. Since 2H +2/ € S and pun(T) =1, we have

pH(AN(RQH+2/+T))=a>0.
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Szemerédi’s Theorem

Let tp € T be such that 2H +2/+ty € AN(2H +2/+ T).
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Szemerédi’s Theorem

Let tp € T be such that 2H +2/+ty € AN(2H +2/+ T).
Let po = {0, H + /,2H + 2/} and g € Qy, with

H+1+q2) € AN (H+ 1+ Ey).
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Szemerédi’s Theorem

Let tp € T be such that 2H +2/+ty € AN(2H +2/+ T).
Let po = {0, H + /,2H + 2/} and g € Qy, with

H+1+q2) € AN (H+ 1+ Ey).

Then pp @ qo is an 3-a.p.
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Szemerédi’s Theorem

Let tp € T be such that 2H +2/+ty € AN(2H +2/+ T).
Let po = {0, H + /,2H + 2/} and g € Qy, with

H+ 1+ qo(2) e AN(H+ |+ Ey).
Then pg @ qo is an 3—a.p. Clearly,

o po(3)+q(B)=2H+2I+tg e (2H+2/+ T)NACA,
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Szemerédi’s Theorem

Let tp € T be such that 2H +2/+ty € AN(2H +2/+ T).
Let po = {0, H + /,2H + 2/} and g € Qy, with

H+ 1+ qo(2) e AN(H+ |+ Ey).
Then pg @ qo is an 3—a.p. Clearly,

o po(3)+q(B)=2H+2I+tg e (2H+2/+ T)NACA,

° po(2)+qo(2) e (H+ 1+ E;,)NAC A, and
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Szemerédi’s Theorem

Let tp € T be such that 2H +2/+ty € AN(2H +2/+ T).
Let po = {0, H + /,2H + 2/} and g € Qy, with

H+1+q(2) e AN(H+ 1+ Ey).
Then pg @ qo is an 3—a.p. Clearly,
o po(3)+qo(3) =2H+2/+tg € (RH+2/+ T)NACA,
® po(2)+qo(2) e (H+ 1+ E,)NAC A, and

@ po(1) + qo(1) = gq(1) € A by the definition of Ey,.
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Szemerédi’s Theorem

Let tp € T be such that 2H +2/+ty € AN(2H +2/+ T).
Let po = {0, H + /,2H + 2/} and g € Qy, with

H+1+q(2) e AN(H+ 1+ Ey).
Then pg @ qo is an 3—a.p. Clearly,
o po(3)+qo(3) =2H+2/+tg € (RH+2/+ T)NACA,
° po(2)+qo(2) e (H+ 1+ E;,)NAC A, and
@ po(1) + qo(1) = gq(1) € A by the definition of Ey,.

Note that there are at least a®H/2 many 3-a.p. g's in Qy, with
po @ q C A ]
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Szemerédi’s Theorem

Szemeredi's Theorem for kK = 4

We again work in V. If one wants to count the number of
4-a.p.’s such that all but the third (or second) term of the a.p. are
in a set A, then the same idea of the proof of Roth’s Theorem can
be used to prove the following lemma.
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Szemerédi’s Theorem

Szemeredi's Theorem for kK = 4

We again work in V. If one wants to count the number of
4-a.p.’s such that all but the third (or second) term of the a.p. are
in a set A, then the same idea of the proof of Roth’s Theorem can
be used to prove the following lemma.

Lemma (4.14)

Let N> 1, A C [N] be such that uy(A) = SD(A) = o > 0, and
H = |N/8]. There exists an interval xo + [H] C [N], a set
T C xo + [H] with uy(T) =1, and

Pe:={pC[N]|p isa4-ap.,p(l),p(2) €A and p(4) =t}

such that uy(P:) = a?/3 foreach t € T.

Renling Jin
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Szemerédi’s Theorem

The reason why the number of 4-a.p.’s in A is > a?H/3 instead
of ?H/2 as in Theorem 3.10 is that for a 4-a.p. p with p(4) =t
fixed, p(4) — p(1) should be a multiple of 3 in order to guarantee
that p(2) and p(3) are integers.
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Szemerédi’s Theorem

The reason why the number of 4-a.p.’s in A is > a?H/3 instead
of ?H/2 as in Theorem 3.10 is that for a 4-a.p. p with p(4) =t

fixed, p(4) — p(1) should be a multiple of 3 in order to guarantee
that p(2) and p(3) are integers.

Lemma (4.15)

Let N> 1, B, S, C [N] be such that B C S,,
un(S,) = SD(S,) = 7 > 11/12,
and uyn(B) = SDs (B) = 8 > 0.
There exists an interval xo + [|[N/24]|] C [N] and a set

T C xo + [[N/24]] with jiy/oa(T) > 1—12(1 — ), and a
collection of 4-a.p.’s {p¢ | t € T} such that
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Szemerédi’s Theorem

The reason why the number of 4-a.p.’s in A is > a?H/3 instead
of ?H/2 as in Theorem 3.10 is that for a 4-a.p. p with p(4) =t
fixed, p(4) — p(1) should be a multiple of 3 in order to guarantee
that p(2) and p(3) are integers.

Lemma (4.15)

Let N> 1, B, S, C [N] be such that B C S,,
un(S,) = SD(S,) = 7 > 11/12,
and /LN(B) = SDSW(B) =p3>0.
There exists an interval xo + [|[N/24]|] C [N] and a set
T C xo + [[N/24]] with jiy/oa(T) > 1—12(1 — ), and a
collection of 4-a.p.’s {p; | t € T} such that p:(1), p:(2) € B,
p:(3),p:(4) €S, and p:(3) =t foreacht € T.
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Szemerédi’s Theorem

Proof Let H :=[N/8]. Notice that uy(Sy N (x + [H])) =~ and
uH(B N (x4 [H])) = j for every x € [N — H].
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Szemerédi’s Theorem

Proof Let H :=[N/8]. Notice that uy(Sy N (x + [H])) =~ and
uH(B N (x4 [H])) = 3 for every x € [N — H]. Let Q be the
collection of all 4-a.p.'s in [H].
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Szemerédi’s Theorem

Proof Let H :=[N/8]. Notice that uy(Sy N (x + [H])) =~ and
uH(B N (x4 [H])) = 3 for every x € [N — H]. Let Q be the
collection of all 4-a.p.’s in [H]. For each w € [|[H/3], |2H/3]] let

Q3 :={qecQ|q(l) € B and q(3) = w}

and E3:={q(2) | g € Q3}.
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Szemerédi’s Theorem

Proof Let H :=[N/8]. Notice that uy(Sy N (x + [H])) =~ and
uH(B N (x4 [H])) = 3 for every x € [N — H]. Let Q be the
collection of all 4-a.p.’s in [H]. For each w € [|[H/3], |2H/3]] let

Q3 :={qecQ|q(l) € B and q(3) = w}

and E2:={q(2) | g€ O3},
We have that uy(E2) = 3/2.
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Szemerédi’s Theorem

Proof Let H :=[N/8]. Notice that uy(Sy N (x + [H])) =~ and
uH(B N (x4 [H])) = 3 for every x € [N — H]. Let Q be the
collection of all 4-a.p.’s in [H]. For each w € [|[H/3], |2H/3]] let

Q3 :={ge Q|q(1) e B and ¢(3) = w}
and E3 = {q(2) | g € O3}
We have that puy(E2) = 3/2. For each w’ € [H] let
Ry, ={q€Qlq(1) € B and g(i) = w'}
and F/,:={q(2)| g€ R}
for i = 3,4.

