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Nonstandard Versions of Densities

An apparent reason why nonstandard analysis should be a useful
tool for other fields of mathematics is that a limit process which
involves rank 3 objects in V such as the limit of a sequence or a
function with real values can be changed to an infinitesimal
argument with rank 0 objects such as infinitesimals in *V. So,
good candidates for the applications of nonstandard analysis
should be something involving limit processes. This may be why
the density problems receive attention from nonstandard analysts.
The densities introduced in this section are Shnirel’'man density,
lower and upper (asymptotic) density, and lower and upper Banach
density.
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Nonstandard Versions of Densities

An apparent reason why nonstandard analysis should be a useful
tool for other fields of mathematics is that a limit process which
involves rank 3 objects in V such as the limit of a sequence or a
function with real values can be changed to an infinitesimal
argument with rank 0 objects such as infinitesimals in *V. So,
good candidates for the applications of nonstandard analysis
should be something involving limit processes. This may be why
the density problems receive attention from nonstandard analysts.
The densities introduced in this section are Shnirel’'man density,
lower and upper (asymptotic) density, and lower and upper Banach
density.

For two sets A, B C N, let
A+B:={a+b|lacAand be B}. If A= {a} we write a+ B
instead of {a} + B for simplicity. If r,r’ € *R, we write r Z r’ for
r>r"orrxrandrgrforr<rorrxr.
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Nonstandard Versions of Densities

Definition (3.1)
Let A C N. The Shnirel’'man density o(A), lower density d(A),

upper density d(A), upper Banach density BD(A), and lower
Banach density BD(A) of A are defined by
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Nonstandard Versions of Densities

Definition (3.1)
Let A C N. The Shnirel’'man density o(A), lower density d(A),

upper density d(A), upper Banach density BD(A), and lower
Banach density BD(A) of A are defined by

0 o(A) = inf AN F )]

n>1 n

7
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Nonstandard Versions of Densities

Definition (3.1)
Let A C N. The Shnirel’'man density o(A), lower density d(A),

upper density d(A), upper Banach density BD(A), and lower
Banach density BD(A) of A are defined by

AN+ )

Q o(A) = e - c
Q d(A) = ||mJnf \Aﬂn[n]\
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Nonstandard Versions of Densities

Definition (3.1)
Let A C N. The Shnirel’'man density o(A), lower density d(A),

upper density d(A), upper Banach density BD(A), and lower
Banach density BD(A) of A are defined by

AN+ )

Q o(A) = e - c

@ d(A) :=liminf M
n—o00 n

© d(A) := limsup AN [n]l ;
n—o0
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Nonstandard Versions of Densities

Definition (3.1)
Let A C N. The Shnirel’'man density o(A), lower density d(A),

upper density d(A), upper Banach density BD(A), and lower
Banach density BD(A) of A are defined by

AN+ )

Q 7(A) = inf - :
Q@ d(A) :=liminf M
n—00 n
0 d(A) = limsup A7,
n—o0
Q@ BD(A) := lim sup w
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Nonstandard Versions of Densities

Definition (3.1)

Let AC N. The Shnirel'man density o(A), lower density d(A),
upper density d(A), upper Banach density BD(A), and lower
Banach density BD(A) of A are defined by

AN+ )

Q 7(A) = inf - :
Q d(A) :=liminf M
n—o0 n
0 d(A) = limsup A7,
n—o0
Q@ BD(A) := lim sup w
@ BD(A) := lim inf w
n—oo keN n
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Nonstandard Versions of Densities

Remark (3.2)

@ In the definition of o(A), we have 1+ [n] = {1,2,...,n}.
Hence, 0, in or not in A, does not play any role. If o(A) > 0,
then 1l € A;
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Remark (3.2)

@ In the definition of o(A), we have 1+ [n] = {1,2,...,n}.
Hence, 0, in or not in A, does not play any role. If o(A) > 0,
then 1l € A;

Q Ifd(A) = d(A), we say that the (asymptotic) density of A
exists and is denoted by d(A);
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Remark (3.2)

@ In the definition of o(A), we have 1+ [n] = {1,2,...,n}.
Hence, 0, in or not in A, does not play any role. If o(A) > 0,
then 1l € A;

Q Ifd(A) = d(A), we say that the (asymptotic) density of A
exists and is denoted by d(A);

© If BD(A) = BD(A), we say that the Banach density of A
exists and is denoted by BD(A);
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Nonstandard Versions of Densities

Remark (3.2)

@ In the definition of o(A), we have 1+ [n] = {1,2,...,n}.
Hence, 0, in or not in A, does not play any role. If o(A) > 0,
then 1l € A;

Q Ifd(A) = d(A), we say that the (asymptotic) density of A
exists and is denoted by d(A);

© If BD(A) = BD(A), we say that the Banach density of A
exists and is denoted by BD(A);

== AN (k
Q In the definition of BD(A) the limit of sup M as

keN n

n — oo always exists.
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Nonstandard Versions of Densities

The following Proposition is direct consequences of the
definition.

Renling Jin Nonstandard Analysis and CNT



Nonstandard Versions of Densities

The following Proposition is direct consequences of the
definition.

Proposition (3.3)

For any A C N we have
0 < min{o(A), BD(A)} < max{o(A), BD(A)}
< d(A) < d(A) < BD(A) < 1.
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Nonstandard Versions of Densities

The following Proposition is direct consequences of the
definition.

Proposition (3.3)

For any A C N we have
0 < min{o(A), BD(A)} < max{o(A), BD(A)}
< d(A) < d(A) < BD(A) < 1.

Let AC N. Then, BD(A) is the largest real o in [0, 1] such that
there exist ky, nm € N with n,, — oo as m — oo such that

i 1A (ki + (1))

m—>00

Nm
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Nonstandard Versions of Densities

Proposition (3.5)
Let ACN and o € R. Then
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Nonstandard Versions of Densities

Proposition (3.5)
Let ACN and o € R. Then

0 d(A) > a i [ADIN

N % « for any hyperfinite integer N;
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Nonstandard Versions of Densities

Proposition (3.5)

Let ACN and o € R. Then

AN [N
© d(A) > a iff M/v[”

— AN [N
Q d(A) > «a iff MN[” % « for some hyperfinite integer N.

% « for any hyperfinite integer N;
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Nonstandard Versions of Densities

Proposition (3.5)

Let ACN and o € R. Then

AN [N
© d(A) > a iff M/v[”

— AN [N
Q d(A) > «a iff MN[” % « for some hyperfinite integer N.

% « for any hyperfinite integer N;

Proof: Part 1. "=": Let N be an arbitrary hyperfinite integer.
Since for each € > 0, there exists an ng € N such that
|AN

Vn€N<n2n0—>n[n]|>a—e>.
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Nonstandard Versions of Densities

Proposition (3.5)

Let ACN and o € R. Then

AN [N
© d(A) > a iff M/v[”

— AN [N
Q d(A) > «a iff MN[” % « for some hyperfinite integer N.

% « for any hyperfinite integer N;

Proof: Part 1. "=": Let N be an arbitrary hyperfinite integer.
Since for each € > 0, there exists an ng € N such that

A
Vn€N<n2n0—>|mn[n]|>a—e>.

