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Abstract

This one-week course is for the students with some background in math-

ematical logic in a typical one-semester undergraduate level course on

mathematical logic. In the first two days, we will cover basic ideas, con-

cepts, properties, principles, etc. in nonstandard analysis with some ap-

plications in calculus and finance. In the last two days, we will focus

on applications of nonstandard methods to the problems in combinato-

rial number theory. In the third day, we study some density problems

by working in a simple nonstandard universe. In the last day, we study

van der Waerden Theorem and Szemerédi Theorem related problems by

working in a nonstandard universe with multiple levels of infinities.
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1 Foundation of Nonstandard Analysis
1.1 Introduction

Can we incorporate new real numbers such as non-zero infinitesimals which is non-
zero but closer to 0 than all old non-zero real numbers into our existing number
system?

The geometric understanding of real numbers can be achieved by identifying each
of them with the position of a point on a line relative to a pre-fixed location called
origin on the line with a pre-determined unit length. From the origin and unit one
can naturally generates the set of all integers. It is easy to imagine the addition—
subtraction and multiplication—division in terms of the physical reality. Hence, the
admission of the set of all rational numbers into our number system should not be
controversial. Can we say the same for admitting more numbers beyond rational
numbers?

There have been historical and psychological controversies when mathematicians
tried to admit real numbers beyond rational numbers into existing number system.
In ancient Greece, it costed, according to a legend, the life of Hippasus after he
discovered the secret that v/2 is not a rational number. Pre and during Hilbert’s
time, it was natural to assume that the real line should be complete, i.e., every
bounded nonempty set of reals has a least upper bound. One of the consequences
of the completeness property is, discovered by Georg Cantor, that the set of all real
numbers is uncountable. But since there are only countably many ways to describe
or identify individual real numbers, there should be a lot of real numbers which can



never be identified or described. But why should we assume the existence of these
real numbers? Can we do mathematics without them?

The completeness property adds to the structural beauty of the real number sys-
tem which allows mathematicians to develop real analysis and prove theorems in an
elegant and simple way. It might be fine to develop real analysis without the com-
pleteness property. But that could be much more cumbersome and tedious since the
set of all describable reals has vague boundary.

The completeness property of the real line is an example of mathematical con-
cept as the product of human’s imagination to stretch a pattern of the reality to
create an idealize structure, which in turn offers a better and more efficient tool for
mathematicians to study real physical problems.

There are other examples of this nature. For another example, one can define
an angle between two vectors in four or higher dimensional Euclidean space over
the real field by following the parallel pattern of angles in the three dimensional
space using inner product and Schwarz Inequality. Note that there seems no way
to measure an angle physically between two vectors in a four or higher dimensional
space. However, the angle between two vectors in a four or higher dimensional space
is the key concept used to establish the connection between the value of a correlation
coefficient of a paired data and the linear associativity of the data in statistics.

During the time when calculus was developed in seventeen century, both I. Newton
and G. Leibniz used infinitesimals to create differentiation and integration theory. Due
to lack of logical foundation despite its effectiveness, the admission of infinitesimals
into existing number system for calculus became the target of criticism for potential
inconsistency in the early eighteen century. Clearly, incorporating infinitesimals into
existing real number system, if possible, demonstrates another example of human’s
imagination contributing to the mathematical reality and makes the enlarged real
number system more useful. The problem is how the current real number system
can be enlarged consistently so that the enlarged system satisfies still many useful
properties such as the axioms of ordered field, and contains infinitesimal elements.

Due to the limitation of human’s intuition, it is hard to imagine a positive but
infinitesimal distance between two points. However, we can consider the real number
system from an algebraic point of view. Imagine that the real numbers are pebbles
(or calculi, which is how the branch of mathematics “Calculus” got its name). All
relations and functions on the real field describe merely how these pebbles are related
to each other. Now we just want to add some new pebbles to the collection and gen-
eralize the old relations and functions to the new collection so that the new collection
remains to be an ordered field and some new pebbles act like infinitesimals. Can we
do this consistently and if we can, why mathematicians in nineteen century didn’t



already do this?

There has been a huge progress in mathematical logic since the first half of twen-
tieth century. Based on the compactness theorem in mathematical logic, A. Robinson
in the early 1960s (cf. [23]) proved the consistency of admitting infinitesimals into the
existing real field R so that the expanded system *R is an ordered field and satisfies
all first-order sentences which are true in R. What does the word “first-order” mean?

1.2 First-order Logic and Ultrapower of Real Field

We will limit the breadth of our non-traditional introduction of the first-order logic.
We will touch only the part enough for the purpose of this course.

The language of the first-order logic contains the logical symbols and non-logical
symbols. The logical symbols include logical connectives: =, A, V, —, <+, quantifiers:
V, 3, equality symbol: =, and variables: x, y, 2, .... Logical symbols are used in the
study of all branches of mathematics. A set of non-logical symbols, denoted by .Z,
is for some specific branch of mathematics. For example, the set of symbols

g:{—k’ '7§70717P}P€73

is the language of ordered field, where 4+ and - are three dimensional relation symbols,
< is a two dimension relation symbol, 0 and 1 are constant symbols which can also
be considered as zero-dimensional relation symbols, and P is a collection of other
relation symbols of finite arity. Although P can be assumed to contains +, -, <, 0,1,
we list these arithmetic operation symbols explicitly for clarity. By a language we
mean the set of non-logical symbols. For notational simplicity all non-logical symbols
considered are relational symbols (note that an n-variable function can be identified
with the graph of the function which is an (n+ 1)-dimensional relation and a constant
symbol is a 0-dimensional relation symbol). We do not distinguish each symbol from
its intended interpretation. For example, + represents a three dimensional relation
symbol in the language of ordered field as well as the actual addition in an ordered
field.

Definition 1.1 An Z-formula can be formed inductively by the following two steps.

1. Basic step: The atomic formulas are those in the form of P(T,¢) where
P € L U{=} is a relation symbol with arity m and T represents the k-tuple
(1,22, ...,x1) of variables and € represents the m—k tuple of constant symbols;

2. Inductive step: If ¢ and v are £ -formulas, so are —p, @ N, oV, @ = 1,
w &Y, Y, and Jz .



By the complexity of a formula, we mean the number of steps in Definition 1.1
used to form the formula. The sub-formula ¢ is called the scope of the quantifier V or
3 in the formula Vz ¢ or dz ¢, respectively. The variable x in Vx ¢ or dz ¢ is called
bounded. An occurrence of a variable x is called bounded in an formula ¢ if it is
bounded in a sub-formula Yz or 3z of ¢. An occurrence of a variable z is called
free in ¢ if it is not bounded. We write T for a tuple of variables, and write ¢(Z) to
indicate implicitly that all free variables in ¢ are among the variables in 7.

Definition 1.2 An .Z-model M := (M; PM)pey contains a non-empty base set M
together with the interpretation P C M™ of each relation symbol P € £ with arity
m.

Note that if P is a constant symbol, sometimes denoted by ¢, then PM = ¢M is
an element in M. We sometimes write M for a model as well as its base set. Since
the languages considered in the notes are either the language of ordered field or the
language of set theory, we will omit . when we mention .Z-formula or -Z-model

unless otherwise specific. The word “iff” is an abbreviation of “if and only if.”

Definition 1.3 For each formula ¢(T) and a tuple @ of elements in a model M,
we define M = p(a), i.e., ¢(a) is true in M, inductively on the complexity of the
formula.

~

. @ is an atomic formula P(Z,¢): M = P(a,¢) iff (a,M) € PM;

2. M~ iff M £ g, i.e., it’s not true that M = ¢ (so “=7 means “not”);

3 MEeANYIff M@ and M =1 (so “N” means “and”);

4 MEVY iff M=y or M =1 (so V7 means “or”);

5 M@ = ¢ iff M = ¢ implies M |= 1) (so “=7 means “imply”);

6. MEp oY iff ME (o= Y)W — ) (so “” means “equivalent to”);

7. M EVrp(z,a) iff M = @(b,a) for everyb e M (so V7 means “for every”);
8. M E Jxp(x,a) iff M = p(b,a) for some b e M (so ‘3”7 means “for some”).

Note that by (1), (7), and (8) the intended value in M for a variable z is always
an element of M. This is the reason why we call the logic system above the first-
order logic. When we say a formula, we mean a first-order formula unless otherwise
specified. A formula without free variable is called a sentence. If a model M is given
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and every free variable of a formula () is substituted by an element in @ in M, we
call also (@) a sentence or a sentence with parameters a. So, the truth value of a
sentence in a model is always determined.