Renling Jin Nonstandard Analysis and CNT



Szemerédi’s Theorem

Proof Let H :=[N/8]. Notice that uy(Sy N (x + [H])) =~ and
uH(B N (x4 [H])) = 3 for every x € [N — H]. Let Q be the
collection of all 4-a.p.’s in [H]. For each w € [|[H/3], |2H/3]] let

9, ={q€Q[q(1) € B and q(3) = w}
and £ :={q(2)| g€ Q;}.
We have that puy(E2) = 3/2. For each w’ € [H] let
R, :={q€ Q| q(1) € B and q(i) = w'}
and F/,:={q(2)| g€ R}
for i = 3,4. Clearly, uy(Fi,) < 8.
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Szemerédi’s Theorem

By (iii) of Mixing Lemma, there is an / € [H],
Wz C[|H/3],|2H/3]] with pp(Ws) = 1/3, and W' C [H] with
puH(W') =1 such that

2 .
pH(BN(H+ 1+ EY)) = % and pp(BN(H+ 1+ FL)) < B

for all w € W5 and w’ € W' for i = 3 or 4.
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Szemerédi’s Theorem

By (iii) of Mixing Lemma, there is an / € [H],
Wz C[|H/3],|2H/3]] with pp(Ws) = 1/3, and W' C [H] with
puH(W') =1 such that

2 .
pH(BN(H+ 1+ EY)) = % and pp(BN(H+ 1+ FL)) < B

forall w € W3 and w' € W' for i = 3 or 4. Clearly,
pr(((i—=DH+ (i — 1)+ W)NS,) =~ fori =3 or 4.
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Szemerédi’s Theorem

By (iii) of Mixing Lemma, there is an / € [H],
Wz C[|H/3],|2H/3]] with pp(Ws) = 1/3, and W' C [H] with
puH(W') =1 such that

2 .
pH(BN(H+ 1+ EY)) = % and pp(BN(H+ 1+ FL)) < B

forall w € W3 and w' € W' for i = 3 or 4. Clearly,
pr(((i—=DH+ (i — 1)+ W)NS,) =~ fori =3 or 4.
Let T3 :=2H 42/ + W3. Foreach t =2H +2/+w € T3 let

Pr:={p isad-a.p. in[N]|
p(1) € BN[H],p(2) € BN(H+ I+ E3), p(3) = t}

Nonstandard Analysis and CNT
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Szemerédi’s Theorem

Notice that puy(P:) = pn(B N (2H + 21+ E3)) = 52/2 for each
t=2H+2/+we T3
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Szemerédi’s Theorem

Notice that puy(P:) = pn(B N (2H + 21+ E3)) = 52/2 for each
t=2H+2+we T3

A 4—a.p. p € P is called good if
p(i) e SyN((i —1)H + (i — 1)/ + [H]) for i = 3,4.
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Szemerédi’s Theorem

Notice that puy(P:) = pn(B N (2H + 21+ E3)) = 52/2 for each
t=2H+2l+we T3

A 4—a.p. p € P is called good if
p(i) e SyN((i —1)H + (i — 1)/ + [H]) for i = 3,4. Let P, be the
collection of all good 4—a.p.’s in P.
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Szemerédi’s Theorem

Notice that puy(P:) = pn(B N (2H + 21+ E3)) = 52/2 for each
t=2H+2/+we T3

A 4—a.p. p € P is called good if
p(i) e SyN((i —1)H + (i — 1)/ + [H]) for i = 3,4. Let P, be the
collection of all good 4—a.p.’s in P. Ad—a.p. p€Pisbadifitis
not good.
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Szemerédi’s Theorem

Notice that puy(P:) = pn(B N (2H + 21+ E3)) = 52/2 for each
t=2H+2/+we T3

A 4—a.p. p € P is called good if
p(i) e SyN((i —1)H + (i — 1)/ + [H]) for i = 3,4. Let P, be the
collection of all good 4—a.p.’s in P. Ad—a.p. p€Pisbadifitis
not good. Let Pp :=P \ Py.
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Szemerédi’s Theorem

Notice that puy(P:) = pn(B N (2H + 21+ E3)) = 52/2 for each
t=2H+2/+we T3

A 4—a.p. p € P is called good if
p(i) e SyN((i —1)H + (i — 1)/ + [H]) for i = 3,4. Let P, be the
collection of all good 4—a.p.’s in P. Ad—a.p. p€Pisbadifitis
not good. Let Py :=P \ Pg. Let T2 :={p(3) | p € Pg}.
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Szemerédi’s Theorem

Notice that puy(P:) = pn(B N (2H + 21+ E3)) = 52/2 for each
t=2H+2/+we T3

A 4—a.p. p € P is called good if
p(i) e SyN((i —1)H + (i — 1)/ + [H]) for i = 3,4. Let P, be the
collection of all good 4—a.p.’s in P. Ad—a.p. p€Pisbadifitis
not good. Let Py :=P \ Pg. Let T2 :={p(3) | p € Pg}. Then

1
Tg’ C S,. We show that ,uH(Tg) > 3 4(1 — ).
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Szemerédi’s Theorem

Notice that puy(P:) = pn(B N (2H + 21+ E3)) = 52/2 for each
t=2H+2/+we T3

A 4—a.p. p € P is called good if
p(i) e SyN((i —1)H + (i — 1)/ + [H]) for i = 3,4. Let P, be the
collection of all good 4—a.p.’s in P. Ad—a.p. p€Pisbadifitis
not good. Let Py :=P \ Pg. Let T2 :={p(3) | p € Pg}. Then

1
Tg’ C S,. We show that ,uH(Tg) > 3 4(1 — ).

Note that Pp C (U,_34{p € P | p(1) € BN[H], p(2) €
B (h+1+[H]),p(i) & Sy}
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Szemerédi’s Theorem

Notice that puy(P:) = pn(B N (2H + 21+ E3)) = 52/2 for each
t=2H+2/+we T3

A 4—a.p. p € P is called good if
p(i) e SyN((i —1)H + (i — 1)/ + [H]) for i = 3,4. Let P, be the
collection of all good 4—a.p.’s in P. Ad—a.p. p€Pisbadifitis
not good. Let Py :=P \ Pg. Let T2 :={p(3) | p € Pg}. Then
1
Tg’ C S,. We show that ,uH(Tg) > 3 4(1 — ).

Note that Pp C (U,_34{p € P | p(1) € BN[H], p(2) €
Bn(h+ 1+ [H]),p(i) € Sy}. Hence

4
Pl <) > |Fo|

i=3 w/e[H](Sy—(i—1)H—(i—1)/)

4
<> | X IR+ > IFi|

i=3 \w/e[H]\ Wi W EWI (S~ (i~ 1)H~(i~1)))

Renling Jin Nonstandard Analysis and CNT



Szemerédi’s Theorem

So |Pgl =PI —[Psl = > |P|

teTs3

4

> X IR+ > |Forl

i=3 \w/e[H\Wi W EWis(Sy—(i—1)H—(i—1)I)

Renling Jin Nonstandard Analysis and CNT



Szemerédi’s Theorem

So |Pgl =PI —[Psl = > |P|

teTs3

4
= DR > |Fo

i=3 \w/e[H\Wi W EWis(Sy—(i—1)H—(i—1)I)

Hence we have

3y B 1 1 1
p(Tg) - — = st ﬁZﬁWDt\ 2 st | 73 |Pel

3
te Tg

1 1

te T3

4
st = X IRl S Fi)

i=3 \we[H\Wi W EWis(Sy—(i—1)H—(i—1)/)
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Szemerédi’s Theorem

() 2 -

which implies MH(T;) >
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Szemerédi’s Theorem

2 1 2
(T ~2010-9)- 6 = (3 -4 =) - 7.
which implies MH(T;) > % —4(1 — ). Hence
piny2a(T7) > 1 —12(1 — v) because H = | N/8].
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Szemerédi’s Theorem

e e g
(T ~2010-9)- 6 = (3 -4 =) - 7.