By the transfer principle, it is true that

*A
Vne *N <n2n0—>‘ﬁn[n”>a—e>.

Renling Jin Nonstandard Analysis and CNT



Nonstandard Versions of Densities

*AN [N
r;\I[]|>O¢—e.5ince
*AN [N
ANIN -

~

Since N € *N and N > ng, we have

€ > 0 can be arbitrarily small, we have that
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Nonstandard Versions of Densities

*AN [N
Since N € *N and N > ng, we have r;v[” > «a — €. Since
AN [N
€ > 0 can be arbitrarily small, we have that & § «Q

Part 1. “<": Suppose d(A) < a. Let &/ = (a + d(A))/2, then

there is an increasing sequence n; < np < --- such that
. AN |[n;
VieN (’['” < 0/).
n;
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Nonstandard Versions of Densities

ATV[N]'>a—e.Since
*AN [N
ANIN -

~

Since N € *N and N > ng, we have
€ > 0 can be arbitrarily small, we have that

Part 1. “<": Suppose d(A) < a. Let &/ = (a + d(A))/2, then

there is an increasing sequence n; < np < --- such that
. AN |[n; L.
VieN M < o’ |. By the transfer principle the sentence
n;
. AN [n; ) .
Vie *N <‘['” < 0/) is true in *V.
nj
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Nonstandard Versions of Densities

*A
SinceNE*NandNZno,wehaveM>a—e. Since
AN [N
ANIN -

~

€ > 0 can be arbitrarily small, we have that

Part 1. “<": Suppose d(A) < a. Let &/ = (a + d(A))/2, then

there is an increasing sequence n; < np < --- such that
. AN |[n; L.
VieN M < o/). By the transfer principle the sentence
n;
. AN [n; ) .
Vie *N <‘['” < o/) is true in *V.
nj

Let N’ be a hyperfinite integer and N := ny/. Then, N is

AN [N
hyperfinite and MN[] S o < a. Hence, the right side of Part

1 is false.
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Nonstandard Versions of Densities

*A
SinceNE*NandNZno,wehaveM>a—e. Since
AN [N
ANIN -

~

€ > 0 can be arbitrarily small, we have that

Part 1. “<": Suppose d(A) < a. Let &/ = (a + d(A))/2, then

there is an increasing sequence n; < np < --- such that
. AN |[n; L.
VieN M < o/). By the transfer principle the sentence
n;
. AN [n; ) .
Vie *N <‘['” < o/) is true in *V.
nj

Let N’ be a hyperfinite integer and N := ny/. Then, N is
AN N
hyperfinite and MN[] S o < a. Hence, the right side of Part

1 is false.

The proof of Part 2 is left to the reader. O
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Nonstandard Versions of Densities

Proposition (3.6)
Let ACN and o € R. Then
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Nonstandard Versions of Densities

Proposition (3.6)
Let ACN and o € R. Then

AN (k4[N
Q BD(A) > a iffwl\;l—[mga for any k € *N and any

hyperfinite integer N;
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Nonstandard Versions of Densities

Proposition (3.6)
Let ACN and o € R. Then

AN (k4[N
Q BD(A) > a iffwl\;l—[mga for any k € *N and any

hyperfinite integer N;

AN (

_ k+ [N
@ BD(A) > « iff ’M Z « for some k € *N and

some hyperfinite integer N.
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Nonstandard Versions of Densities

Proposition (3.6)
Let ACN and o € R. Then

@ BD(A) > « iff WN—{_[N])‘ Z « for any k € *N and any

hyperfinite integer N;

AN (

Q@ BD(A) > « iff MAW 2, « for some k € *N and

some hyperfinite integer N.

Proof: We prove Part 2. The proof of Part 1 is left to the reader.
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Nonstandard Versions of Densities

Proposition (3.6)
Let ACN and o € R. Then

AN (k4[N
Q BD(A) > a iff'NM;a for any k € *N and any

hyperfinite integer N;

AN (

_ k+ [N
@ BD(A) > « iff ’M Z « for some k € *N and

some hyperfinite integer N.

Proof: We prove Part 2. The proof of Part 1 is left to the reader.

Part 2. “=": Given m € N, there exist k,, € Nand n,, > m
such that

A G+ [0n])] 1

Nm m
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Nonstandard Versions of Densities

By the transfer principle, we have that for any m € *N there
exist k,, € *N and n,, > m such that

AC Kk + [owl)| 1
Nm m
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Nonstandard Versions of Densities

By the transfer principle, we have that for any m € *N there
exist k,, € *N and n,, > m such that

AC Kk + [owl)| 1
Nm m

Now let m be a hyperfinite integer, k := k,, and N := np, > m.

Then,
AN+

~

N ~

Renling Jin Nonstandard Analysis and CNT



Nonstandard Versions of Densities

Part 2. “<": Assume that BD(A) < a. Let
o' = (a+ BD(A))/2. Then, there exists an np € N such that the
following sentence is true in V:

Vk,neN<nzn0—>W§a’>.
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Nonstandard Versions of Densities

Part 2. “<": Assume that BD(A) < a. Let
o' = (a+ BD(A))/2. Then, there exists an np € N such that the
following sentence is true in V:

Vk,neN<nzn0—>W§a’>.

By the transfer principle, the following is true in *V:

Vk,n € *N (nZno%Wn—i_[n])‘gav.

Since hyperfinite integers are greater than ng, the right side of Part
2 is false. a
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By-one-get-one-free Thesis

Shnirel'man density and lower density are most used densities by
number theorists. For example, Shnirel'man proved that if a set A
has positive Shnirel'man density, then there is a fixed k such that
every positive integer is the sum of at most kK numbers in A. If P is
the set of all prime numbers, then A:= ({0,1} U P)+ ({0,1} U P)
has positive Shnirel'man density, therefore, every positive integer is
the sum of at most 2k prime numbers. This is the first nontrivial
result towards the solution of Goldbach conjecture.
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By-one-get-one-free Thesis

Shnirel'man density and lower density are most used densities by
number theorists. For example, Shnirel'man proved that if a set A
has positive Shnirel'man density, then there is a fixed k such that
every positive integer is the sum of at most kK numbers in A. If P is
the set of all prime numbers, then A:= ({0,1} U P)+ ({0,1} U P)
has positive Shnirel'man density, therefore, every positive integer is
the sum of at most 2k prime numbers. This is the first nontrivial
result towards the solution of Goldbach conjecture.

The buy-one-get-one-free thesis is the following statement:
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By-one-get-one-free Thesis

Shnirel'man density and lower density are most used densities by
number theorists. For example, Shnirel'man proved that if a set A
has positive Shnirel'man density, then there is a fixed k such that
every positive integer is the sum of at most kK numbers in A. If P is
the set of all prime numbers, then A:= ({0,1} U P)+ ({0,1} U P)
has positive Shnirel'man density, therefore, every positive integer is
the sum of at most 2k prime numbers. This is the first nontrivial
result towards the solution of Goldbach conjecture.