It is an easy fact that each formula ¢ is logically equivalent to a formula %, i.e.,
@ and 9 have the same truth value in any model, where 1) does not use any of the
symbols V, —, <>, or V. Hence, it suffices to consider only the formulas using logic
connectives -, A, and quantifier 3 in some of the proofs later on.

Example 1.4 Let £ = {+,-,<,0,1, P}pep be the language of ordered field and
R = (R;+, -, <,0,1, PR)pcp be the usual real ordered field with some extra relations.
Then R is an Z-model. If ¢ is the sentence

Ve,y,z(e <y —xc+2<y-+2),
then R |= .
Note that the sentence above can formally be written as a logic sentence
VaVyVzvuvo (< (z,y) A +(x, z,u) A +(y, 2,v) =< (u,v)).

We will use conventional expressions more often than the formal ones. The reader is
guaranteed that all conventional expressions can be re-written as formal ones.

The following is a familiar sentence in the language of real ordered field which is
not first-order because variable X in the sentence takes a set not an element of R as
its value.

Example 1.5 Let ¢ be the sentence
VX C[0,1]38 (5 is the least upper bound of X).
then ¢ is true in R.

We now construct an ultrapower of R. Let N:={0,1,2,...} and
Z :={0,£1,+2,...}. If n is a positive integer, let [n] :={0,1,...,n —1}.

Definition 1.6 Let X be an infinite set and & be the power set operator. A collection
F C P(X) is called a non-principal ultrafilter on X if for any A, B C X

1. 0 is not in F and every co-finite subset A of X (i.e., X \ A is finite) is in F;

2. if A, B are in F, then AN B is in F;



3. if Aisin F and A C B, then B is in F;
4. if A is not in F, then X \ A is in F.

The existence of a non-principal ultrafilter on an infinite set X is guaranteed by
the axiom of choice. For simplicity we use only a fixed non-principal ultrafilter F
on X := N. In fact, any non-principal ultrafilter on an infinite set X works as long
as it is countably incomplete (F on a countable set such as N is trivially countably
incomplete. )

Definition 1.7 Let M be a model. Let MY be the set of all functions from N to M.
For any f,g € MY define f ~ g if {n € N| f(n) = g(n)} € F. The equivalence class
of f € MM is the set [f] :={g € M| f ~g}. Set MN/F :={[f]| f € M }. The
ultrapower of M modulo F, denoted by MY/F, is a model with the base set MY/ F
and for each relation symbol P, the interpretation of P in MY /F is defined by

[fle P77 iff {(neN| f(n) e P} e F. (1)

For each a € M let ¢, : N — M be the constant function with a unique value a.

If b= (b1,by,...,by), we write [¢] for ([pp,], [b,), - -, [@0,.])-

Definition 1.8 Leti: M — MY /F be the function such that i(a) = [¢,]. The func-
tion 1 is called an elementary embedding associated with the ultrapower construction.

Theorem 1.9 (J. Lo$) Let MN/F be the ultrapower of a model M modulo F. Let
©(Z,b) be a formula with parameters b in M. Then

MYFE o(fl,[o0]) iff {n € N| M= @(f(n),b)} € F.

Proof: If ¢ is an atomic formula P(Z,¢), then the theorem follows from the
definition of PM'/F . If @ is =1, then the theorem follows from Part 4 of Definition
1.6 and induction hypothesis for ¥. If ¢ is ¢ A x, then the theorem follows from Part
2 of Definition 1.6 and induction hypothesis for ) and Y.

Assume ¢ is Iy (2, 7,0). If A:={n € N| M E Jz¢(z, f(n),b)} € F, define
a function g : N — M by letting g(n) be any fixed element in M if n ¢ A, and

g(n) = a, for some a, € M with M |= 9(a,, f(n),b) if n € A. Then

AC{neN|ME¢(g(n), f(n),b)}.

By Part 3 of Definition 1.6 and the induction hypothesis on ¢ we have MYN/F =

¢([9]7 [f]v [¢b])7 which implies MN/f ): 3“?(957 [f]; [¢b])
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On the other hand, if MYN/F |= 3z ¢(x, [f], [¢s]), then there is a g : N — M such

that MYN/F &= (], [f], [#s]). By the induction hypothesis for ¢ we have

Bi={neN| Mk v(gn), 7(n),B)} € F.

So, if n € B, we have M |= Jz ¢ (x, f(n),b). Hence,

BC{neN|Mi3wd(x,[f],[0])} € F

by Part 2 of Definition 1.6. O

Corollary 1.10 Leti: M — MY/F be the embedding defined in Definition 1.8. For
any sentence 90(5) with parameters b in M, we have

M o) iff MY/F = o(i(D)). (2)

Proof: The corollary follows from Theorem 1.9, Part 1 of Definition 1.6, and the

fact that the set {n € N | M | o(¢p(n))} is either N or (§ depending on whether
M = (b) is true or not. 0

The map i satisfying (2) is called an elementary embedding from a model M to
another model M’ = MY/F. In fact, the elementary embedding from M to M’ can
be defined for any two models M and M’ when (2) is true. Denote by M < M’
for the existence of such an elementary embedding from M to M’. If we want to
emphasize that an elementary embedding i : M — M/’ is not surjective, we can
just write M < M’ instead. The statement (2) is also called the transfer principle
between M and M’ = MY /F. The embedding i is often written as * in nonstandard
analysis. For example, a nonstandard analyst may write *A more often than i(A).

Example 1.11 Let *R be the ultrapower of the “standard” real ordered field R mod-
ulo F.

1. *R satisfies the same first-order sentences with parameters from R, in par-
ticular, *R is an ordered field and contains a copy of R as its (elementary)
sub-model. We call real numbers in R the standard real numbers.

2. By identifying each o € R with *ao = [¢o] € *R, we can assume that R C *R.

3. A real v € *R is called an infinitesimal, denoted by r = 0, if |r| < |«a| for every
non-zero o« € R. Two reals r1,m79 € *R are said to be infinitesimally close,
denoted by r1 = 19, if T1 — 1o 1S an infinitesimal.



4. If Id € RN is the identity function, i.e., Id(n) = n for every n € N, then
[Id] € *R and [Id] > r for every r € R. So, *R contains numbers larger than
every r € R.

5. 1/[{d] in *R is a positive infinitesimal;

6. A number N € *N\ N s called a hyperfinite integer. For example, [Id] is a
hyperfinite integer. A hyperfinite integer is infinitely large from the standard
point of view, but is finite from nonstandard point of view.

Proposition 1.12 A real number r € *R is called near standard if |r| < « for some
a € R. If r is near standard, then there exists a unique B € R such that r ~ (3.

Proof: Let S = {y € R |y < r}. Then the set S C R is bounded above by «.
By the completeness property S has a least upper bound 5. It is easy to check that
r ~ (. The uniqueness follows from the fact that two distinct standard reals can
never be infinitesimally close. O

Example 1.13 Let S be the set of all infinitesimals in *R. Then S is nonempty
and bounded above by 1. Note that S does not have a least upper bound. Indeed, if
B > 0 were the least upper bound of S, then [ being infinitesimal would tmply 23
being also an infinitesimal which violates 8 being upper bound of S, and 3 being non-
infinitesimal would imply /2 being also a non-infinitesimal which violates [ being
the least. Fither way we have a contradiction.

The example above shows that R and *R may not share the same truth beyond
the first-order. Besides the transfer principle, the standard part map is another way
to connect *R to R.

Definition 1.14 Let ns(*R) be the set of all near standard reals in *R. We define
the standard part map st : *R — RU{%} by letting st(r) = « for every r € ns(*R)
where « is the unique number in R such that r ~ «, st(r) = oo if r > « for every
a € R, and st(r) = —oo0 if r < a for every a € R.

We would like to present very simple applications of nonstandard analysis to
calculus. Note that the arguments in these applications avoid the use of limit process.

Definition 1.15 Lets: N — R be a standard sequence. The sequence s is convergent
if 's(N) = *s(N') for any hyperfinite integers N, N'.



Theorem 1.16 (Bolzano—Weierstrass)  Every standard bounded sequence con-
tains a convergent subsequence.

Proof. Suppose s is the bounded sequence in [a,b]. Let N € *N\ N. Then
*s(N) € ns(*R). Let L = st(*s(IN)). We show that there exists a subsequence s’ of s
such that s’ converges to L.