1
which implies MH(T;) > 3 4(1 — 7). Hence

piny24(T2) > 1—12(1 — v) because H = |[N/8]. Now the lemma
is proven if we set xp :=2H +2/+ |H/3], T := Tg, and choose
one py € Pg such that Py(3) =t foreach t € T. O
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Szemerédi’s Theorem

2 1 2
(T ~2010-9)- 6 = (3 -4 =) - 7.
which implies MH(T;) > % —4(1 — ). Hence

piny24(T2) > 1—12(1 — v) because H = |[N/8]. Now the lemma
is proven if we set xp :=2H +2/+ |H/3], T := Tg, and choose
one py € Pg such that Py(3) =t foreach t € T. O

Remark (4.16)

The argument for showing jup /24(T, ) >1—12(1 — ~) is already
in the papers of Szemerédi and Tao.
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Szemerédi’s Theorem

Theorem (4.17, E. Szemerédi, 1969)

If U C Ng and SD(U) > 0, then U contains nontrivial 4-term
arithmetic progressions.
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Szemerédi’s Theorem

Theorem (4.17, E. Szemerédi, 1969)

If U C Ng and SD(U) > 0, then U contains nontrivial 4-term
arithmetic progressions.

Proof Let N>> 1 and A C [N] be such that
un(A) = SD(A) = a > 0. Same as in the beginning of the proof
of Roth’s Theorem, it suffices to find a 4—a.p. in A.
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Szemerédi’s Theorem

Theorem (4.17, E. Szemerédi, 1969)

If U C Ng and SD(U) > 0, then U contains nontrivial 4-term
arithmetic progressions.

Proof Let N>> 1 and A C [N] be such that

un(A) = SD(A) = o > 0. Same as in the beginning of the proof
of Roth's Theorem, it suffices to find a 4—a.p. in A. For each

n,j € Np let

Sini={x € IN = ] | ual(x +[n) N A) > a — 1/j}.
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Szemerédi’s Theorem

Theorem (4.17, E. Szemerédi, 1969)

If U C Ng and SD(U) > 0, then U contains nontrivial 4-term
arithmetic progressions.

Proof Let N>> 1 and A C [N] be such that

un(A) = SD(A) = o > 0. Same as in the beginning of the proof
of Roth's Theorem, it suffices to find a 4—a.p. in A. For each

n,j € Np let

Sini={x € IN = ] | ual(x +[n) N A) > a — 1/j}.

Then ILm pn—n(Sj,n) =1 by Lemma 4.11. So, for all sufficiently
large n € Ng we have that «; , := SD(S; ) > 11/12.
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Szemerédi’s Theorem

Theorem (4.17, E. Szemerédi, 1969)

If U C Ng and SD(U) > 0, then U contains nontrivial 4-term
arithmetic progressions.

Proof Let N>> 1 and A C [N] be such that

un(A) = SD(A) = o > 0. Same as in the beginning of the proof
of Roth's Theorem, it suffices to find a 4—a.p. in A. For each

n,j € Np let

Sini={x € IN = ] | ual(x +[n) N A) > a — 1/j}.

Then lim un—n(Sj,n) =1 by Lemma 4.11. So, for all sufficiently
n—oo

large n € Ng we have that v; , := SD(S; ,) > 11/12. Let R; , be

an a.p. in [N] with difference d and |R; | > 1 such that

M‘Rj,n|(ijn m Sjan) = f}/jvn'
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Szemerédi’s Theorem

Theorem (4.17, E. Szemerédi, 1969)

If U C Ng and SD(U) > 0, then U contains nontrivial 4-term
arithmetic progressions.

Proof Let N>> 1 and A C [N] be such that

un(A) = SD(A) = o > 0. Same as in the beginning of the proof
of Roth's Theorem, it suffices to find a 4—a.p. in A. For each

n,j € Np let

Sini={x € IN = ] | ual(x +[n) N A) > a — 1/j}.

Then ILm pn—n(Sj,n) =1 by Lemma 4.11. So, for all sufficiently

large n € Ng we have that v; , := SD(S; ,) > 11/12. Let R; , be
an a.p. in [N] with difference d and |R; | > 1 such that
R, | (Rj.n N Sj.n) = 7j,n. For each 7 C [n] let

Brni={x€[Ris | AN(x+[n]) =x+ 7}
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Szemerédi’s Theorem

Then there is a 7; such that p g, |(Bj,n) = Bj,n > 0 because n is

finite where B; , := By, ».
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Szemerédi’s Theorem

Then there is a 7; such that p g, |(Bj,n) = Bj,n > 0 because n is
finite where B; , == BTJ,

Let P;, € R;, be an a.p. of difference d’ = dm for some
positive integer m with |Pj | = N' > 1, pn(Pjn N Sjn) = Vo,
and pn/(Pjn N Bjn) = Bjn.
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Szemerédi’s Theorem

Then there is a 7; such that p g, |(Bj,n) = Bj,n > 0 because n is
finite where B; , == BTJ.,,,.

Let P;, € R;, be an a.p. of difference d’ = dm for some
positive integer m with |Pj | = N' > 1, pn(Pjn N Sjn) = Vo,
and pn/(Pjn N Bjn) = Bjn.

Let ¢ : Pj , — [N'] be the affine map
o(x) =(x—minPj,)/d" + 1.
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Szemerédi’s Theorem

Then there is a 7; such that p g, |(Bj,n) = Bj,n > 0 because n is
finite where B; , == BTJ.,,,.

Let P;, € R;, be an a.p. of difference d’ = dm for some
positive integer m with |Pj | = N' > 1, pn(Pjn N Sjn) = Vo,
and pn/(Pjn N Bjn) = Bjn.

Let ¢ : Pj , — [N'] be the affine map
o(x) = (x —min Pj ,)/d" + 1. Applying Lemma 4.15 to [N'] for
S" = ((5j,n) N Pj,n), and B = ¢(Bjn N P;j ), and then pulling
back through ¢!, we obtain xo + d’[||P}.n|/24]] C P;, and
Tin © %o+ ' [Pl /24]] with i j2a(Tyn) > 1~ 13(1— ;).
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Szemerédi’s Theorem

Then there is a 7; such that p g, |(Bj,n) = Bj,n > 0 because n is
finite where B; , == BTJ.,,,.

Let P;, € R;, be an a.p. of difference d’ = dm for some
positive integer m with |Pj | = N' > 1, pn(Pjn N Sjn) = Vo,
and pn/(Pjn N Bjn) = Bjn.