The buy-one-get-one-free thesis is the following statement:

There is a parallel result involving upper Banach density
for every existing result involving Shnirel’'man density or
lower density.
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By-one-get-one-free Thesis

Shnirel'man density and lower density are most used densities by
number theorists. For example, Shnirel'man proved that if a set A
has positive Shnirel'man density, then there is a fixed k such that
every positive integer is the sum of at most kK numbers in A. If P is
the set of all prime numbers, then A:= ({0,1} U P)+ ({0,1} U P)
has positive Shnirel'man density, therefore, every positive integer is
the sum of at most 2k prime numbers. This is the first nontrivial
result towards the solution of Goldbach conjecture.

The buy-one-get-one-free thesis is the following statement:

There is a parallel result involving upper Banach density
for every existing result involving Shnirel’'man density or
lower density.

The thesis makes sense because of the following two theorems.
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By-one-get-one-free Thesis

Theorem (3.7)

If AC N and BD(A) = «, then there is an k € *N and a
hyperfinite integer N such that for jq-almost all n € k + [N]
where ugq is the Loeb measure on Q := k + [N], we have
d((*A—n)NN) = a.
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By-one-get-one-free Thesis

Theorem (3.7)

If AC N and BD(A) = «, then there is an k € *N and a
hyperfinite integer N such that for jq-almost all n € k + [N]

where ugq is the Loeb measure on Q := k + [N], we have
d((CA—n)NN) = a.

On the other hand, if A C N and there is a positive integer
n € *N such that d((*A — n) "N) > «, then BD(A) > a.
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By-one-get-one-free Thesis

Theorem (3.7)

If AC N and BD(A) = «, then there is an k € *N and a
hyperfinite integer N such that for jq-almost all n € k + [N]

where ugq is the Loeb measure on Q := k + [N], we have
d((CA—n)NN) = a.

On the other hand, if A C N and there is a positive integer
n € *N such that d((*A — n) "N) > «, then BD(A) > a.

Theorem (3.8)

If AC N and BD(A) = «, then there is an n € *N such that

o((FA—n)NN) = a.
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By-one-get-one-free Thesis

To present short proofs of Theorem 3.7 and Theorem 3.8 we
borrow the following Birkhoff's Ergodic Theorem.
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By-one-get-one-free Thesis

To present short proofs of Theorem 3.7 and Theorem 3.8 we
borrow the following Birkhoff's Ergodic Theorem.

Theorem (3.9, Birkhoff’s Ergodic Theorem)

Let (2, X, 1) be a probability space and T be a
measure-preserving transformation from 2 to Q2. For every
f € L1(Q), there exists a T-invariant f € L1(2) such that for
u-almost all x € Q,
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By-one-get-one-free Thesis

To present short proofs of Theorem 3.7 and Theorem 3.8 we
borrow the following Birkhoff's Ergodic Theorem.

Theorem (3.9, Birkhoff’s Ergodic Theorem)

Let (2, X, 1) be a probability space and T be a
measure-preserving transformation from Q to Q. For every
f € L1(RQ), there exists a T-invariant f € L1(Q) such that for
u-almost all x € Q,

where T is the identity map and T**1(x) = T(T¥(x)) for every
k € N.
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By-one-get-one-free Thesis

Proof of Theorem 3.7: We prove the second part first. Assume
that d((*A — k) NN) > « for some k € *N. For each m € N there
exists n, € N such that

ANk 1

3|

n

for every n > np,.
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By-one-get-one-free Thesis

Proof of Theorem 3.7: We prove the second part first. Assume
that d((*A — k) NN) > « for some k € *N. For each m € N there
exists n, € N such that
AN+, 1
n m
for every n > np,. By Proposition 2.8 there is a hyperfinite integer

N’ such that oA (k )
AN (k[

n - N’
for every n > npy.
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By-one-get-one-free Thesis

Proof of Theorem 3.7: We prove the second part first. Assume
that d((*A — k) NN) > « for some k € *N. For each m € N there
exists n, € N such that
AN+, 1
n m
for every n > np,. By Proposition 2.8 there is a hyperfinite integer
N’ such that A (k4 []) )
AN (k+[n
— >a— ks
for every n > npr. Choose N > npv to be hyperfinite. Then,

AN G+ -

N ~ )
which implies BD(A) > « by Part 2 of Proposition 3.6.
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By-one-get-one-free Thesis

Now we prove the first part. Assume BD(A) = a.
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By-one-get-one-free Thesis

Now we prove the first part. Assume BD(A) = a. By Part 2 of
Proposition 2.8 there is a k € *N and hyperfinite integer N such
that *AN (k + [N])|/N = .
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By-one-get-one-free Thesis

Now we prove the first part. Assume BD(A) = a. By Part 2 of
Proposition 2.8 there is a k € *N and hyperfinite integer N such
that "AN (k + [N])|/N ~ «. Let Q:= k+ [N], (2 X, uq) be the
Loeb space, B := AN, and f : Q — R be the characteristic
function of B. Then, f € L1(Q), i.e., f is integrable.

Nonstandard Analysis and CNT
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By-one-get-one-free Thesis

Now we prove the first part. Assume BD(A) = a. By Part 2 of
Proposition 2.8 there is a k € *N and hyperfinite integer N such
that "AN (k + [N])|/N ~ «. Let Q:= k+ [N], (2 X, uq) be the
Loeb space, B := AN, and f : Q — R be the characteristic
function of B. Then, f € L1(Q), i.e., f is integrable. Let
T(n)=n+1foralneQ,n#k+N—-1and T(k+N—-1)=k.
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By-one-get-one-free Thesis

Now we prove the first part. Assume BD(A) = a. By Part 2 of
Proposition 2.8 there is a k € *N and hyperfinite integer N such
that "AN (k + [N])|/N ~ «. Let Q:= k+ [N], (2 X, uq) be the
Loeb space, B := AN, and f : Q — R be the characteristic
function of B. Then, f € L1(Q), i.e., f is integrable. Let
T(n)=n+1foralneQ,n#k+N—-1and T(k+N—-1)=k.
Then T is a measure-preserving transformation on Q.
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By-one-get-one-free Thesis

Now we prove the first part. Assume BD(A) = a. By Part 2 of
Proposition 2.8 there is a k € *N and hyperfinite integer N such
that "AN (k + [N])|/N ~ «. Let Q:= k+ [N], (2 X, uq) be the
Loeb space, B := AN, and f : Q — R be the characteristic
function of B. Then, f € L1(Q), i.e., f is integrable. Let
T(n)=n+1foralneQ,n#k+N—-1and T(k+N—-1)=k.
Then T is a measure-preserving transformation on Q.

By Birkhoff Ergodic Theorem there is a T-invariant f € L;(Q)
such that there is a X C Q with puq(X) = 1 such that for all n € X
we have

_ 1 m—1 ) 1 m—1
ﬂ@:Jg;ngﬂTw»:Jgng;ﬂn+0

1B (n+ [m])

m—00 m

= d(("A— n)NN).
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By-one-get-one-free Thesis

_ Since f(n) > a implies d((*A — n) NN) > a which implies
BD(A) > « by the first part, we have that f(n) < « for all n € Q.
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By-one-get-one-free Thesis

_ Since f(n) > a implies d((*A — n) NN) > a which implies
BD(A) > « by the first part, we have that f(n) < « for all n € Q.