For each n € N, if there is an m, € N such that s(m) ¢ (L — 1/n,L + 1/n)
for all m > m, in N, then *s(m) ¢ *(L — 1/n,L + 1/n) for any m > m,, in *N by
the transfer principle, which contradicts st(*s(N)) = L because N > m,. Hence,
(L — 1/n,L 4+ 1/n) contains infinitely many terms of s for each n € N. So, one
can choose m; < mg < --- such that s(m,) € (L —1/n,L + 1/n). Now for any
hyperfinite integers N < N’ we have *s(my), *s(my+) € *(L—1/N,L+1/N). Hence,
*s(my) = *s(myr). This shows that the subsequence s(m;), s(ms), ... is a convergent
subsequence of s. O

Definition 1.17 Let f : [a,b] — R be a standard function. Then,

1. f is continuous at ¢ € [a,b] if for any r € *[a,b] we have r = ¢ implies *f(r) ~
f(e); f is continuous on |a,b] if [ is continuous at every c € |a, bl;

2. f is uniformly continuous on [a,b] if ri = ro implies *f(r1) ~ *f(r2) for any
r1,7r9 € *[a,b].

Theorem 1.18 If a standard function f : [a,b] — R is continuous on |a,b], then f
is uniformly continuous on |a, b.

Proof.  Suppose that f is continuous on [a,b] but not uniformly continuous on
[a,b]. Then, there exist 1,79 € *[a,b] such that r; ~ ro but *f(r1) % *f(r2). Since
r1 & 19 we have st(r;) = st(ry) = ¢ € [a,b]. Since 11 & ¢ & 19, then *f(r) = f(c) ~
*f(ry), which contradicts the assumption that *f(ry) % *f(rs). O

Definition 1.19 Let f : (a,b) — R be a standard function and ¢ € (a,b). The
function f is differentiable at ¢ if there exists an o € R such that

F(e) = st (M) W

r—c
for any r € *R with r ~ ¢ and r # c.

Given a function f: X - Y, a € X, and A C X, we write f(a) for some element
in Y, and write f[A] for the set {f(a) | a € A}.
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Theorem 1.20 (Chain Rule) If the standard function f : (a,b) — R is differen-
tiable at ¢ € (a,b), f[(a,b)] C (o, B), and a standard function g : (a, ) — R is
differentiable at f(c), then g(f(z)) : (a,b) — R is differentiable at ¢ and (g(f(z))). =

J ) F(0). C

Proof: Given any r =~ ¢ and r # c. Since f is differentiable at ¢, there is
an infinitesimal ¢; such that that *f(r) — f(c¢) = (f'(¢) + t1)(r — ¢). Since g is
differentiable at f(c) and *f(r) ~ f(c) there is another infinitesimal ¢, such that

“(9(f(r)) —g(f(e)) = (¢'(f(c)) + t2)(*f (r) — f(c)). Hence, we have

“(g(f(r) = g(f(e)) = (g'(f(e) + 1) (F (r) = f(0))
= (¢'(f(c) + 02)(f'(¢) + t)(r —¢)
= (9 (F())f'(c) + t2f"(c) + 119" (f(c)) + tat1)(r — c),

which implies

o ()=o)

r—=c

= st (¢'(f(0)f'(c) + taf'(c) + t1g'(f () + tat1) = g'(f(c)) ['(c).

O

To deal with integration we encounter the integral operator which is a linear

functional. Therefore, it cannot be handled in *R. We need a structure not only

containing functions from R” to R but also containing the functions of the functions,

the functions of the functions of the functions, etc. This is why we introduce another

model called superstructure to deal with this and many other needs in the next
subsection.

1.3 Ultrapower of Superstructure

The use of superstructure and its elementary extension as the model of nonstandard
analysis appeared in [24] for the first time. Fix a sufficiently large positive integer
n, say n = 100. Let .£ := {€} contain only one binary relation symbol. Given an
infinite set X of urelements, i.e., elements without members, the superstructure on
X, denoted by V(X), is an .Z-model (V(X); €) where V(X) is defined inductively
by letting

V(X,0):=X, V(X,n+1)=V(X,n)UL2(V(X,n))

for every n < 2n, V(X) = V(X;2n), and letting € be the true set theoretic mem-
bership relation on V(X)) as the interpretation of the symbol € in .Z. For notational
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convenience, we don’t distinguish V(X)) for the model from the base set of the model.
We write also V(X,n) for both (V(X,n);€) and V(X,n).

For each element a € V(X) we define the rank of a, denoted by rank(a), by that
if a € X, then rank(a) = 0 and if a € V(X,n+ 1) \ V(X,n) for some number n < 2n,
then rank(a) = n + 1. The rank function on V(X) is bounded by 2n and is definable
in V(X) by a first-order formula.

We assume always that N C R C X. For simplicity, set X = R. Note that
all standard mathematical objects mentioned in the lecture notes have ranks below
n = 100. We set the highest rank to be 2n instead of n for convenience. Note that an
ordered pair (a,b) of real numbers a,b € R can be viewed as the set {{a},{a,b}} €
V(R,2) and a function f : D C R — R can be viewed as a set of ordered pairs in
V(R,2). Hence, f € V(R,3). A linear functional L on functions from R to R is a
set of pairs (f,r) = {{f},{f,r}} € V(R,5). Hence, L € V(R,6). Note also that the
ultrafilter F on N is in V(R, 3).

The superstructure V(R) is often called the standard universe, which means that
all discussion of ordinary mathematical problems at the moment can be conducted
in V(R). Since X is always R in the notes we omit R and write V for V(R). Recall
that F is a non-principal ultrafilter on N.

Definition 1.21 The ultrapower of ¥V modulo F, denoted by *V, is the model

where the base set *V = V(X)N/F and the interpretation *€ of the binary relation
symbol € s defined by letting [f]*€ [g] iff {n € N | f(n) € g(n)} € F for any
[f],lg] € VI(X)N/F. Let * : V — *V be the elementary embedding, i.c., *a = [¢,] for
every a € V.

Note that the real ordered field R is in V. Hence, *R is in *V.

The model *V is called a nonstandard universe, or a nonstandard elementary
extension of the standard universe V.

One of the advantages of using nonstandard methods is to replace a limit ar-
gument, which has a higher set theoretic complexity in the standard model, by an
infinitesimal argument, which has a lower set theoretic complexity in a nonstandard
model. The reader is encouraged to treat all » € *R as urelements instead of equiv-
alence classes of functions from N to R to take this advantage and treat *€ as a real
membership relation.

Formally, assume that elements in *R are urelements with rank 0. Let .# be the
Mostowski collapsing map on *V, i.e., .# (a) = a for every a € *R and

AM(b) :={M(a) | a*€ b}
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for every b € *V \ *R. Then . is an injection and a*€ b iff #(a) € #(b). If
one identifies *V with the image of *) under .#, one can pretend that *€ is the true
membership relation and consider *V as a subset of the superstructure V(*R). Hence,
we can drop the upper-left superscript * from *€ for notational convenience.

Similar to the elements in V), the rank function can also be defined for elements

in *V. Every element in *R has rank 0. It is easy to check that every element in
*V(R,n+ 1)\ *V(R,n) has the rank n 4 1 for n € [2n].

Fix a hyperfinite integer K. Let I' := {2/K | z € *Z} and At =1/K.

An element A € *V which happens to be a set, function, relation, etc. is called
an internal set, function, relation, etc., respectively.

Given an interval [a,b] in V, an internal set T' C [a, b] is called a set of tag points

(with respect to I') if T' contains exactly one element in each subinterval [c, d] where
c,d € I'Nla,b] with d — ¢ = At.

Definition 1.22 A standard bounded function f : [a,b] — R is said to be Riemann
integrable on [a,b] if for any two internal sets T,T" C *[a,b] of tag points, we have

D At f(t)A

teT teT!
If f is Riemann integrable on |a,b], define the integration of f on |a,b] by
/ f(x)dx —st(z “F(t At)
teT

for some internal set T'C *[a,b] of tag points.

Theorem 1.23 Given a standard bounded continuous function g : [0,1] xR — R and
a number a € R, there exists a standard function y : [0,1] — R satisfying Lipschitz
condition such that

y(x) = a+ / " (s, y(s))ds 3)

for every z € [0, 1].