Let ¢ : Pj , — [N'] be the affine map
o(x) = (x —min Pj ,)/d" + 1. Applying Lemma 4.15 to [N'] for
S" = ((5j,n) N Pj,n), and B = ¢(Bjn N P;j ), and then pulling
back through ¢!, we obtain xo + d’[||P}.n|/24]] C P;, and
T C %0+ o' [[| Pyl /28] with juny j2a(Tim) > 1— 12(1 — 1),
and there exists a collection of 4-a.p.’s Pj , = {p: | t € Tj p} such
that pt(l)’ Pt(z) € Bj,n N Pj,nv Pt(3)a pt(4) € Sj,n N Pj,n, and
pt(3) =t for each t € T .
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Szemerédi’s Theorem

By countable saturation we can find fixed hyperfinite integer H
and then J such that v := v,y = 1, P := P, y with |P| > 1,
$=5,B=B,4CS T:=T,n,and Py = {pt |t €T}
such that p:(1), P+(2) € B, pt(3), pt(4) € S, and p(3) =t for
eachteT.
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Szemerédi’s Theorem

By countable saturation we can find fixed hyperfinite integer H
and then J such that v := v,y = 1, P := P, y with |P| > 1,
$=5,B=B,4CS T:=T,n,and Py = {pt |t €T}
such that p:(1), P+(2) € B, pt(3), pt(4) € S, and p(3) =t for
eachte T.

Notice that uy—n(S) =1, T C xo + d'[[|P|/24]],
wpy24(T) =1, v~ 1, x,y € B implies
(x+[H])NA)—x=((y +[H])NA) —y, and x € S implies
pH((x +[H]) N A) = a. It may be the case that yp|(B) = 0. But
the existence of the collection P, 1y = {px | x € T} is guaranteed
by countable saturation.

Renling Jin Nonstandard Analysis and CNT



Szemerédi’s Theorem

By countable saturation we can find fixed hyperfinite integer H
and then J such that v := v,y = 1, P := P, y with |P| > 1,
$=5,B=B,4CS T:=T,n,and Py = {pt |t €T}
such that p:(1), P+(2) € B, pt(3), pt(4) € S, and p(3) =t for
eachteT.

Notice that uy—n(S) =1, T C xo + d'[[|P|/24]],
wpy24(T) =1, v~ 1, x,y € B implies
(x+[H])NA)—x=((y +[H])NA) —y, and x € S implies
pH((x +[H]) N A) = a. It may be the case that yp|(B) = 0. But
the existence of the collection P, 1y = {px | x € T} is guaranteed
by countable saturation.

Since fip/24(T) = 1, we can find an a.p. of P' C T of difference
d" with |P'| > 1. Let P’ :== {p; € P, | t € P’'}. Notice that for
each p; € P’ we have that p:(1), p:(2) € B, p+(3) =t € S, and
pe(4) €S.
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Szemerédi’s Theorem

Let 70 := ((x + [H]) N A) — x for some x € B. Then uy(m) = «
because B C S. By Lemma 4.14 with N being replaced by H, A
being replaced by 7, we can find xo + [|H/8]] C [H],

Tq € xo + [[H/8]] with un(Tg) =1/8,
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Szemerédi’s Theorem

Let 70 := ((x + [H]) N A) — x for some x € B. Then uy(m) = «
because B C S. By Lemma 4.14 with N being replaced by H, A
being replaced by 7, we can find xo + [|H/8]] C [H],

Tq € xo + [[H/8]] with un(Tg) =1/8,

Qw :={q S [H] | a(1), q(2) € 70, and p(4) = w},

and E,, = {q(3) | g € Qu} such that uy(E,) = /24 for each
w e TQ.
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Szemerédi’s Theorem

Let 70 := ((x + [H]) N A) — x for some x € B. Then uy(m) = «
because B C S. By Lemma 4.14 with N being replaced by H, A
being replaced by 7, we can find xo + [|H/8]] C [H],

Tq € xo + [[H/8]] with un(Tg) =1/8,

Qw :={q S [H] ] q(1),9(2) € 70, and p(4) = w},
and E,, = {q(3) | g € Qu} such that uy(E,) = /24 for each
w e TQ.

By (iii) of Mixing Lemma there is an x’ € P’ and Té\) C To with
pH(Tg) = 1/8 such that uy((x' + Ew) N A) = apn(Ew) = a3 /24
for each w € Té?.
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Szemerédi’s Theorem

Fix py € P'.
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Szemerédi’s Theorem

Fix py € P'.
Since p./(4) € S, we have that up((px(4) + Tg) NA) = /8.
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Szemerédi’s Theorem

Fix py € P'.
Since p./(4) € S, we have that up((px(4) + Tg) NA) = /8.
Hence there is a w € T, such that p(4) +w € A.
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Szemerédi’s Theorem

Fix pr € P'.

Since p./(4) € S, we have that up((px(4) + Tg) NA) = /8.
Hence there is a w € T, such that p(4) +w € A.

Let gy € Qu. Then py(4) + qu(4) = px(4) + w € A
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Szemerédi’s Theorem

Fix pr € P'.

Since p./(4) € S, we have that up((px(4) + Tg) NA) = /8.
Hence there is a w € T, such that p(4) +w € A.

Let gy € Qu. Then py(4) + qu(4) = px(4) + w € A

Notice that p,/(3) + qw(3) € (x + E) N A C A. Notice also

that px/(1)>px’(2) € Bimply AN (px’(i) + H_H/8J]) = px’(i) + 70
fori=1,2.
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Szemerédi’s Theorem

Fix pr € P'.

Since p./(4) € S, we have that up((px(4) + Tg) NA) = /8.
Hence there is a w € T, such that p(4) +w € A.

Let gy € Qu. Then py(4) + qu(4) = px(4) + w € A

Notice that p,/(3) + qw(3) € (x + E) N A C A. Notice also
that px/(1)> px’(z) € Bimply AN (px’(i) + H_H/8J]) = px’(i) + 70
fori=1,2.

Hence py (i) + quw(i) € px (i) + 10 C A for i = 1,2. Therefore,
pPx' ® qy, is a nontrivial 4—a.p. in A. O
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Szemerédi’s Theorem

Szemerédi's Theorem for all k > 5

Szemerédi's Theorem is an easy consequence of Lemma 4.18,
denoted by L(m) for all m € [k].
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Szemerédi’s Theorem

Szemerédi's Theorem for all k > 5

Szemerédi's Theorem is an easy consequence of Lemma 4.18,
denoted by L(m) for all m € [k].
For an integer n > 2k + 1 define an interval C, C [n] by

Cn:= szki 1} ’ {(lz(kll)lnﬂ ‘ (16)
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Szemerédi’s Theorem

Szemerédi's Theorem for all k > 5

Szemerédi's Theorem is an easy consequence of Lemma 4.18,
denoted by L(m) for all m € [k].
For an integer n > 2k + 1 define an interval C, C [n] by

Cn:= szki 1} ’ {(lz(kll)lnﬂ ‘ (16)

The set G, is the subinterval of [n] in the middle of [n] with the
length [n/(2k +1)] £¢for e =0o0r 1. If n>> 1, then
/Ln(Cn) = 1/(2k + 1)'
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Szemerédi’s Theorem

Szemerédi's Theorem for all k > 5

Szemerédi's Theorem is an easy consequence of Lemma 4.18,
denoted by L(m) for all m € [k].
For an integer n > 2k + 1 define an interval C, C [n] by

Cn:= szki 1} ’ {(lz(kll)lnﬂ ‘ (16)

The set G, is the subinterval of [n] in the middle of [n] with the
length [n/(2k +1)] £¢for e =0o0r 1. If n>> 1, then
1n(Cn) = 1/(2k + 1). For notational convenience we denote