Since

Fdug = lim — F(T(n))d
| fdug mgnoomz:/ Ho

/Qfd/m = pa(B) =a,
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By-one-get-one-free Thesis

_ Since f(n) > a implies d((*A — n) NN) > a which implies
BD(A) > « by the first part, we have that f(n) < « for all n € Q.

Since
fdug = lim = f(T'(n))d
| fdug = lim — Z/ Ho
= /Q fduq = pa(B) = a,

we conclude that f(n) = a for ug-almost all n € Q. Hence,
d((*A—n)NN) = d((*A—n)NN) = « for pug-almost all n € Q. O
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By-one-get-one-free Thesis

Proof of Theorem 3.8: By Theorem 3.7 we can find k € *N such
that d((*A— k)N N) = .
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By-one-get-one-free Thesis

Proof of Theorem 3.8: By Theorem 3.7 we can find k € *N such
that d((*A— k)N N) = .
For each m € N let
nm=max{n e N||"A— k)N [nm] <a—1/m}.

Note that n,, exists because otherwise we would have
d((*A— k)N N) < a—1/m. Note that
(A — k — nm) N [n]|/n > a —1/m for any n € 1+ [m].
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By-one-get-one-free Thesis

Proof of Theorem 3.8: By Theorem 3.7 we can find k € *N such
that d((*A— k)N N) = .

For each m € N let
nm:=max{n e N||(FA— k)N [nm] <a—1/m}.

Note that n,, exists because otherwise we would have
d((*A— k)N N) < a—1/m. Note that
(A — k — nm) N [n]|/n > a —1/m for any n € 1+ [m].

By Proposition 2.8 we can find a hyperfinite integer N such that
|A—k —ny) N [n]|/n>a —1/N for any n € 1+ [N]. This
implies that o((*A — k — ny) NN) > a.
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By-one-get-one-free Thesis

Proof of Theorem 3.8: By Theorem 3.7 we can find k € *N such
that d((*A— k)N N) = .

For each m € N let
nm:=max{n e N||(FA— k)N [nm] <a—1/m}.

Note that n,, exists because otherwise we would have
d((*A— k)N N) < a—1/m. Note that
(A — k — nm) N [n]|/n > a —1/m for any n € 1+ [m].

By Proposition 2.8 we can find a hyperfinite integer N such that
|A—k —ny) N [n]|/n>a —1/N for any n € 1+ [N]. This
implies that o((*A — k — ny) NN) > a.

Since o((*A — k — ny) NN) > a implies
d((*A — k — ny) NN) > a which is impossible by Theorem 3.7 we
conclude that o((*A — k — ny) NN) = a. 0.
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By-one-get-one-free Thesis

Theorem (3.10, Mann’s Theorem)
Let A, BCNand0e€ AN B. Then
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By-one-get-one-free Thesis

Theorem (3.10, Mann’s Theorem)

Let A, BCNand0e€ AN B. Then

a(A+ B) > min{o(A) + o(B), 1}.
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By-one-get-one-free Thesis

Theorem (3.10, Mann’s Theorem)

Let A, BCNand0e€ AN B. Then

a(A+ B) > min{o(A) + o(B), 1}.

Theorem (3.11, Upper Banach Density Version)
Let A,B C N. Then
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By-one-get-one-free Thesis

Theorem (3.10, Mann’s Theorem)

Let A, BCNand0e€ AN B. Then

a(A+ B) > min{o(A) + o(B), 1}.

Theorem (3.11, Upper Banach Density Version)

Let A,B C N. Then

BD(A+ B+ {0,1}) > min{BD(A) + BD(B), 1}.
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By-one-get-one-free Thesis

Definition (3.12)
Let B C N. For a positive integer h € N, let

hB:={by+by+---+by|b€B for i=1,2,... h}.
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By-one-get-one-free Thesis

Definition (3.12)
Let B C N. For a positive integer h € N, let

hB:={by+by+---+by|b€B for i=1,2,... h}.

(1) The set B is a basis if hB = N for some h € N. The least such
h is called the order of B. Clearly, a basis must contain 0;
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By-one-get-one-free Thesis

Definition (3.12)
Let B C N. For a positive integer h € N, let

hB:={by+by+---+by|b€B for i=1,2,... h}.

(1) The set B is a basis if hB = N for some h € N. The least such
h is called the order of B. Clearly, a basis must contain 0;

(2) Suppose B is a basis of order h. For each m > 1 let
h(m) := min{h’ € N | m € W'B}. Then, the number

1 n
h* = sup - Z h(m)
=1

n
n>1 m

is called the average order of B. Note that h* < h;
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By-one-get-one-free Thesis

Definition (3.12)

(3) The set B is an asymptotic basis if N\ h,B is finite for some
h, € N. The least such h, is called the asymptotic order of B;
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By-one-get-one-free Thesis

Definition (3.12)

(3) The set B is an asymptotic basis if N\ h,B is finite for some
h, € N. The least such h, is called the asymptotic order of B;

(4) Suppose B is an asymptotic basis of order h, € N and
N\ [no] € haB for some minimal ny € N. For each m > ng let
h(m) := min{h’ € N | m € W'B}. Then, the number

1 no+n—1
h% ;= limsup — h(m
2= limsup Z (m)
m=ng
is called the asymptotic average order of B. Note that
h: S haf
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By-one-get-one-free Thesis

Definition (3.12)

(5) The set B is a piecewise basis if there exists some h, € N
such that one can find a sequence k, + [mp] with m, — oo as
n — oo satisfying

ko + ([mal) € hol(B — ka) NN) + Ky

for every n € N. The least such h, is called the piecewise
order of B;
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By-one-get-one-free Thesis

Definition (3.12)

(5) The set B is a piecewise basis if there exists some h, € N
such that one can find a sequence k, + [mp] with m, — oo as
n — oo satisfying

ko + ([mal) € hol(B — ka) NN) + Ky

for every n € N. The least such h, is called the piecewise
order of B;

(6) The set B is a piecewise asymptotic basis if there is an
hpa € N such that one can find a sequence k, + [m,] with
m, — oo as n — oo and a number ny € N satisfying

kn + ([ma] \ [n0]) € hpa((B — kn) NN) + kn

for every n € N. The least such hp, is called the piecewise
asymptotic order of B;
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By-one-get-one-free Thesis

Definition (3.12)

(7) Suppose that B is a piecewise asymptotic basis of piecewise
asymptotic order hp,. Let I be the sequence k, + [mj] and
ng € N such that k, + ([mn] \ [no]) C hpa((B — kn) NN) + kj
for every n € N. For each m € kp, + ([mj,] \ [no]) let
h(m) := min{h' e N| m e W'((B — ko) "\N) + k,. Let

kn+mp—1
. 1
hy = sup T Z h(m) and
kn+no<m<kn+my mp — No i=kn-+ng
h% := limsup hj,.
n—o0

Then, the number

hy, = inf{h7 | for all suitable T}

is called a piecewise asymptotic average order of B.
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By-one-get-one-free Thesis

Theorem (3.13, Rohrback’s Theorem)

If B is an asymptotic basis of asymptotic average order h}, then
for any A C N we have

1
2h*d(A)(1 - Q(A))

a

d(A+ B) > d(A) +
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By-one-get-one-free Thesis

Theorem (3.13, Rohrback’s Theorem)

If B is an asymptotic basis of asymptotic average order h}, then
for any A C N we have

1
2h*d(A)(1 - Q(A))

a

d(A+ B) > d(A) +

Theorem (3.14, Upper Banach Density Version)

If B is a piecewise asymptotic basis of piecewise asymptotic
average order hy,, then for any A C N we have

BD(A + B) > BD(A) + — BD(A)(1 — BD(A)).