Proof: Let B € R be a bound of g and I' N [0,1] = {ty) < t; < --- <tn}. Define
inductively on n < N such that Y (t5) = a and

n+1 —Oé+z tz,Y (4)
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for n € [N]. Note that Y (¢,) € ns(*R) because g being bounded by B € R implies
*g being bounded by B by the transfer principle. Let y(0) = st(Y(ty)). For each
x € (0,1] let y(x) = st(Y(x~)) where z~ is the largest ¢, <z in I' N[0, 1]. It is easy
to see that y satisfies Lipschitz condition on [0,1]. Indeed, if 0 < z; < 2z < 1 are
standard, then ) ~ At = zy — 2z; and

2y <t;<z,

y(z2) —y(z)l = [st | > gts, Y(6:)AL || < B(za — 21).
2] <t;<zy
Similarly, |Y'(¢;) — Y (¢;)] < Blt; — t;| for t; < t; in ' N [0,1]. We show that y
satisfies (3). By Definition 1.22 the integral at the right side of (3) is infinitesimally

close to a + Y"1 *g(t;, *y(t;))At and the left side of (3) is infinitesimally close to
a+ >0 %g(t, Y (t;))At. Hence, it suffices to show that

> Colta, y(t) — “glts, Y (1)) At = 0.

i=0
If st(t;) = B, then Y(t;) = Y(87) =~ y(B) ~ *y(t;). Hence, n(t;) := *g(t;, *y(t;)) —
9(t;, Y (t;)) =~ 0 by the continuity of g. This verifies (3). O

1.4 Exercises

1. Prove that 1/[Id] is a non-zero infinitesimal in *R as defined in Example 1.11.

2. Prove that a standard sequence s of real numbers being convergent as defined
in Definition 1.15 is equivalent to that s is a Cauchy sequence in the standard
sense.

3. Let f : [a,b] — R be a standard function. Prove that f being continuous at
some ¢ € (a,b) or uniformly continuous on [a,b] in terms of Definition 1.17
is equivalent to that f is continuous at ¢ or uniformly continuous on |[a,b],
respectively, in the standard sense (¢ — § definition).

4. Let f : [a,b] — R be a standard bounded function. Prove that f being Riemann
integrable on [a, b] as defined in Definition 1.22 is equivalent to that f is Riemann
integrable on [a, b] in the standard sense.

2 Basic Methods

In Example 1.13 we mentioned that the nonstandard real field *R does not satisfy
the completeness property and pointed out that the property is not first-order. It is
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also true that a superstructure )V as the model of standard mathematics, contains all
sets in Z(R) as its elements. Note that V satisfies the first-order sentence ¢:

Ve e 2(]0,1])(z has a least upper bound in [0, 1]). (5)
Can we conclude by the transfer principle that the sentence
Vo e Z(*0,1])(z has a least upper bound in *[0, 1])

is true in *VY? Of course, *R in *V should not satisfy the completeness property
because there is no least upper bound of all infinitesimals. Does this cause inconsis-
tency? To clarify the issue we should pay attention to the difference between internal
sets and external sets.

2.1 Properties and Principles

Let A €V be a set with rank < n. A subset A, of A is finite iff there is a bijection in
V between Ay and [n] for some n € N. We denote |Ag| = n for saying that Ay has a
cardinality n. The cardinality function | - | can be extend to a function *| - | from all
*finite subsets of *A to *N. So, *|A;| = n iff there is a bijection in *V between A; and
[n]. For notational convenience, we omit * from *| - |. A set A; is called a hyperfinite
set if |A;| is a hyperfinite integer.

Definition 2.1 FEvery element or set of the form *a for some a € V is called standard
and every element or set a € *V s called internal. If an element or a set is not in
*V, we call it external.

Example 2.2 Recall that R is a subset of *R.
1. Every r € R 1s standard, and *N, *R are standard.

2. For each hyperfinite integer N the sets [N] and [—N, N]| N *R are internal but
not standard.

3. The sets N and R are external subsets of *R.

For Part 2 above let N —1 = [g] where ¢ : N — N and {n € N | g(n) > m} € F
for each m € N. Then *NN[0,[g]] € *V. If 'a = *NN[0,[g]] € *V is standard, then
“a being bounded above in *N implies a being bounded above in N by the transfer
property. This means that a is a finite subset of N. Since = r for every r € R,
we have *a = a which is a finite set contradicting that *a is a hyperfinite set. Hence,
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*N' N [N] is internal but not standard. By a similar reason, the set *R N [—N, N] is
internal but not standard.
Note that the statement V |= ¢ for ¢ being in (5) is transferred to *V to become

V| Ve € *2(*[0,1])(x has a least upper bound in *[0, 1]).

The reader should notice the difference between *22(*[0, 1]) and &?(*[0, 1]). The former
is the collection of all internal subsets of *[0, 1] and the latter is the collection of all
subsets (internal or external) of *[0,1]. So, in *V every internal subset of *[0, 1] has
a least upper bound. Therefore, the set of all infinitesimals in *R is not an internal
set.

For Part 3 above, since every bounded subset of N is finite and has a maximal
element in N, by the transfer principle, every bounded internal subset of *N is finite
or hyperfinite and has a maximal element. But N as a subset of *N does not have a
maximal element. Therefore, N is not internal in *N. By a similar reason, R is not
an internal subset of *R.

Proposition 2.3 (Definability of Internal Sets) Let A € *V be an internal set
with rank(A) < n and ¢(T,b) be a formula with parameters b in *V where T is an
m-tuple of variables. Then

{@eam| Vi ¢@h) (6)
is again an internal subset of A™.

Proof Let A=[f] and b= E Define a function h : N — V by letting

h(n) :=={ae f(n)" |V ¢(@g(n)}

for each n € N. Let B = [h]. Then B is an internal subset of A™. The proposition
follows because

[Pl € B iff {neN|p(n)eh(n)}eF

S
iff {n€ N[V (p(n).gn)}€F iff "V o([p].b)
by Theorem 1.9. O

If a subset B of an internal set A is itself internal, then B can be trivially defined
by the formula x € B with parameter B. So, Proposition 6 says that a subset of an
internal set is internal iff the subset is first-order definable.

A nonempty set U C *N is an initial segment of *N if n € U and m < n imply
m € U for any m,n € *N. For example, N is an external initial segment of *N.
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Proposition 2.4 (Overspill and Underspill Principle)  Let U be an external
initial segment of *N and A be an internal subset of *N.

1. If ANU is unbounded above in U, then A\ U # 0);

2. If A\ U is unbounded below in *N\ U, then ANU # (.

Proof. Part 1: Suppose A\U = 0. Then U = {z € *N | Ja € A(z < a)} is
internal by Proposition 2.3 which contradicts the assumption that U is external. The
proof of Part 2 is similar. O

The overspill and underspill principles are frequently used tools in nonstandard
analysis.

Proposition 2.5 (Countable Saturation) Let A be an infinite internal set in
*V with rank <n and A D By O By D --- be a nested sequence of nonempty internal
sets. Then,

() B # 0.

meN

Proof: Let B,, = [by,] for some b,,, € VY and choose an [f,,] € [b,,]. For eachm € N
let Up :={neN|n>m, f,(n) €b,(n), and by(n) 2 by(n) 2 -+ D by(n)}. Then
Un € F. For each n € N, let m,, :== max{m € N | n € U,,}. Note that m,, exists

because ﬂ U,, = (. Note also that n € U,,,. Let f € VN be a function such that

meN
f(n) = fm,(n) for every n € N. It suffices to show that [f] € [b,,] for every m € N.

Given m € N, let U := {n € N | f(n) € by,(n)}. For each n € U,,, we have

m < m, by the maximality of m,. Since n € U,,,, we have f(n) = f,,. (n) €
b, (n) C by,(n). Hence, n € U which means U, C U. Since U, € F, we have that
U € F, which implies [f] € [by]. O

Countable saturation appeared first time in [19]. It is a key property in the
development of Loeb measure. In Proposition 2.3 and Proposition 2.5 the set A is
assumed to have rank < n because some collection of subsets of A are mentioned
which may have rank greater than n. Since the elements with rank higher than n are
still in ) as long as the rank is < 2n. If the set A has a rank 2n, then some objects
needed will be outside of V. Since all mathematical objects in our applications will
have a rank < n the restriction rank(A) < n will not cause any problem. Although
the rank of some element used in the proofs may not be mentioned, the reader should
understand when it is assumed to have a rank below n.

Proposition 2.5 is still true if the sequence B,, is assumed to satisfy the finite
intersection property, i.e., the intersection of any finite collection of B,,’s is nonempty,
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instead of the sequence being nested. Proposition 2.5 is also true if F is a non-principal
ultrafilter on any infinite set X as long as it is countably incomplete. For any infinite
cardinal k, there exist ultrafilters F such that the ultrapower of ¥ modulo F satisfies
k-saturation property, i.e., any collection of less than x many internal subsets of an
internal set satisfying finite intersection property has a nonempty intersection.

The next two corollaries are trivial.

Corollary 2.6 FEvery internal set A in *V is either finite or uncountable.

Corollary 2.7 Let U be an infinite initial segment of *N. Let {z, € U | n € N} be
increasing and {y, € *N\ U | n € N} be decreasing. Then either {x, € U | n € N}

is bounded above by some z € U or {y, € *N\ U | n € N} is bounded below by some
2 e *N\U.