1
D :=3k® and 79 :=1— D (17)
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Szemerédi’s Theorem

Szemerédi's Theorem for all k > 5

Szemerédi's Theorem is an easy consequence of Lemma 4.18,
denoted by L(m) for all m € [k].
For an integer n > 2k + 1 define an interval C, C [n] by

Cn:= szki 1} ’ {(lz(kll)lnﬂ ‘ (16)

The set G, is the subinterval of [n] in the middle of [n] with the
length [n/(2k +1)] £¢for e =0o0r 1. If n>> 1, then
1n(Cn) = 1/(2k + 1). For notational convenience we denote

1
D :=3k® and 79 :=1— D (17)
¢: Fixa K € Ny \ Ng. The number K is the length of an interval
which will play an important role in Lemma 3.15. Keeping K
unchanged is one of the advantages from nonstandard analysis,
which is unavailable in the standard setting.
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Szemerédi’s Theorem

If pis a k-a.p. and A is a set, we denote p @ A for the sequence
{p(N+A|1< 1<k} If p,qare k-a.p.'s and A be a set, we
denote p C g @ A for the statement that p(/) € g(/) + A for
1</<k.
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Szemerédi’s Theorem

If pis a k-a.p. and A is a set, we denote p @ A for the sequence
{p(N+A|1< 1<k} If p,qare k-a.p.'s and A be a set, we
denote p C g @ A for the statement that p(/) € g(/) + A for
1</<k.

Lemma (4.18, L(m))

Given any a > 0, n > no, any N € Ny \Ny, and any AC S C [N]
and U C [N] with

pn(U) =1, un(S) = SD(S) = n,
and puy(A) = SDs(A) = a, (18)

the following are true:
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Szemerédi’s Theorem

Lemma (4.18)

Li(m)(a,n, N, A, S, U, K): There exists a k-a.p. X C U with
X @ [K] C [N] satisfying the statement
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Szemerédi’s Theorem

Lemma (4.18)

Li(m)(a,n, N, A, S, U, K): There exists a k-a.p. X C U with
X @ [K] C [N] satisfying the statement
(Vn € No) &(X(1), a,m, A, S, U, K, n) for | € 1+ [k], and there
exist T) C Cx with ,u|CK|(T,) = 1 where Ck is defined in (16)
and V) C [K] with uk(V)) =1 for every | > m,
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Szemerédi’s Theorem

Lemma (4.18)
Li(m)(a,n, N, A, S, U, K): There exists a k-a.p. X C U with
X @ [K] C [N] satisfying the statement
(Vn € No) &(X(1), a,m, A, S, U, K, n) for | € 1+ [k], and there
exist T) C Cx with ,u|CK|(T,) = 1 where Ck is defined in (16)
and V) C [K] with uk(V;) =1 for every | > m, and
collections of k—a.p.'s

P = UH{Pit|te T and | > m} and
Q = UH{Qiv|veV, and | > m} such that

P C{pEEFS[K)NU|
vI'< m(p(I') € A) and p(I) = X(I) + t}

satisfying puk(Pr¢) = a™ Y /k for all | > m and t € T, and
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Szemerédi’s Theorem

Lemma (4.18)

Ql,v:{qg)_{@[K]‘
VI'< m(q(l') € A) and q(I) = X(I) + v}

satisfying pk(Qrv) < a™ 1 forall | > m and v € V,.
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Szemerédi’s Theorem

Lemma (4.18)

Ql,v:{qu@[K]‘
VI'< m(q(l') € A) and q(I) = X(I) + v}

satisfying pk(Qrv) < a™ 1 forall | > m and v € V,.

Lo(m)(a,nm, N, A, S, K): There exist a set Wy C S of
min{K, |1/D(1 — n)|}—consecutive integers where D is
defined in (17) and a collection of k—a.p.’s
R ={rw | w € Wy} such that for each w € Wy we have
rw(l) € Aforl < m, r,(l) €S for| > m, and r,,(m) = w.

Renling Jin Nonstandard Analysis and CNT



Szemerédi’s Theorem

Remark (4.19)

(a) La(m) is an internal statement in V. Both Li(m) and Ly(m)
depend on K. Since K is fixed throughout whole proof, it, as
a parameter, may be omitted in some expressions.
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Szemerédi’s Theorem

Remark (4.19)

(a) La(m) is an internal statement in V. Both Li(m) and Ly(m)
depend on K. Since K is fixed throughout whole proof, it, as
a parameter, may be omitted in some expressions.

(b) IfH>1and T C [H] with uy(T) > 1—¢, then T contains
|1/€| consecutive integers because otherwise we have
un(T) < ([1/e] — 1)/11/e]
=1-1/|1/e] <1-1/(1/e)=1—e.
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Szemerédi’s Theorem

Remark (4.19)

(a) La(m) is an internal statement in V. Both Li(m) and Ly(m)
depend on K. Since K is fixed throughout whole proof, it, as
a parameter, may be omitted in some expressions.

(b) IfH>1and T C [H] with uy(T) > 1—¢, then T contains
|1/€| consecutive integers because otherwise we have
un(T) < ([1/e] — 1)/11/e]
=1-1/|1/e] <1-1/(1/e)=1—e.

(c) The purpose of defining Ck is that if t € Cx, then the
number of k—a.p.’s p C X @ [K] with p(I) = X(I) + t is
guaranteed to be at least K/(k — 1).
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Szemerédi’s Theorem

Remark (4.19)

(a) La(m) is an internal statement in V. Both Li(m) and Ly(m)
depend on K. Since K is fixed throughout whole proof, it, as
a parameter, may be omitted in some expressions.

(b) IfH>1and T C [H] with uy(T) > 1—¢, then T contains
|1/€| consecutive integers because otherwise we have
un(T) < ([1/e] — 1)/11/e]
=1-1/|1/e] <1-1/(1/e)=1—e.

(c) The purpose of defining Ck is that if t € Cx, then the
number of k—a.p.’s p C X @ [K] with p(I) = X(I) + t is
guaranteed to be at least K/(k — 1).

(f) It is important to notice that in L1(m) we have P, C ... but
Qrv=-...
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Szemerédi’s Theorem

The following lemma is a generalization of Lemma 4.15.

Lemma (4.20)

Li(m)(e,n, N, A, S, U) implies Ly(m)(c,n, N, A, S) for
any a,n, N, A, S, U satisfying the conditions of Lemma 4.18.
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Szemerédi’s Theorem

The following lemma is a generalization of Lemma 4.15.

Lemma (4.20)

Li(m)(e,n, N, A, S, U) implies Ly(m)(c,n, N, A, S) for
any a,n, N, A, S, U satisfying the conditions of Lemma 4.18.

Sketch Proof of Lemma 4.18 We prove L(m) by induction on m.
By Lemmas 4.20 it suffices to prove Li(m).
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Szemerédi’s Theorem

The following lemma is a generalization of Lemma 4.15.

Lemma (4.20)

Li(m)(e,n, N, A, S, U) implies Ly(m)(c,n, N, A, S) for
any a,n, N, A, S, U satisfying the conditions of Lemma 4.18.

Sketch Proof of Lemma 4.18 We prove L(m) by induction on m.
By Lemmas 4.20 it suffices to prove Li(m).

For L(1), given any @« >0, n > o, N € N, \ N1, A, S, and U
satisfying the conditions of the lemma, by Lemma 4.11 (b)
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Szemerédi’s Theorem

The following lemma is a generalization of Lemma 4.15.