2l
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Pliinnecke's Inequalities

Rohrbach's Theorem is a generalization of Erdds’ Theorem that
if B is a basis of order h, then for any A C N it is true that

(A + B) > o(A) + %U(A)(l _ o(A)).
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Pliinnecke's Inequalities

Rohrbach's Theorem is a generalization of Erdds’ Theorem that
if B is a basis of order h, then for any A C N it is true that

(A + B) > o(A) + %U(A)(l _ o(A)).

ErdGs’ theorem is for the study of so-called essential component
problems.
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Pliinnecke's Inequalities

Rohrbach's Theorem is a generalization of Erdds’ Theorem that
if B is a basis of order h, then for any A C N it is true that

(A + B) > o(A) + %U(A)(l _ o(A)).

ErdGs’ theorem is for the study of so-called essential component
problems. A set B is called essential component if

o(A+ B) > o(A) for any A C N with 0 < 0(A) < 1. Hence, a
basis must be an essential component.
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Pliinnecke's Inequalities

Rohrbach's Theorem is a generalization of Erdds’ Theorem that
if B is a basis of order h, then for any A C N it is true that

(A + B) > o(A) + %U(A)(l _ o(A)).

ErdGs’ theorem is for the study of so-called essential component
problems. A set B is called essential component if

o(A+ B) > o(A) for any A C N with 0 < 0(A) < 1. Hence, a
basis must be an essential component.

There is another generalization of Erdés' theorem, which is
much more significant than Rohrbach's Theorem does. The
following generalization of Erdés’ Theorem used a completely
different idea from Erdos'.
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Pliinnecke's Inequalities

Theorem (3.15, Pliinnecke’s Theorem)

Let B be a basis of order h. Then, for any A C N we have

o(A+ B) > o(A) 5.
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Pliinnecke's Inequalities

Theorem (3.15, Pliinnecke’s Theorem)

Let B be a basis of order h. Then, for any A C N we have

o(A+ B) > o(A) 5.

It is not too hard ico show that
1
o(A) T > o(A)+ 7oA = o(A)).
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Pliinnecke's Inequalities

Theorem (3.15, Pliinnecke’s Theorem)

Let B be a basis of order h. Then, for any A C N we have

o(A+ B) > o(A) 5.

It is not too hard ico show that
1
o(A) T > o(A)+ 7oA = o(A)).

The key component used in the proof of Pliinnecke's Theorem is
a version of Pliinnecke's Inequality based on graph theoretic
argument.
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Pliinnecke's Inequalities

Theorem (3.15, Pliinnecke’s Theorem)

Let B be a basis of order h. Then, for any A C N we have

o(A+ B) > o(A) 5.

It is not too hard ico show that
1
o(A) T > o(A)+ 7oA = o(A)).

The key component used in the proof of Pliinnecke's Theorem is
a version of Pliinnecke's Inequality based on graph theoretic
argument. The following lemma is a translation of an inequality
from the language of graph theory to the language of additive
number theory.
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Pliinnecke's Inequalities

Lemma (3.16, Pliinnecke’s Inequality)

Let A,B C N and h,n > 1 be such that AN [n] # (. For each
1 < j < h define
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Pliinnecke's Inequalities

Lemma (3.16, Pliinnecke’s Inequality)

Let A,B C N and h,n > 1 be such that AN [n] # (. For each
1 < j < h define

.
Da g ni = min { (e == a5) v

|A” O [n]]

;@¢A'gAm[n]}.

Then, Dagn1 > (Dagn2)/?> - > (Dapgnn)'".
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Pliinnecke's Inequalities

Lemma (3.16, Pliinnecke’s Inequality)

Let A,B C N and h,n > 1 be such that AN [n] # (. For each
1 < j < h define
A + B

Ouas = in {14 2100

|A” O [n]]

;@¢A'gAm[n]}.

Then, Dagn1 > (Dagn2)/?> - > (Dapgnn)'".

Many interesting subsets of N are not bases but asymptotic
bases. For example,
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Pliinnecke's Inequalities

Lemma (3.16, Pliinnecke’s Inequality)

Let A,B C N and h,n > 1 be such that AN [n] # (. For each
1 < j < h define

DA,B,n,i = min {

(A" +iB) N [n]
[A” O [n]|

;@¢A'gAm[n]}.

Then, Dagn1 > (Dagn2)/?> - > (Dapgnn)'".

Many interesting subsets of N are not bases but asymptotic
bases. For example,
P:={peN|p is a prime number},
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Pliinnecke's Inequalities

Lemma (3.16, Pliinnecke’s Inequality)

Let A,B C N and h,n > 1 be such that AN [n] # (. For each
1 < j < h define
A + B

Ouas = in {14 2100

|A” O [n]]

;@¢A'gAm[n]}.

Then, Dagn1 > (Dagn2)/?> - > (Dapgnn)'".

Many interesting subsets of N are not bases but asymptotic
bases. For example,

P:={peN|p is a prime number},

Cx .= {n* | ne N} for k > 1,
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Pliinnecke's Inequalities

Lemma (3.16, Pliinnecke’s Inequality)

Let A,B C N and h,n > 1 be such that AN [n] # (. For each
1 < j < h define

DA,B,n,i = min { |(

A +iB) N [n]
|A" N [n]|

;@¢NgAmm@.

Then, Dagn1 > (Dagn2)/?> - > (Dapgnn)'".

Many interesting subsets of N are not bases but asymptotic
bases. For example,

P:={peN|p is a prime number},

Cx .= {n* | ne N} for k > 1,

P2 :={a?b®|a,b €N and a, b > 1}, etc.
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Pliinnecke's Inequalities

Lemma (3.16, Pliinnecke’s Inequality)

Let A,B C N and h,n > 1 be such that AN [n] # (. For each
1 < j < h define
A + B

Ouas = in {14 2100

|A” O [n]]

;@¢A'gAm[n]}.

Then, Dagn1 > (Dagn2)/?> - > (Dapgnn)'".