Corollary 2.8 Let A€ *V and s : N — A be an external sequence. There exists an
internal function S : *N — A such that SN = s.

Proof: For each m € N let
Sp={te V|t: "N— A(t(i) = s(i) for i € [m + 1]).

Note that S,, € *Z2(A™N N *V) is nonempty because it contains at least an internal
function s’ such that §'(i) = s(i) for i € [m+ 1] and §'(i) = s(0) for any i € *N\ [m].
It is easy to see that S,, 2 S,,41. By Proposition 2.5 we can find S : *N — A such
that SN = s. O

Remark 2.9 Note that if s : N — A is an injection, we cannot require that S : *N —
A be an injection in Corollary 2.8. However, if

B:={m e "N| S[[m+1] is an injection},

then B 1s internal and upper unbounded in N. By Proposition 2.4 the set B contains
some hyperfinite integer N. Hence, S | [N + 1] is an injection from [N + 1] to A.
For example, a strictly increasing sequence {r; | i € N} in some interval [a,b] C *R
may not be extended to an internal strictly increasing sequence {r; | i € *N} in [a, b].
Instead, it can be extended to a hyperfinite strictly increasing sequence {r; | 0 < i <
N} for some hyperfinite integer N.
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2.2 Loeb Space Construction

In this course we introduce only Loeb probability space generated by an internal
normalized counting measure on a hyperfinite set. For general approach to Loeb
measure theory the reader should consult some literature such as [18, 25].

Definition 2.10 Let Q be a hyperfinite set in *V and Lo := *P(QQ) be the set of all
internal subsets of ). Clearly, each A € ¥ is a finite or hyperfinite set. For A € ¥

define
§(A) = % € *[0,1] and pa(A) := st(6(A)) € [0,1].

Then, (€2;3,0) is called a normalized counting measure space, and (§2; X, o) is
called a standardized normalized counting measure space.

Definition 2.11 Let (Q; X, uq) be the standardized normalized counting measure
space on a hyperfinite set . For each X C Q where X could be external, the upper
measure and lower measure of X are defined by

Tig(X) == inf{uq(A) | X C A and A € %o} and

po(X) = sup{pa(A) [ X 2 A and A € %o}

Let ¥ = {X C Q| ig(X) = p,(X)}. For each X € X define pa(X) = Hg(X).
Then, (€;3, ug) is called a Loeb probability space, or just Loeb space, generated by
the normalized counting measure on €.

Proposition 2.12 Let (Q2; %, ug) be a Loeb space defined in Definition 2.11. Then,
1. % C ¥
2. pa(Q) =1 and po({x}) =0 for each x € Q;
3. IfYCXCQ XeX, and po(X) =0, thenY € ¥ and pa(Y) =0;
4. If XY € X and Y C X, then ua(Y) < pa(X);

5. Let X C Q. Then, X € X iff X has squeezing sandwich sequences of internal
sets A; and B; for i € N, i.e., (sandwich)

A CACA3C---CXC---CBC B, CB CQ,

and (squeezing) lim puo(Bp \ Am) = 0. Furthermore, if Ay, By, are squeezing
m—00

sandwich sequences for X, then puo(X) = lim pq(Ay,) = lim puo(Bn);
m—r0o0 m—0o0
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6. Let X,Y € .

(4) XUY €5 and jo(X UY) < po(X) + pa(Y);

(b) If Y C X, then X \Y € ¥ and po(X \Y) = pa(X) — pa(Y);
() IF XNY =0, then uo(X UY) = pua(X) + pa(Y);

(d) X\Y €.

7. If X € X, then there exists K € ¥y such that uo(XAK) = 0, where XAK =
(X\K)U (K \ X);

8. If X; € ¥ fori € N is a pairwise disjoint sequence, then

s (U Xi) = pa(X);

€N IS\

9. ¥ is a o-algebra and (; X, pug) is an atomless, complete, countably additive
probability space in the standard sense.

Proof. Part 1 is true because of the definition of lower and upper measure.

Part 2 is true because |Q2]/|2] = 1 and st(1/]€2]) = 0.

Part 3 is true because 0 = Jig(X) > To(Y) > p,(Y) > 0 implies 7ig(Y) =
po(Y) = 0.

Part 4 follows from the fact that if A C B for internal sets A, B € ¥, then
d(A) < H(B).

Part 5: “=": Assume X € Y. For each m € N there are internal sets A,,,, B,, € X
with A, € X C B,, such that §(A,,) > pa(X) —1/m and 6(B,,) < ua(X) + 1/m.
By taking unions of A,,’s and intersections of B,,’s we can assume that A,,’s and
By,’s are sandwich sequences of X. Since 6(B,, \ An) = 6(By) — §(An) < 2/m, we
have that the sequences are squeezing, i.e., lim puq (B, \ An) = 0.

m—0o0

“<": Since po(Bm \ Am) — 0 we have that

m—o0

m— 00

Note that o < p,(X) < Tig(X) < 8. So, p (X) = [ig(X) = pa(X) = a = B, which
clearly implies X € .

Part 6: Let A,, and B,, be squeezing sandwich sequences for X, and A/ and B/,
be squeezing sandwich sequences for Y.
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(a): Since A,, U A/ and B,, U B/, are sandwich sequences of X UY and
(B U B) \ (An U A) € (B \ Am) U (B, \ A,,),
we have that

fin_ (B U By \ (A U A,) < i pia(Bon\ An) + T po(B, \ 47) =0,

m— 00

which implies X UY € ¥ by Part 5 and hence,

pa(X UY) = lim (B, UB,) < lim jia(By) + lim ua(B,) = pa(X) + ().

m—o0

(b): Note that A,,\ B/, C X\Y C B,,\ A/,, which mean A,,\ B! and B,,\ A, are
sandwich sequences for X \ Y. Since (B, \ 4, \ (An\ B.,) € (B \ Am)U(BL\AL,),
we have that A, \ B!, and B,, \ A}, are squeezing. So, X \'Y € ¥ and puq(X \Y) =
lim po(Bp \ Ay,) = Tm po(B) = lim po(A;,) = po(X) = pa(Y).

In particular, we have X¢ € ¥, where X¢:= Q\ X, and uq(X¢) =1 — pug(X).

() T XNY =0, then Y C X Hence, XUY = (X°NY°)° = (X°\Y)® and
po(XUY) =1—(uX\Y)) =1 = (uo(X) —pa(Y)) = 1= (1 — po(X) — pa(Y)) =
po(X) + pa(Y).

(d): X\Y=XnNnY°=(XUY) ek

Part 7: Let A,, and B,, be a squeezing sandwich sequences for X. Let IC,, =
{K € %y | A, € K C B,}. Then, K,, is nonempty, internal, and K, C K,,,. By
Proposition 2.5 there is a K € (,,cy K- Clearly, A,,, B, are squeezing sandwich

sequences for K. Since XAK C B, \ A,,,, we have that uo(XAK) < pua(Bn\An) —
0. So, pa(XAK) = 0.

‘Part‘ 8: By passing to subsequences we can find squeezing sandwich sequences
A%), BY for each X, such that
max{ua (B \ Xo), po(X; \ A)} < na(BR)\ AY)) < 1/2'm.

Note that A{ for i = 1,2,... are pairwise disjoint. For each m € N we can find a
hyperfinite integer N,, such that the sequences {Affl), BY | i € N} can be extended
to internal sequences {A%, BYY | 1 < i < N,,} such that §(BSY \ AY) < 1/2im for
0 <7 < N,,. By Corollary 2.7 there is a hyperfinite integer N < N,, for every m € N.
So, for any m € N and 0 < ¢ < N we have 5(B,(7? \A%)) < 1/2'm. For each m € N let

B, = Uqu? and A, := OA%).
] i=1
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Clearly, A,,, B,, are sandwich sequences of internal sets for X := | J, .y X;. It suffices
to show that the sequences are also squeezing.