Lemma (4.20)

Li(m)(e,n, N, A, S, U) implies Ly(m)(c,n, N, A, S) for
any a,n, N, A, S, U satisfying the conditions of Lemma 4.18.

Sketch Proof of Lemma 4.18 We prove L(m) by induction on m.
By Lemmas 4.20 it suffices to prove Li(m).

For L(1), given any @« >0, n > o, N € N, \ N1, A, S, and U
satisfying the conditions of the lemma, by Lemma 4.11 (b) we can
find a k—a.p. X C [N] such that

(Vn € No) &(X(1), a,m, A, S, U, K, n)

is true for [ € 1+ [k].
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Szemerédi’s Theorem

The following lemma is a generalization of Lemma 4.15.

Lemma (4.20)

Li(m)(e,n, N, A, S, U) implies Ly(m)(c,n, N, A, S) for
any a,n, N, A, S, U satisfying the conditions of Lemma 4.18.

Sketch Proof of Lemma 4.18 We prove L(m) by induction on m.
By Lemmas 4.20 it suffices to prove Li(m).

For L(1), given any @« >0, n > o, N € N, \ N1, A, S, and U
satisfying the conditions of the lemma, by Lemma 4.11 (b) we can
find a k—a.p. X C [N] such that

(Vn € No) &(X(1), a,m, A, S, U, K, n)

is true for [ € 1+ [k].
For each I € 1+ [k] let T/ = Cxk N U and V, = [K].

Renling Jin Nonstandard Analysis and CNT



Szemerédi’s Theorem

Foreach I €1+ [k], t € T;,and v € V] let

Pre = {pEF@K)NU|p(l)=X(I)+t}

)

Qv = {gCFalK])|q(l) =X(I) + v}.
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Szemerédi’s Theorem

Foreach I €1+ [k], t € T;,and v € V] let

)

P = (P EEIKDAU|p()=5(1)+1)
Qv = {qEXF&[K]) | q(l) =x(I) + v}

Clearly, we have uk(P;+) > 1/(k — 1) > 1/k. By some pruning
we can assume that px (P ¢) = 1/k. It is trivial that px(Q;,) <1
and g € Q,, iff g(/) = X(I) + v for each ¢ T X & [K]. This
completes the proof of Li(1)(«,n, N, A, S, U). La(1)(e,n, N, A, S)
follows from Lemma 4.20.
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Szemerédi’s Theorem

Foreach I €1+ [k], t € T;,and v € V] let

)

P = (P EEIKDAU|p()=5(1)+1)
Qv = {qEXF&[K]) | q(l) =x(I) + v}

Clearly, we have uk(P;+) > 1/(k — 1) > 1/k. By some pruning
we can assume that px (P ¢) = 1/k. It is trivial that px(Q;,) <1
and g € Q,, iff g(/) = X(I) + v for each ¢ T X & [K]. This
completes the proof of Li(1)(«,n, N, A, S, U). La(1)(e,n, N, A, S)
follows from Lemma 4.20.

Assume L(m — 1) is true for some 2 < m < k.
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Szemerédi’s Theorem

We now prove L(m). Given any a > 0 and 7 > n), fix
N € N \ Ny, UC[N], and A C S C [N] satisfying the conditions
of the lemma.
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Szemerédi’s Theorem

We now prove L(m). Given any a > 0 and 7 > n), fix
N € N \ Ny, UC[N], and A C S C [N] satisfying the conditions
of the lemma.

For each n € N; \ Np, by Lemma 4.11 (b), there is an h, > n in
N; and Gn,hn - [/V] such that d, := 5th,,(Gn,h,,) >1-— 1//1.
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Szemerédi’s Theorem

We now prove L(m). Given any a > 0 and 7 > n), fix
N € N \ Ny, UC[N], and A C S C [N] satisfying the conditions
of the lemma.

For each n € N; \ Np, by Lemma 4.11 (b), there is an h, > n in
N; and Gn,hn - [/V] such that d, := 5th,,(Gn,h,,) >1-— 1//1.

Notice that d, ~1 /‘L]I-\I—h,,(Gnvhn) > 19 because n > 1 and
ti—hy(Gnpy)) = 1. Let k= ujy_p (Gnp,) and fix an n € N1\ No.
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Szemerédi’s Theorem

We now prove L(m). Given any a > 0 and 7 > n), fix
N € N \ Ny, UC[N], and A C S C [N] satisfying the conditions
of the lemma.

For each n € N; \ Np, by Lemma 4.11 (b), there is an h, > n in
N; and Gn,hn - [/V] such that d, := 5th,,(Gn,h,,) >1-— 1//1.

Notice that d, ~1 /‘L]I-\I—h,,(Gnvhn) > 19 because n > 1 and
ti—hy(Gnpy)) = 1. Let k= ujy_p (Gnp,) and fix an n € N1\ No.

Claim 1 The following internal statement 6(n, A, N) is true:
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Szemerédi’s Theorem

We now prove L(m). Given any a > 0 and 7 > n), fix
N € N \ Ny, UC[N], and A C S C [N] satisfying the conditions
of the lemma.

For each n € N; \ Np, by Lemma 4.11 (b), there is an h, > n in
N; and Gn,hn - [/V] such that d, := 5th,,(Gn,h,,) >1-— 1//1.

Notice that d, ~1 /‘L]I-\I—h,,(Gnvhn) > 19 because n > 1 and
ti—hy(Gnpy)) = 1. Let k= ujy_p (Gnp,) and fix an n € N1\ No.

Claim 1 The following internal statement 6(n, A, N) is true:
W C [N]IR (W is ana.p. A |W|>

min{K, [1/2D(1 —dp)|} N R ={rw | w € W} is a collection of

k—a.p.’s such that
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Szemerédi’s Theorem

We now prove L(m). Given any a > 0 and 7 > n), fix
N € N \ Ny, UC[N], and A C S C [N] satisfying the conditions
of the lemma.
For each n € N; \ Np, by Lemma 4.11 (b), there is an h, > n in
N; and G,,h - [/V] SUCh that d, := 5th,,(Gn,h,,) >1-— 1//1.
Notice that d,, ~; MN h (Gp, hn) > 19 because n> 1 and
ti—hy(Gnpy)) = 1. Let k= ujy_p (Gnp,) and fix an n € N1\ No.
Claim 1 The following internal statement 6(n, A, N) is true:
W C [N]IR (W is ana.p. A |W|>
min{K, [1/2D(1 —dp)|} N R ={rw | w € W} is a collection of
k—a.p.’s such that
Y € W (9 = m) (1) € Gon) A (ru(m — 1) = w)
AT < m = 2)((AN (r (1) + [ha])) = ru (1)
= (AN (rw(l') + [ha])) = rw(1)))-
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Szemerédi’s Theorem

The proof of Claim 1 is done in V3.
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Szemerédi’s Theorem

The proof of Claim 1 is done in V3.

Claim 2 There exists a J € Ny \ Ny such that the 6(J, A, N) is
true,
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Szemerédi’s Theorem

The proof of Claim 1 is done in V3.

Claim 2 There exists a J € Ny \ Ny such that the 6(J, A, N) is
true, i.e., IW C [N]IR (W is an a.p. A |W| >

min{K, |1/2D(1 —d))]} AN R={rn | w e W} is a collection of
k—a.p.'s such that
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Szemerédi’s Theorem

The proof of Claim 1 is done in V3.