Many interesting subsets of N are not bases but asymptotic
bases. For example,

P:={peN|p is a prime number},

Cx .= {n* | ne N} for k > 1,

P2 :={a?b®|a,b €N and a, b > 1}, etc.
are asymptotic bases. Therefore, it is interesting to see whether
Pliinnecke's Theorem can be generalized to some versions involving
other densities.
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Pliinnecke's Inequalities

Definition (3.17)

© The set B C N is a lower asymptotic basis of order h € N if
d(hB) = 1;
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Pliinnecke's Inequalities

Definition (3.17)
© The set B C N is a lower asymptotic basis of order h € N if
d(hB) =1,
@ The set B C N is an upper asymptotic basis of order h € N if

d(hB) = 1;
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Pliinnecke's Inequalities

Definition (3.17)
© The set B C N is a lower asymptotic basis of order h € N if
d(hB) =1,
@ The set B C N is an upper asymptotic basis of order h € N if

d(hB) = 1;

© The set B C N is an upper Banach basis of order h € N if
BD(hB) = 1;
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Pliinnecke's Inequalities

Definition (3.17)
© The set B C N is a lower asymptotic basis of order h € N if
d(hB) =1,
@ The set B C N is an upper asymptotic basis of order h € N if

d(hB) = 1;

© The set B C N is an upper Banach basis of order h € N if
BD(hB) = 1;

@ The set B C N is a lower Banach basis of order h € N if
BD(hB) = 1.
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Pliinnecke's Inequalities

Definition (3.17)
© The set B C N is a lower asymptotic basis of order h € N if
d(hB) =1,
@ The set B C N is an upper asymptotic basis of order h € N if

d(hB) = 1;

© The set B C N is an upper Banach basis of order h € N if
BD(hB) = 1;

@ The set B C N is a lower Banach basis of order h € N if
BD(hB) = 1.

Note that P is an asymptotic basis of order 4 by Vinogradov's
Theorem, or 3 if Goldbach conjecture is true.
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Pliinnecke's Inequalities

Definition (3.17)
© The set B C N is a lower asymptotic basis of order h € N if
d(hB) =1,
@ The set B C N is an upper asymptotic basis of order h € N if

d(hB) = 1;

© The set B C N is an upper Banach basis of order h € N if
BD(hB) = 1;

@ The set B C N is a lower Banach basis of order h € N if
BD(hB) = 1.

Note that P is an asymptotic basis of order 4 by Vinogradov's
Theorem, or 3 if Goldbach conjecture is true. It is also known that
P is a lower asymptotic basis of order 3. P? is an asymptotic basis
of order 3 by a result of Heath-Brown.
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Pliinnecke's Inequalities

Definition (3.17)
© The set B C N is a lower asymptotic basis of order h € N if
d(hB) =1,
@ The set B C N is an upper asymptotic basis of order h € N if

d(hB) = 1;

© The set B C N is an upper Banach basis of order h € N if
BD(hB) = 1;

@ The set B C N is a lower Banach basis of order h € N if
BD(hB) = 1.

Note that P is an asymptotic basis of order 4 by Vinogradov's
Theorem, or 3 if Goldbach conjecture is true. It is also known that
P is a lower asymptotic basis of order 3. P? is an asymptotic basis
of order 3 by a result of Heath-Brown. ( is a basis of order 4 and
(3 is an asymptotic basis of order at most 7.
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Pliinnecke's Inequalities

Definition (3.17)
© The set B C N is a lower asymptotic basis of order h € N if
d(hB) =1,
@ The set B C N is an upper asymptotic basis of order h € N if

d(hB) = 1;

© The set B C N is an upper Banach basis of order h € N if
BD(hB) = 1;

@ The set B C N is a lower Banach basis of order h € N if
BD(hB) = 1.

Note that P is an asymptotic basis of order 4 by Vinogradov's
Theorem, or 3 if Goldbach conjecture is true. It is also known that
P is a lower asymptotic basis of order 3. P? is an asymptotic basis
of order 3 by a result of Heath-Brown. ( is a basis of order 4 and
(3 is an asymptotic basis of order at most 7. Note also that
P, Ci, P? are all have upper density 0.
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Pliinnecke's Inequalities

Theorem (3.18)

Let A, B C N and B be a lower asymptotic basis of order h.
Then )
d(A+B) > d(A) .
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Pliinnecke's Inequalities

Theorem (3.18)

Let A, B C N and B be a lower asymptotic basis of order h.
Then )
d(A+B) > d(A) .

Corollary (3.19)
For any A C N we have
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Pliinnecke's Inequalities

Theorem (3.18)

Let A, B C N and B be a lower asymptotic basis of order h.
Then )
d(A+B) > d(A) .

Corollary (3.19)
For any A C N we have

Q d(A+ P) > d(A)/3;
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Pliinnecke's Inequalities

Theorem (3.18)

Let A, B C N and B be a lower asymptotic basis of order h.
Then )
d(A+B) > d(A) .

Corollary (3.19)
For any A C N we have

Q d(A+ P) > d(A)?/3;
Q d(A+ G) > d(A)¥*;
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Pliinnecke's Inequalities

Theorem (3.18)

Let A, B C N and B be a lower asymptotic basis of order h.
Then )
d(A+B) > d(A) .

Corollary (3.19)

For any A C N we have

Q d(A+ P) > d(A)?/3;
Q d(A+ G) > d(A)¥*;
Q d(A+ G)>d(A)¥7;
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Pliinnecke's Inequalities

Theorem (3.18)

Let A, B C N and B be a lower asymptotic basis of order h.
Then )
d(A+B) > d(A) .

Corollary (3.19)

For any A C N we have

Q@ d(A+ P)>d(A)%3;
@ d(A+ G) > d(A)¥4
@ d(A+ G) > d(A)P/7;
Q d(A+ P?) > d(A)?/3.
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Pliinnecke's Inequalities

Theorem (3.19)

There are A, B C N with d(A) = 3,
d(2B) =1, and B 3
d(A+ B) = d(A).
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Pliinnecke's Inequalities

Theorem (3.19)

There are A, B C N with d(A) = 3,
d(2B) =1, and B 3
d(A+ B) = d(A).

Theorem (3.20)

Let A, B C N and B be a upper Banach basis of order h. Then

1

BD(A + B) > BD(A)' 5.
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Pliinnecke's Inequalities

Theorem (3.19)

There are A, B C N with d(A) = 3,
d(2B) =1, and B 3
d(A+ B) = d(A).

Theorem (3.20)

Let A, B C N and B be a upper Banach basis of order h. Then

1

BD(A + B) > BD(A)' 5.

Theorem (3.21)

Let A, B C N and B be an upper Banach basis of order h. Then,

BD(A+ B) > BD(A) 5.

Renling Jin Nonstandard Analysis and CNT



Pliinnecke's Inequalities

Note that Theorem 3.18 and Theorem 3.20 show that lower
density and upper density are asymmetrical on generalizing
Pliinnecke's Theorem. Theorem 3.21 and Theorem 3.22 look like
following the same pattern but they show also that upper Banach
density and lower Banach density are mildly asymmetrical. Both of
the theorems require B be upper Banach basis.
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Pliinnecke's Inequalities

Note that Theorem 3.18 and Theorem 3.20 show that lower
density and upper density are asymmetrical on generalizing
Pliinnecke's Theorem. Theorem 3.21 and Theorem 3.22 look like
following the same pattern but they show also that upper Banach
density and lower Banach density are mildly asymmetrical. Both of
the theorems require B be upper Banach basis.