Since
> a(Xi) = po <U Xi) <1
i=1 =1
by Part 6, we have that lim 7,, = 0 where T,, := Z po(X;). Given any m’ > m
m—00
1=m+1
in N, we have
m’ 1 m’ m’
1)y <« = (i)
DB <+ Y pa(BIAX)+ Y pa(X)
1=m+1 i=m+1 i=m+1
11 &1 1
<—+— N AT <4 —— AT < +T,
_m+m2:;122+ <o+ — +

So,
e\ ) < (U Q)MQ(OB@

"1 on i 3 1 3 4

i=1 i=1

as m — oo. Therefore, A,,, B,, are squeezing for X which implies X € Y. Note that

Z/m +ug< G Xi>

i=m-+1

N
1 ,
X))+ — | | BY

i=m+1

'ME

<

=1

3 [ee]
1/m( )+ ;ug(

L

(2

as m — 0o, and

po(X) = lim pug(Ay) = T,ELH;OZNQ

m—0o0
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= tim 3 (ua(X) ~ (X \ A) = fim D () - 5 )

2'm
=1
m

= %%;MQ(XZ) - Wlllgéoz 2"1m = ;MQ(X’L)

=1

We conclude that puo(X) = Z o (X;).
ieN
Part 9: ¥ is a o-algebra by Part 6 and 8. (€; X, ug) is complete by Part 3, and
countably additive by Part 8. If X € ¥ with ug(X) > 0, we can find an internal set
A C X such that 6(A) > pua(X)/2 > 0. Since A is *finite, we can find an internal set
B C A such that |A| = 2|B| or |A| = 2|B| + 1. For each case uo(B) = pua(A)/2 and
pa(X \ B) > ua(A)/2. So, (4%, pg) is atomless. O

Theorem 2.13 Let (€2; 3, ug) be a Loeb space on a hyperfinite set Q and f : Q —
RU{=+o00} be a measurable function, i.e., f~1(O) € 3 for any open set O in RU{+oo},
then, there is an internal function F : Q — *R such that for almost all w € Q we

have

Proof: Let U := {O,, | n € N} be a topological basis of R U {f+o00}. For each
O, €U let A, C f71(0,) be increasing with respect to m such that lim uq(A,,) =
m—r0o0

pa(f1(0,)). For each m € N let

G, = {g : U Apm — *R| g is internal and g[A,, ] C *On} :

n<m

It is easy to see that G,, is nonempty, internal, and decreasing. By Proposition 2.5
there is an F € [,y Gm- Note that the set

Z:= ( o0\ U Amm)

neN meN

is a countable union of Loeb measure zero sets. Hence, uo(Z) = 0. For each w € Q\ Z
and O,, e U, if f(w) € O, then w € A, ,, for some m > n. Hence, F(w) € *O,, which
implies st(F(w)) = f(w). O

2.3 Application to Finance

We present an application of nonstandard analysis to finance theory due to Dr. Yeneng
Sun. This application may technically be the simplest one among all Dr. Sun’s con-
tributions to mathematical economics.
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Given two hyperfinite Loeb spaces (2; %, ug) and (¥; I, vy), one can form two
different product measure spaces on {2 x W. The first one is the standard product
measure space. For any two standard probability spaces (2;%, u) and (¥;T,v) a
rectangle is a set of form A x B for some A € ¥ and B € I'. The measure pu X v(A X
B) := u(A)-v(B). Let X x I be the collection of all finite union of disjoint rectangles.
The measure p X v can be trivially generalized to sets in > x I'. Note that

QXU X x T, uxv)

is a finitely additive probability space. By the same process as in Proposition 2.12
the measure p x v can uniquely be extended to the o-algebra o (¥ x I') generated by
> x I'. By including in all subsets of zero-measure sets one can make the measure
i X v complete. The space

(QxTo(Ex W), uxv)

is called the standard product measure space on €2 x V.

The product measure space on 2 x ¥ in the rest of this subsection is different
from the standard one.

Let’s consider the product space of two hyperfinite Loeb spaces (€; %, ug) and
(U; T, vy). Since Q x ¥ is again a hyperfinite set, one can form the Loeb probability
space generalized by the normalized counting measure on all internal subsets of 2 x W.
Denote this Loeb product space by

Qx¥ERT, po @ ve).

Since a finite union of disjoint rectangles is an internal subset of 2 x ¥, we have
that X xI' C ¥ ®I'. Since X®1 is a o-algebra and contains all subsets of zero-measure
sets with respect to g ® vy, we have that

c(ExT)CERT and pg vy o (X XT) = pug X vy.

Theorem 2.14 (Keisler’s Fubini Theorem, Corollary 6.3.17 in [18])
Let (%, pa) and (V; T, vy) be two Loeb spaces. Assume that f: Q x ¥ — R
is an integrable function on the Loeb product space (2 X T, X QT ug @ vy). Then,

1. for vg-almost all y € U, f,(x) := f(z,y) is po-integrable,

2. Fly) = / f(z,y)dug(x) is vy-integrable, and
Q

3 / / oy dua(@dvs(y) = | Fle.y)dua © ve.

QX W
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Imagine that an insurance company has a life insurance policy for people satisfying
certain conditions. Each policy could bring a gain or loss of some values for the
company with certain probability distribution. It is a common sense that if the
identical policy is sold to enough many policy holders and each of these policy holders
lives an independent life, then the company’s financial risk of selling the policy can
be diminished.

How can this phenomenon be mathematically modeled?

Definition 2.15 Fiz a probability space (; 3, ). A random variable is a measurable
function v(w) : Q@ — R.

1. By an individual insurance agent (for example, an insurance policy holder) we
mean a random variable f;(w): Q — R.

2. By an insurance system we mean a function f:Q x I — R such that fi(w) :=
f(w, i) for each i € I is an insurance agent.

To find an idealize the model of the phenomenon, the number of insurance agents
|7| should be infinite. To measure the size of the certain group of agents, there should
be a measure on the set I. Since a measure should be countably additive, the size of
I should be uncountable. For example, the Lebesgue measure on the unit interval of
reals [0, 1] is the measure space on an uncountable set [0, 1].

Definition 2.16 Let (2; %, 1) and (V;T',v) be two probability spaces.

1. A function f : Q x ¥ — R is said to be jointly measurable if f is measurable
with respect to the standard product space (2 x V;0 (X x '), X v);

2. Suppose a function f : Q x ¥ — R satisfies that f(i) = f(w,i) is (¥;T,v)
measurable for almost every w € Q and fi(w) := f(w,7) is (2; X, u) measurable
for almost every i € V. The function [ is almost pairwise independent on U if
for v x v-almost all pairs (i,1') € ¥ x U, the random variables f;(w) and fy(w)
are independent.

Theorem 2.17 (Joseph L. Doob, Proposition 8.3.3 in [18]) Let (£2;X, 1) and
(U; T, v) be two probability spaces and f: Q x ¥ — R be a function such that

1. f is jointly measurable and square-integrable;

2. f is almost pairwise independent on W.
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Then, for v-almost alli € V, the random variable f;(w) is p-almost surely a constant
function.

By Theorem 2.17 there is no non-trivial insurance system can be jointly measur-
able with respect to the standard product of the insurance policy space and the space
of insurance agents which are pairwise independent.

Example 2.18 Let N be a hyperfinite integer and Q = {w | w : [N] — [2]}. Then, Q
is a hyperfinite set and || = 2V. Let (Q; X, ug) be the Loeb space on ). Let W = [N]
and (V; T, vg) be the Loeb space on V. For each i € U let f; : Q@ — R be defined as
fi(w) :=w(i). Then each f; is a 0, 1-valued random variable on Q and

po({w | filw) = 0}) = 1/2.

Fach f; can be viewed as a coin flip.

For any i # i in T, f; and fy are independent and have identical probability
distribution.

Clearly, f(w,i):= f;(w) defines a measurable function on the Loeb product
QXU XTI, puo ®vy) such that all f; are non-trivial.

Theorem 2.19 (Y. Sun, Theorem 8.5.3 in [18])  Let (2; %, puq) and (V; T, vy)
be two Loeb spaces and f :  x W — R be a square-integrable insurance system in
QAUX VU, XTI, uo®@vy). If the insurance agents f; and fi are independent for almost
all (i,1") in ¥ x U, then for almost all w € Q

/ flw,i)dvy = flw,i)dug ® vy = / / f(w,i)duadry.
v TxQ vJa

The theorem above is called the Exact Law of Large Numbers which indicates that
the average pay-off of all insurance agents under particular realization w for almost
all w € € is a constant which is the average pay-off of one agent.

2.4 Exercises
1. Let A be a set in V. Prove that *A = {a | a € A} iff A is a finite set.
2. Prove that an internal set A € *V is either finite or uncountable.

3. Let N be a hyperfinite integer, Q := {j/N | j =0,1,..., N —1}, and (; X%, uq)
be the Loeb space on ). Note that st [€) is a function from €2 to the standard
unit interval [0, 1] (cf. Definition 1.14). Let T :={U C [0,1] | st '[U] N Q € 2}
and \(U) = uq(st™'[U] N Q) for each U € T. Prove that ([0,1];T,\) is the
Lebesgue measure space on [0, 1].
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4. Let (€%, puo) and (U;I', vg) be two Loeb spaces defined in Example 2.18. Let
A:={(w,1) € 2 x V| w(i) =0}

Note that A € ¥ ® I" because A is internal. Prove that ug ® vy (A) = 1/2 and
Ago(XxT).