Claim 2 There exists a J € Ny \ Ny such that the 6(J, A, N) is
true, i.e., IW C [N]IR (W is an a.p. A |W| >

min{K, |1/2D(1 —d))]} AN R={rn | w e W} is a collection of
k—a.p.'s such that

Vwe W((VI>m)(rw(l) € Gyn) AN rw(m—1)=w

AL < m—=2) (AN (ru (1) + [11])) = rw (/)
= (AN (r () + [A1])) = ru(1)))).

Renling Jin Nonstandard Analysis and CNT



Szemerédi’s Theorem

The proof of Claim 1 is done in V3.
Claim 2 There exists a J € Ny \ Ny such that the 6(J, A, N) is
true, i.e., IW C [N]IR (W is an a.p. A |W| >
min{K, |1/2D(1 —d))]} AN R={rn | w e W} is a collection of
k—a.p.'s such that

Vwe W((VI>m)(rw(l) € Gyn) AN rw(m—1)=w
ANV <m=2)((AN (rw(1) + [hJ])) — rw(!)
= (AN (rw(I) + []) = rw(1))))-

Claim 3 For each s € Ny we can find an internal Us C [H] with
pH(Us) = 1 such that for each y € Us and each / € 1 + [],
rw.(l)+y € Uand (Vn e No)&(rw.(I) +y,a,n, A S, U K, n)is
true.

Renling Jin Nonstandard Analysis and CNT



Szemerédi’s Theorem

Notice that dp((7_; Ui) >1—1/s.
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Szemerédi’s Theorem

Notice that dy((7_; U;j) > 1 — 1/s. By Overspill Principle we
can find 1 < | < |Wy| and

U'::ﬂ{US|1§s§l}

such that dy(U") > 1 —1/I. Hence puy(U’) = 1.
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Szemerédi’s Theorem

Notice that dy((7_; U;j) > 1 — 1/s. By Overspill Principle we
can find 1 < | < |Wy| and

U/::ﬂ{Usllgsgl}

such that 0y(U’) > 1—1/I. Hence uy(U’') = 1. Applying the
induction hypothesis for Li(m — 1)(«, 1, H, 7w, [H], U’), we obtain
a k=a.p. y C U with y @ [K] C [H], T/ C Cx N U’ with
tce|(T)) =1 and V] C [K] with uk(V]) =1 for each | > m -1,
and collections of k—a.p.’s

P = U{P,IteT] and I >m—1} and
Q9 = UQ,lveV/and I>m-1}

such that
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Szemerédi’s Theorem

(i) foreach / > m—1and t € T] we have ux(P],) = am™=2/k
and for each p € P, we have p C (y & [K]) N U, p(I') € Ty for
I'<m-—1,p(l)=y(l)+t, and
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(i) foreach / > m—1and t € T] we have ux(P],) = am™=2/k
and for each p € P, we have p C (y & [K]) N U, p(I') € Ty for
I'<m-—1,p(l)=y(l)+t, and

(i) for each / > m —1 and v € V/ we have ,uK(Q’,,V) < am2
and for each q C y @ [K] we have g € Q) , iff q(I') € Ty for every
"< m—1and q(/) = y(/) + v. 7
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Szemerédi’s Theorem

(i) foreach / > m—1and t € T] we have ux(P],) = am™=2/k
and for each p € P, we have p C (y & [K]) N U, p(I') € Ty for
I'<m-—1,p(l)=y(l)+t, and

(i) for each / > m —1 and v € V/ we have ,uK(Q’,,V) < am2
and for each q C y @ [K] we have g € Q) , iff q(I') € Ty for every
"< m—1and q(/) = y(/) + v. 7

Foreach I > m, t € T;, and v € V| let

E::={p(m—-1)|pe 77,’7t} and F,:={g(m—1)|q¢€ Q§’v}.
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Szemerédi’s Theorem

(i) foreach / > m—1and t € T] we have ux(P],) = am™=2/k
and for each p € P, we have p C (y & [K]) N U, p(I') € Ty for
I'<m-—1,p(l)=y(l)+t, and

(i) for each / > m —1 and v € V/ we have ,uK(Q’,,V) < am2
and for each q C y @ [K] we have g € Q) , iff q(I') € Ty for every
"< m—1and q(/) = y(/) + v. 7

Foreach I > m, t € T;, and v € V| let

E::={p(m—-1)|pe 77,’7t} and F,:={g(m—1)|q¢€ Q§’v}.

Then E; ¢, F1, C y(m— 1)+ [K],
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Szemerédi’s Theorem

(i) foreach / > m—1and t € T] we have ux(P],) = am™=2/k
and for each p € P, we have p C (y & [K]) N U, p(I') € Ty for
I'<m-—1,p(l)=y(l)+t, and

(i) for each / > m —1 and v € V/ we have ,uK(Q’,,V) < am2
and for each q C y @ [K] we have g € Q) , iff q(I') € Ty for every
"< m—1and q(/) = y(/) + v. 7

Foreach I > m, t € T;, and v € V| let

E::={p(m—-1)|pe 77,’7t} and F,:={g(m—1)|q¢€ Q§’v}.

Then E; ¢, F1, C y(m— 1)+ [K],
pk(Ere) = px(P],) = a™?/k, and
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Szemerédi’s Theorem

(i) foreach / > m—1and t € T] we have ux(P],) = am™=2/k
and for each p € P, we have p C (y & [K]) N U, p(I') € Ty for
I'<m-—1,p(l)=y(l)+t, and

(i) for each / > m —1 and v € V/ we have ,uK(Q’,,V) < am2
and for each q C y @ [K] we have g € Q) , iff q(I') € Ty for every
"< m—1and q(/) = y(/) + v. 7

Foreach I > m, t € T;, and v € V| let

E::={p(m—-1)|pe 77,’7t} and F,:={g(m—1)|q¢€ Q§’v}.

Then E; ¢, F1, C y(m— 1)+ [K],
p(Ere) = uK(P,’,t) = a™?/k, and
pk(Fiv) = pk(Q),) < am™2.
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Szemerédi’s Theorem

(i) for each / > m—1 and t € T| we have ux(P],) = ™2 /k
and for each p € P/, we have pC (y & [K]) N U/, p(I") € 74 for
I'<m—1, p(l) = y(l) + t, and

(ii) for each / > m —1 and v € V/ we have uk(Q),) < am2
and for each ¢ C y @ [K] we have g € Q) , iff q(/') € 714 for every
"< m—1and q(/) = y(/) + v. 7

Foreach I > m, t € T;, and v € V| let

E::={p(m—-1)|pe 77,’7t} and F,:={g(m—1)|q¢€ Q§’v}.

Then E; ¢, F1, C y(m— 1)+ [K],

pik(Ere) = px(P],) = ™ 2/k, and

pw(Fiy) = px(Q),) < a™ 2.