We will prove Theorem 3.18 and Theorem 3.21. The arguments
used in the proof of Theorem 3.15 deal with finite intervals of
integers and are purely combinatorial. It becomes messy when the
limit processes for d or BD are involved. Using nonstandard
analysis, we can transfer the limit processes to combinatorial
arguments on intervals of hyperfinite length, which simplify the
proofs.
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Pliinnecke's Inequalities

Proof of Theorem 3.18: Let A and B be in Theorem 3.18 such
that d(A) = « and d(hB) = 1. Without loss of generality, we can
assume 0 < o < 1. Let N be any hyperfinite integer.
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Pliinnecke's Inequalities

Proof of Theorem 3.18: Let A and B be in Theorem 3.18 such
that d(A) = « and d(hB) = 1. Without loss of generality, we can
assume 0 < o < 1. Let N be any hyperfinite integer. We want to
show that

A+ B)NIN] _ |(FA+ "B)N[N]
N N

1
alh

Qv

)

which implies Theorem 3.18 by Proposition 3.5.
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Pliinnecke's Inequalities

Proof of Theorem 3.18: Let A and B be in Theorem 3.18 such
that d(A) = « and d(hB) = 1. Without loss of generality, we can
assume 0 < o < 1. Let N be any hyperfinite integer. We want to
show that

A+ B)NIN| _ [(FA+ "B) N [N]
N N
which implies Theorem 3.18 by Proposition 3.5. Choose hyperfinite
integers N/ < K < N such that (N — K)/N =~ 0 and
(K — N')/(N — N') ~ 0 (for example K = N — {WJ and

1
alh

Qv

)

N =K - LWJ satisfy the requirements).
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Pliinnecke's Inequalities

Proof of Theorem 3.18: Let A and B be in Theorem 3.18 such
that d(A) = « and d(hB) = 1. Without loss of generality, we can
assume 0 < o < 1. Let N be any hyperfinite integer. We want to
show that

A+ B)NIN] _ |(FA+ "B)N[N]
N N

1
alh

Qv

)

which implies Theorem 3.18 by Proposition 3.5. Choose hyperfinite
integers N/ < K < N such that (N — K)/N =~ 0 and

(K — N')/(N — N') ~ 0 (for example K = N — {WJ and
N =K - LWJ satisfy the requirements). Let Co = *AN [K].
Then (|G N[N]|)/N £ «.
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Pliinnecke's Inequalities

Proof of Theorem 3.18: Let A and B be in Theorem 3.18 such
that d(A) = « and d(hB) = 1. Without loss of generality, we can
assume 0 < o < 1. Let N be any hyperfinite integer. We want to
show that

A+ B)NIN] _ |(FA+ "B)N[N]
N N

1
alh

Qv

)

which implies Theorem 3.18 by Proposition 3.5. Choose hyperfinite
integers N/ < K < N such that (N — K)/N =~ 0 and

(K — N')/(N — N') = 0 (for example K = N — {WJ and

N =K - LWJ satisfy the requirements). Let Co = *AN [K].
Then (|Co N [N]|)/N £ c. Next we want to trim Cy so that the
density of the trimmed set in each interval {x,x+1,..., N —1}
for every x < K would not be too large.
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Pliinnecke's Inequalities

We define C inductively for k =0,1,..., N/ — 1 so that

[

N )

|Cn—1 N {x,x+1,...,N—1} <
N —x ~

G26G2 - 2Cy-g, and

for any x < K.
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Pliinnecke's Inequalities

We define C inductively for k =0,1,..., N/ — 1 so that
[

G2G 2 -2 Cyy, N , and
|Cn—1 N {x,x+1,...,N—1} <
N — x ~
for any x < K. Start with Gy. For each k < N’ — 1 let
oo |CON —k N'—k+1,....N—1}|
Cip1 = Chs if = N=N"+k Sa
Cx ~{N'— k}, otherwise.
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Pliinnecke's Inequalities

We define C inductively for k =0,1,..., N/ — 1 so that
[

G2CG2--2Ch-y, N , and
|Cn—1 N {x,x+1,...,N—1} <
N —x ~
for any x < K. Start with Gy. For each k < N’ — 1 let
e |G {N' —k,N'—k+1,....N—1}|
Cip1 = C; if = N—N'"+k <a
Cx ~{N'— k}, otherwise.
It is easy to see that Cp, Cy, ..., Cyr—1 has the desired properties.
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Pliinnecke's Inequalities

We define C inductively for k =0,1,..., N/ — 1 so that
[

G2CG2--2Ch-y, N , and
|Cn—1 N {x,x+1,...,N—1} <
N —x ~
for any x < K. Start with Gy. For each k < N’ — 1 let
e |G {N' —k,N'—k+1,....N—1}|
Cip1 = C; if = N—N'"+k <a
Cx ~{N'— k}, otherwise.
It is easy to see that Cp, Cy, ..., Cyr—1 has the desired properties.

Let Ag = Cpn/—1 and nonempty A’ C Ag be such that

5 _ A+ hB) N[N
o BT A AN

Let z = min A'.

Renling Jin Nonstandard Analysis and CNT



Pliinnecke's Inequalities

Then z < K because Ag C [K]. Hence N — z is hyperfinite,
(BN IN 2|
N -z '

which implies
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Pliinnecke's Inequalities

Then z < K because Ag C [K]. Hence N — z is hyperfinite,
[(h*B) N[N — ]|
N -z

which implies ~ 1. By Lemma 3.16 we have

(Ao + *B) N [N]]|
|Ao N [N]]

|(A/+h*B)ﬂ[N]>1/h

> Day, g1 > (Dag,5.n.0)"" = < |A N [N]]

(z+ h*B) N[N\ "
5( A [N )

> < [(h*B)N[N —z]|/(N — 2) >1/h
~ |AN{z,z+1,....,N—=1}/(N - 2)

1 1/h 1
z <\Aom{z,z+1,...,N_1}|/(N_Z)> ém,
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Pliinnecke's Inequalities

which implies

["(A+ B) N [N]|
N
Ao+ B) NN < JAn Nl 1 o g
- N ~ N al/h ™ '
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Pliinnecke's Inequalities

which implies

"(A+ B)N[N]|
N
Aot B AN M 1
= N ~ N al/h ™~

Since N is an arbitrary hyperfinite integer, Theorem 3.18 is
proven with the help of Proposition 3.5. a
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Pliinnecke's Inequalities

Proof of Theorem 3.21: Let A and B be in Theorem 3.21 with
BD(A) = o and BD(hB) = 1 for some h € N.
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Pliinnecke's Inequalities

Proof of Theorem 3.21: Let A and B be in Theorem 3.21 with
BD(A) = o and BD(hB) = 1 for some h € N.

Theorem 3.21 is trivially true if BD(A) =0 or BD(A) = 1. So,
we can assume that 0 < o = BD(A) < 1.
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Pliinnecke's Inequalities

Proof of Theorem 3.21: Let A and B be in Theorem 3.21 with
BD(A) = o and BD(hB) = 1 for some h € N.

Theorem 3.21 is trivially true if BD(A) =0 or BD(A) = 1. So,
we can assume that 0 < o = BD(A) < 1.

Let n € *N and K be a hyperfinite integer such that
n+[K] C (h*B).
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Pliinnecke's Inequalities

Proof of Theorem 3.21: Let A and B be in Theorem 3.21 with
BD(A) = o and BD(hB) = 1 for some h € N.

Theorem 3.21 is trivially true if BD(A) =0 or BD(A) = 1. So,
we can assume that 0 < o = BD(A) < 1.