3 Easy Applications to Combinatorics

An apparent reason why nonstandard analysis should be a useful tool for other fields
of mathematics is that a limit process which involves rank 3 objects in V' such as the
limit of a sequence or a function with real values can be changed to an infinitesimal
argument with rank 0 objects such as infinitesimals in *). So, good candidates for the
applications of nonstandard analysis should be something involving limit processes.
This may be why the density problems receive attention from nonstandard analysts.
The densities introduced in this section are Shnirel’'man density, lower and upper
(asymptotic) density, and lower and upper Banach density.

For two sets A,B C N, let A+ B:={a+b|la€ A and be B}. If A= {a} we
write a + B instead of {a} + B for simplicity. If r,r" € *R, we write r Z r’ for r > 7’
orr~r andr ' forr <rorrxr.

Definition 3.1 Let A C N. The Shnirel’man density o(A), lower density d(A),
upper density d(A), upper Banach density BD(A), and lower Banach density BD(A)
of A are defined by

1 o(A) = g A0 AR
n>1 n
2. d(A) := liminf m;
n—o00 n
8. d(A) := limsup M;
n—00 n
4. BD(A) := lim sup AN (k + [n)) ;
N0 keN n
AN Gk + )]

5. BD(A) := lim inf

n—oo keN n

Remark 3.2 1. In the definition of o(A), we have 1+ [n| ={1,2,...,n}. Hence,
0, in or not in A, does not play any role. If o(A) >0, then 1 € A;
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2. If d(A) = d(A), we say that the (asymptotic) density of A exists and is denoted
by d(A);

8. If BD(A) = BD(A), we say that the Banach density of A exists and is denoted
by BD(A);

NeTal AN (k
4. In the definition of BD(A) the limit of sup AN (& + [n])]

as n — oo always
keN n

ex1sts.
The following Proposition is direct consequences of the definition.
Proposition 3.3 For any A C N we have
0 < min{o(A), BD(A)} < max{o(A), BD(A)} < d(A) < d(A) < BD(A) <1,

Lemma 3.4 Let A C N. Then, BD(A) is the largest real o in [0,1] such that there
exist k,,,n,, € N with n,, — 0o as m — oo such that
[A D (Fm + [1n])]

lim = Q.
m—00 nm

The proof of the lemma is left to the reader.

3.1 Nonstandard Versions of Densities

Proposition 3.5 Let A C N and o € R. Then

*AN[N
1. d(A) > a iff % Z « for any hyperfinite integer N ;
- *AN[N
2. d(A) > aiff % Z « for some hyperfinite integer N.

Proof. Part 1. “=7: Let N be an arbitrary hyperfinite integer. Since for each
€ > 0, there exists an ng € N such that

VneN(n2n0—>|Aﬂ—n[n]|>a—e>.

By the transfer principle, it is true that

*AN
Vn € *N (nzno%%>a—e).
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AN [N]]

Since N € *N and N > ng, we have > a—e€. Since € > () can be arbitrarily

*AN[N
small, we have that |—N[” Z
Part 1. “<”: Suppose d(A) < a. Let o = (a+ d(A))/2, then there is an
ANin;
increasing sequence n; < ng < --- such that Vi € N M < o/). By the
n;
transfer principle the sentence Vi € *N | ————— < o’ | is true in *V. Let N’ be a
n;
AN [N
hyperfinite integer and N := nys. Then, N is hyperfinite and & S o <o
Hence, the right side of Part 1 is false.
The proof of Part 2 is left to the reader. O
Proposition 3.6 Let AC N and o € R. Then
AN (k+ [N
1. BD(A) > «a iff | <N+ V)] Z a for any k € *N and any hyperfinite integer

N;

*A N
40 (l;\[—{—[ )l 2 «a for some k € *N and some hyperfinite

2. BD(A) > o iff
integer N.
Proof. We prove Part 2. The proof of Part 1 is left to the reader.
Part 2. “="”: Given m € N, there exist k,, € N and n,, > m such that
AN (kn m 1
A0 it ]l 1

N, m’

By the transfer principle, we have that for any m € *N there exist k,, € *N and
N,, > m such that

AN (b + [nn])] - 1

N, ““m
Now let m be a hyperfinite integer, k := k,,, and N := n,, > m. Then,
AN+ N 5
N ~

Part 2. “«<”: Assume that BD(A) < a. Let o/ = (a + BD(A))/2. Then, there
exists an ny € N such that the following sentence is true in V:

Vk,n € N <n2n0—> ANk + [n])] go/).

n

By the transfer principle, the following is true in *V:
An(k
Vk,n € *N <n2n0—>| n( +[n])|§o/).

n

Since hyperfinite integers are greater than ng, the right side of Part 2 is false. a
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3.2 By-one-get-one-free Thesis

Shnirel'man density and lower density are most used densities by number theorists.
For example, Shnirel’'man proved that if a set A has positive Shnirel’'man density, then
there is a fixed k such that every positive integer is the sum of at most k numbers
in A. If P is the set of all prime numbers, then A := ({0,1} U P) + ({0,1} U P) has
positive Shnirel’'man density, therefore, every positive integer is the sum of at most
2k prime numbers. This is the first nontrivial result towards the solution of Goldbach
conjecture.
The buy-one-get-one-free thesis is the following statement:

There is a parallel result involving upper Banach density for every existing
result involving Shnirel’'man density or lower density.

The thesis makes sense because of the following two theorems.

Theorem 3.7 If A C N and BD(A) = «, then there is an k € *N and a hyperfinite
integer N such that for pg-almost all n € k + [N] where ug is the Loeb measure on
Q =k + [N], we have d((*A —n) NN) = a. On the other hand, if A C N and there
is a positive integer n € *N such that d((*A —n) NN) > a, then BD(A) > a.

Theorem 3.8 If A C N and BD(A) = «, then there is an n € *N such that
o(("A—n)NN) = a.

To present short proofs of Theorem 3.7 and Theorem 3.8 we borrow the following
Birkhoft’s Ergodic Theorem.

Theorem 3.9 (Birkhoff’s Ergodic Theorem, Theorem 2.3 in [22])

Let (2, %, 1) be a probability space and T be a measure-preserving transformation
from Q to Q. For every f € L1(Q), there exists a f € L1(Q) such that for pu-almost
all v € Q)

n—1
1 k -
Jim ;f(T (2)) = f(=),
where T° is the identity map and T*(z) = T(T*(z)) for every k € N.

Prove of Theorem 3.7 We prove the second part first. Assume that d((*A — k)N
N) > « for some k € *N. For each m € N there exists n,, € N such that

AN+l 1

n m
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for every n > n,,. By Proposition 2.8 there is a hyperfinite integer N’ such that

AN+ 1
n - N’

o
for every n > nxs. Choose N > nys to be hyperfinite. Then,

AN Gk + [N

N ~ O

which implies BD(A) > a by Part 2 of Proposition 3.6.

Now we prove the first part. Assume BD(A) = . By Part 2 of Proposition 3.6
there is a & € *N and hyperfinite integer N such that [*A N (k + [N])|/N ~ a. Let
Q= k+ [N], (;%, uq) be the Loeb space, B := *ANQ, and f : Q@ — R be the
characteristic function of B. Then, f € L1(Q2), i.e., f is integrable. Let T'(n) =n+1
forallne Qn#k+ N —1and T(k+ N — 1) = k. Then T is a measure-preserving
transformation on €. By Theorem 3.9 there is a f € L;(Q2) such that there is a
X C Q with po(X) =1 such that for all n € X we have

_ 1 m—1 ' 1 m—1
f(”):ng{l)oa;f@z(n)):nli_fgoa;f(n—l—i)
_ i BN (A [m])]

m—o0 m

=d(("A—n)NN).

Since f(n) > « implies d((*A — n) NN) > «a which implies BD(A) > « by the first
part, we have that f(n) < « for all n € Q. Since

Lﬁmmig&%;;Lf@%mmm=ij@:mun=m

we conclude that f(n) = a for pg-almost all n € Q. Hence, d((*A — n) NN) =
d((*A —n)NN) = «a for ug-almost all n € €. O

Proof of Theorem 3.8: By Theorem 3.7 we can find k € *N such that d((*A— k)N
N) = «a. For each m € N let n,, :== max{n € N | |(*A — k) N [n,,] < o —1/m}. Note
that n,, exists because otherwise we would have d((*A — k) N N) < a — 1/m. Note
that |(*A — k — n,,) N [n]|/n > a — 1/m for any n € 1 + [m]. By Proposition 2.8 we
can find a hyperfinite integer N such that |(*A — k —ny) N [n]|/n > a — 1/N for any
n € 1+4[N]. This implies that o((*A—k—ny)NN) > a. Since o((*A—k—nx)NN) > «
implies d((*A — k — ny) N N) > a which is impossible by Theorem 3.7 we conclude
that o((FA—k —ny)NN) = a. O.