Since y C U’ we have that for each / € 1 + [K],
(Vn € No)&(rw. (1) + y(I),a,n, A, S, U, K, n) is true.
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Szemerédi’s Theorem

Applying Part (iii) of Mixing Lemma with
R:={ws+y(m—1)|1<s <1/} and H being replaced by K we
can find sp € [I], T} € T} with ¢, |(T;) = 1 and V; C V] with
uk(V)) =1 for each | > m such that
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Szemerédi’s Theorem

Applying Part (iii) of Mixing Lemma with
R:={ws+y(m—1)|1<s <1/} and H being replaced by K we
can find sp € [I], T} € T} with ¢, |(T;) = 1 and V; C V] with
uk(V)) =1 for each | > m such that for each t € Ty and v € V

we have
pk(Wso + Ep,e) N ((wey + ¥(m — 1) + [K]) N A)) 19)
= auk(Ei¢) = a(a™2/k) = a™ 1 /k and
pr (Wso + Frv) 0 ((wsy +y(m = 1) + [K]) N A))
(20)

= apuk(Fre) < a-am2 =qm-1,
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Szemerédi’s Theorem

Applying Part (iii) of Mixing Lemma with
R:={ws+y(m—1)|1<s <1/} and H being replaced by K we
can find sp € [I], T} € T} with ¢, |(T;) = 1 and V; C V] with
uk(V)) =1 for each | > m such that for each t € Ty and v € V

we have
pk(Wso + Ep,e) N ((wey + ¥(m — 1) + [K]) N A)) 19)
= auk(Ei¢) = a(a™2/k) = a™ 1 /k and
pr (Wso + Frv) 0 ((wsy +y(m = 1) + [K]) N A))
-2 _ amfl (20)

= apk(Fie) < a-am

Let X := ry, @ y. Clearly, we have X & [K] C [N]. We also have
that X C U, ,uK(()?( )+ [K])NS)=mn, and
pk ((X(1) + [K]) N A) = a because ry,, € Sy and y C U' C Us,.
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Szemerédi’s Theorem

Foreach I > m, t € T;, and v € V| let

Pt = {rw, ©p|pc Pj. and

p(m—1) € Ej: N (((ws +¥(m —1) + [K]) N A) — wg)},
Qv = {rw, ®qlqe Q, and

gim—-1)e Fy N (((wg +y(m—=1) +[K]) N A) — we,)}.
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Szemerédi’s Theorem

Foreach I > m, t € T;, and v € V| let

t:={rw, @p|pE Pj. and

p(m—1) € Eje N (((ws, + y(m — 1) + [K]) N A) — wg,)},
vi={rw, ®q|q€ Q) and

gim—-1)e Fy N (((wg +y(m—=1) +[K]) N A) — we,)}.

Then uk(Prt) = a™1/k by (19). If g C X @ [K], then there is
a gL Y& [K] such that g = ru, @ q. |E](l)€Af0r/’<mand
v € V, for some | > m such that g(1) =X(I) + v, then q(I') € T4
for '<m—1, ve V] and q(/) = y(I) + v, which imply g € Q] ,
by induction hypothesis.
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Szemerédi’s Theorem

Foreach I > m, t € T;, and v € V| let

t:={rw, @p|pE Pj. and

p(m—1) € Ee N (((wsy +y(m — 1) + [K]) N A) — wg, )},
vi={rw, ®q|q€ Q) and

gim—-1)e Fy N (((wg +y(m—=1) +[K]) N A) — we,)}.

Then uk(Prt) = a™1/k by (19). If g C X @ [K], then there is
aqC y®[K]suchthat g=ry, ©gq. | E](/)EAfor/’<mand
v € V) for some | > m such that g(1) = X(1) + v, then q(I') € 71
for ' <m—1,ve V], and q(I) = y(I) + v, which imply g € Q] ,
by induction hypothesis. Hence we have g(m—1) € Fj,. CIearIy:
g(m—1) = wsg, +qg(m—1) € A implies
qg(m—1) € F, N (((ws, + ¥(m—1) + [K]) N A) — ws,). Thus we
have g € Q,,. Clearly, ik (Qy) < a™ 1 by (20).
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Szemerédi’s Theorem

Summarizing the argument above we have that for each
rWSO ©pe ,P/7t
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Szemerédi’s Theorem

Summarizing the argument above we have that for each
rWSO ©pe ,P/7t

o ruy, (I") +p(I") € rw, (I') + 4 C Afor I' < m—1 because
rWso(I/) € BH:
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Szemerédi’s Theorem

Summarizing the argument above we have that for each
rWSO ©pe ,P/7t

o ruy, (I") +p(I") € rw, (I') + 4 C Afor I' < m—1 because
rWso(I/) € BH:

° rWso(m—l)—f—p(m—l):W50—|—p(m—1)
€ (wsy+Ee)N(wsy +y(m—1)+ [K])NACA,
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Szemerédi’s Theorem

Summarizing the argument above we have that for each
rWSO ©pe ,P/7t

o ruy, (I") +p(I") € rw, (I') + 4 C Afor I' < m—1 because
rWso(I/) € BH:

° rWso(m—l)—f—p(m—l):W50—|—p(m—1)
€ (wsy+Ee)N(wsy +y(m—1)+ [K])NACA,

° rWS&(/L//)/+ p(I")y € (X(I') + [K]) N U C U for I' > m because of
p = [}
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Szemerédi’s Theorem

Summarizing the argument above we have that for each
rWSO ©pe ,P/7t

o ruy, (I") +p(I") € rw, (I') + 4 C Afor I' < m—1 because
rWso(I/) € BH:

ot rWso(m_1)+p(m_1): W50+p(m—1)
€ (ws + Eie) N(ws + y(m—1)+ [K])NAC A
° "ws&(/[j)/‘i‘ p(I") € (X(I'")+ [K])nU C U for I' > m because of
p —_— 1

—

0 Fugy (1) + PU) = g (1) + (1) + £ = X(1) + ¢.

Renling Jin Nonstandard Analysis and CNT



Szemerédi’s Theorem

Foreach gC X @ [K], g € Q;, iff there is a g T y & [K] with
g=rw, Dq such that

Renling Jin Nonstandard Analysis and CNT



Szemerédi’s Theorem

Foreach gC X @ [K], g € Q;, iff there is a g T y & [K] with
g=rw, Dq such that

o rwy, (I) +q(l) € ruw, (I') + 74 C Afor I' < m—1 because
rWso(/I) € By,
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Szemerédi’s Theorem

Foreach gC X @ [K], g € Q;, iff there is a g T y & [K] with
g=rw, Dq such that

o rwy, (I) +q(l) € ruw, (I') + 74 C Afor I' < m—1 because
rWso(/I) € BH,
® ry,, (m—1)+q(m—1) = wg + g(m — 1) € A which is
equivalent to
Ws, + g(m — 1)
€ (ws + Frv) N (we + ¥(m—1)+ [K])NAC A,
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Szemerédi’s Theorem

Foreach gC X @ [K], g € Q;, iff there is a g T y & [K] with
g=rw, Dq such that

o rwy, (I) +q(l) € ruw, (I') + 74 C Afor I' < m—1 because
rWso(/I) € By,

® ry,, (m—1)+q(m—1) = wg + g(m — 1) € A which is
equivalent to
ws, + q(m — 1)
€ (We + Fiv) N (wsy + ¥ (m—1) + [K]) N A C A,

0 rwg, (1) +q(1) = rw, (1) + y(I) + v =X(I) + v.
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Szemerédi’s Theorem

Foreach gC X @ [K], g € Q;, iff there is a g T y & [K] with
g=rw, Dq such that

o rwy, (I) +q(l) € ruw, (I') + 74 C Afor I' < m—1 because
rWso(/I) € By,

® ry,, (m—1)+q(m—1) = wg + g(m — 1) € A which is
equivalent to
ws, + q(m — 1)
€ (We + Fiv) N (wsy + ¥ (m—1) + [K]) N A C A,

0 rwg, (1) +q(1) = rw, (1) + y(I) + v =X(I) + v.

This completes the proof of Li(m)(«,n, N, A, S, U) as well as
L(m) by Lemma 3.19. O
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The End of Day Four

Thank you for your attention.
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