Let n € *N and K be a hyperfinite integer such that
n+[K] C (h*B).

Choose N large enough so that (n+ K)/N ~ 0 and
AN (m+ [N])|/N = « for some m € *N.
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Pliinnecke's Inequalities

Proof of Theorem 3.21: Let A and B be in Theorem 3.21 with
BD(A) = o and BD(hB) = 1 for some h € N.

Theorem 3.21 is trivially true if BD(A) =0 or BD(A) = 1. So,
we can assume that 0 < o = BD(A) < 1.

Let n € *N and K be a hyperfinite integer such that
n+[K] C (h*B).
Choose N large enough so that (n+ K)/N ~ 0 and
AN (m+ [N])|/N = « for some m € *N.
It suffices to show that
[FAN (m + [N]) + *B) N (m + [N])|
N

1
al”h

Qv

by Proposition 3.6.
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Pliinnecke's Inequalities

Let Ao = ("AN(m+[N — n— K]) — m. By the choice of N and

Ao we have
[Ao N [N]| ~ o and [(Ao+ "B)N[N]| _ [("A+ "B) N (m+ [N])|
N N ~ N '
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Pliinnecke's Inequalities

Let Ao = ("AN(m+[N — n— K]) — m. By the choice of N and

Ao we have
[Ao N [N]| ~ o and [(Ao+ "B)N[N]| _ [("A+ "B) N (m+ [N])|
N N ~ N '

It now suffices to show that

(Ao + "B) N [N]]
N

1
> al7h.
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Pliinnecke's Inequalities

Let Ao = ("AN(m+[N — n— K]) — m. By the choice of N and

Ao we have
[Ao N [N]| ~ o and [(Ao+ "B)N[N]| _ [("A+ "B) N (m+ [N])|
N N ~ N '

It now suffices to show that

(Ao + "B) N [N]]
N

1
> al7h.

Let A’ C Ay be nonempty such that

5 (A +hrB) N[N
Ao, *B,N,h = A A N]| .
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Pliinnecke's Inequalities

Claim: (A4 h*B) N [N]
+ h*B)N

— Dy 8Hn 2

|A/ N [N]| Ao, *B,H,h ~

Q|+
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Pliinnecke's Inequalities

Claim: (A4 h*B) N [N]
+ h*B)N

— Dy 8Hn 2

|A/ N [N]| Ao, *B,H,h ~

Q|+

Proof of Claim: Let H= |K /2| and let I; = iH + [H] for
i=0,1,...|N/H|] —1, and let

ILN/HJ = |N/H|-H+[N— |N/H]|-H].
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Pliinnecke's Inequalities

Claim: (A4 h*B) N [N]
+ h*B)N

— Dy 8Hn 2

|A/ N [N]| Ao, *B,H,h ~

Q|+

Proof of Claim: Let H= |K /2| and let I; = iH + [H] for
i=0,1,...|N/H|] —1, and let

ILN/HJ = |N/H|-H+[N— |N/H]|-H].

Denote
Z:={li|ie[|N/H]+1] and liNA # 0}.
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Pliinnecke's Inequalities

Claim: (A4 h*B) N [N]
+ h*B)N

— Dy 8Hn 2

|A/ N [N]| Ao, *B,H,h ~

Q|+

Proof of Claim: Let H= |K /2| and let I; = iH + [H] for
i=0,1,...|N/H|] —1, and let

ILN/HJ = LN/HJH—G—[N— LN/HJH]
Denote
Z:={li|ie[|N/H]+1] and NA ;é(b}

Then (A +h*B) N [N]| > |Z] - H
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Pliinnecke's Inequalities

Claim: (A4 h*B) N [N]
+ h*B)N

— Dy 8Hn 2

|A/ N [N]| Ao, *B,H,h ~

Q|+

Proof of Claim: Let H= |K /2| and let I; = iH + [H] for
i=0,1,...|N/H|] —1, and let

ILN/HJ = |N/H|-H+[N— |N/H]|-H].

Denote
Z:={li|i€[[N/H|]+1] and L NA" #0}.
Then (A +h*B) N [N]| > |Z] - H

because H < K /2, every element in A’ is less than or equal to
N—n—K,and H+n+1; C(A +h*B)N[N]if AN 1l; # 0 for
every i =0,1,...,|H/N].
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Pliinnecke's Inequalities

Given a positive standard real €, we have
AN [N]| < [Z] - (e + )H

because |A' N [;|/|l;| < o when |/;| is hyperfinite by Proposition
3.6.
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Pliinnecke's Inequalities

Given a positive standard real €, we have
AN [N]| < [Z] - (e + )H

because |A' N [;|/|l;| < o when |/;| is hyperfinite by Proposition
3.6. Because ¢ is an arbitrary standard positive real number, we

have that , .
(A" + h*B) N [N]| < |Z|- H 1

AAIN FI]aH o
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Pliinnecke's Inequalities

Given a positive standard real €, we have
AN [N]| < [Z] - (e + )H

because |A' N [;|/|l;| < o when |/;| is hyperfinite by Proposition
3.6. Because ¢ is an arbitrary standard positive real number, we
have that

(A" + h*B) N [N]| < |Z|- H B 1

AAIN FI]aH o

This completes the proof of the claim.
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Pliinnecke's Inequalities

Given a positive standard real €, we have
AN [N]| < [Z] - (e + )H

because |A' N [;|/|l;| < o when |/;| is hyperfinite by Proposition
3.6. Because ¢ is an arbitrary standard positive real number, we
have that

(A" + h*B) N [N]| < |Z|- H B 1

AAIN FI]aH o

This completes the proof of the claim.

We continue to prove Theorem 3.21.
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Pliinnecke's Inequalities

Given a positive standard real €, we have
AN [N]| < [Z] - (e + )H

because |A' N [;|/|l;| < o when |/;| is hyperfinite by Proposition
3.6. Because ¢ is an arbitrary standard positive real number, we
have that

(A" + h*B) N [N]| < |Z|- H B 1

AAIN FI]aH o

This completes the proof of the claim.

We continue to prove Theorem 3.21. Combine the arguments
above and Theorem 3.16 we now have
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Pliinnecke's Inequalities

Given a positive standard real €, we have
AN [N]| < [Z] - (e + )H

because |A' N [;|/|l;| < o when |/;| is hyperfinite by Proposition
3.6. Because ¢ is an arbitrary standard positive real number, we
have that

(A" + h*B) N [N]| < |Z|- H B 1

AAIN FI]aH o

This completes the proof of the claim.

We continue to prove Theorem 3.21. Combine the arguments
above and Theorem 3.16 we now have

Ao+ *B)N [N
(A + h*B) N [N]] 1/”> 1
B |A" O [N]| ~ al/h
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Pliinnecke's Inequalities

Hence . .
"(A+B)NI[N]| < [(Ao+ "B) N [N]|
N ~ N
_JAnMl 1
A N ol/h T
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Pliinnecke's Inequalities

Hence . .
A+ B)N N < (Ao + "B) N [N]]
N ~ N
_AonMl 1
~ N al/h ’
which implies Theorem 3.21 by Proposition 3.6. a
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The End of Day Three

Thank you for your attention.
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