31



Theorem 3.10 (Mann’s Theorem, Theorem 3 in [9]) Let A,B C N and 0 €
AN B. Then
o(A+ B) > min{o(A) +o(B), 1}.

Theorem 3.11 (Upper Banach Density Version, Theorem 2 in [12])
Let A,B CN. Then

BD(A+ B +{0,1}) > min{ BD(A) + BD(B), 1}.
Definition 3.12 Let B C N. For a positive integer h € N, let
hB = {b1+bg++bh | bZEB fO?” 12172,,h}

1. The set B s a basis if hB = N for some h € N. The least such h is called the
order of B. Clearly, a basis must contain 0;

2. Suppose B is a basis of order h. For each m > 1 let h(m) := min{h' €e N | m €
W' B}. Then, the number

h* :=sup — Zh

n>1 T
15 called the average order of B. Note that h* < h;

3. The set B is an asymptotic basis if N\ hy B is finite for some h, € N. The least
such hgy is called the asymptotic order of B;

4. Suppose B is an asymptotic basis of order h, € N and N\ [ng] C hoB for some
minimal ng € N. For each m > ng let h(m) := min{h’ € N | m € W'B}. Then,
the number

n0+n 1
h;, —llmsup— g h(m
n—oo T
m=ng

is called the asymptotic average order of B. Note that b} < hg;

5. The set B is a piecewise basis if there exists some h, € N such that one can
find a sequence ky, + [my,| with m, — oo as n — oo satisfying

ko + (Ima]) C hp((B = k) NN) + £y,

for every n € N. The least such h, is called the piecewise order of B;
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6. The set B is a piecewise asymptotic basis if there is an h,, € N such that one
can find a sequence ky, + [my,] with m, — oo as n — oo and a number ny € N
satisfying

kn + ([ma] \ [n0]) € hpa((B = kn) NN) + kyy

for every n € N. The least such hy, is called the piecewise asymptotic order of
B;

7. Suppose that B is a piecewise asymptotic basis of piecewise asymptotic order
hpa. Let T be the sequence ky, + [m,] and ng € N such that k, + ([m,] \ [no]) C
hpa((B — kn) NN) + k,, for every n € N. For each m € k, + ([my] \ [no]) let
h(m) := min{h' e N|m e (B — k,) "N) + k,,. Let

kn+mp—1

1
hf = —
" o E h(m) and

i:kn+n0
* . 1: *
h7 :=limsuph, .
n—oo

Then, the number
hy, i=inf{h7 | for all suitable T}
is called a piecewise asymptotic average order of B.

Theorem 3.13 (Rohrback’s Theorem, Theorem 13 in [9]) If B is an asymp-
totic basis of asymptotic average order h’, then for any A C N we have

L gy — d(ay).

d(A+ B) > d(A
d(A+B) > d(4) + o

Theorem 3.14 (Upper Banach Density Version, Theorem 4 in [12]) If B is

a piecewise asymptotic basis of piecewise asymptotic average order hy, then for any
A C N we have

BD(A + B) > BD(A) +

1 — -
-~ BD(A)(1 - BD(4)).

pa
3.3 Pliunnecke’s Inequalities

Theorem 3.13 is a generalization of Erdds’ theorem (cf. [9, Theorem 5]) that if B is
a basis of order h, then for any A C N it is true that

o(A+B)>0o(A)+ %U(A)(l —o(A)).
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Erdés’ theorem is for the study of so-called essential component problems. A set B
is called essential component if o(A + B) > o(A) for any A C N with 0 < 0(A) < 1.
Hence, a basis must be an essential component.

There is another generalization of Erdds’ theorem, which is much more significant
than Theorem 3.13 does. The following generalization of Erdos’ theorem used a
completely different idea from Erdos’.

Theorem 3.15 (Pliinnecke’s Theorem, Theorem 7.10 in [21]) Let B be a ba-
sis of order h. Then, for any A C N we have

SI=

o(A+ B) > o(A)"F.

It is not too hard to show that o(A)'"# > o(A) + %U(A)(l —o(A)) (cf. [21,
Corollary 7.2]).

The key component used in the proof of Theorem 3.15 is a version of Pliinnecke’s
inequality based on graph theoretic argument. The following lemma is a translation
of [21, Theorem 7.4] from the language of graph theory to the language of additive
number theory.

Lemma 3.16 (Pliinnecke’s Inequality, Theorem 7.4 in [21])
Let A;B C N and h,n > 1 be such that AN [n] # 0. For each 1 <i < h define

(A" +iB) N [n]]
A" [

DA,B,n,i:min{ :@#A'QAﬂ[n]}.

Then
Dagni > (Dapn2)/?> > (Dapnn)/"

Many interesting subsets of N are not bases but asymptotic bases. For example,
P :={p € N | p is a prime number}, C}, := {n* | n € N} for k > 1, P? := {a?b® |
a,b € N and a,b > 1}, etc. are asymptotic bases. Therefore, it is interesting to see
whether Pliinnecke’s Theorem can be generalized to some versions involving other
densities.

Definition 3.17 Let B C N.
1. The set B is a lower asymptotic basis of order h € N if d(hB) = 1;
2. The set B is an upper asymptotic basis of order h € N if d(hB) = 1;

3. The set B is an upper Banach basis of order h € N if BD(hB) = 1;
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4. The set B is a lower Banach basis of order h € N if BD(hB) = 1.

Note that P is an asymptotic basis of order 4 by Vinogradov’s Theorem, or 3 if
Goldbach conjecture is true. It is also known that P is a lower asymptotic basis of
order 3. P? is an asymptotic basis of order 3 by a result of Heath-Brown (cf. [10]).
(5 is a basis of order 4 and Cj is an asymptotic basis of order at most 7 (cf. [20]).
Note also that P, C},, P? are all have upper density 0.

Theorem 3.18 (Theorem 1.5 in [14]) Let A, B C N and B be a lower asymptotic
basis of order h. Then
d(A+ B) > d(A)' .

Corollary 3.19 For any A C N we have
1 d(A+ P) > d(A);

2. d(A+ Cy)

v

C_i(A)S/4;'
3. d(A+ Cs) > d(A)%7;
4. d(A+ P?) > d(A)*3,

Theorem 3.20 (Theorem 1.6 in [14]) There are A, B C N with d(A) = 1,

d(2B) =1, and
d(A+ B) = d(A).

Theorem 3.21 (Theorem 1.7 in [14]) Let A, B C N and B be a upper Banach
basis of order h. Then

1

BD(A + B) > BD(A)""#.

Theorem 3.22 (Theorem 7 in [15]) Let A,B C N and B be an upper Banach
basis of order h. Then,

=

BD(A+ B) > BD(A)' .

Note that Theorem 3.18 and Theorem 3.20 show that lower density and upper
density are asymmetrical on generalizing Pliinnecke’s Theorem. Theorem 3.21 and
Theorem 3.22 look like following the same pattern but they show also that upper
Banach density and lower Banach density are mildly asymmetrical. Both of the
theorems require B be upper Banach basis.

We will prove Theorem 3.18 and Theorem 3.21. The reader can find the proofs of
the other two theorems in [14, 15]. The arguments used in the proof of Theorem 3.15
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deal with finite intervals of integers and are purely combinatorial. It becomes messy
when the limit processes for d or BD are involved. Using nonstandard analysis, we
can transfer the limit processes to combinatorial arguments on intervals of hyperfinite
length, which simplify the proofs.

Proof of Theorem 3.18: Let A and B be in Theorem 3.18 such that d(A) = o and
d(hB) = 1. Without loss of generality, we can assume 0 < a < 1. Let N be any
hyperfinite integer. We want to show that

[(A+B)N[N]| _ [CA+ "B) N [N]

1

N N

which implies Theorem 3.18 by Proposition 3.5. Choose hyperfinite integers N’ <
K < N such that (N — K)/N ~ 0 and (K — N')/(N — N') = 0 (for example
K =N — L\/NJ and N' = K — L{‘/NJ satisfy the requirements). Let Cy = *AN[K].
Then (|CoN[N]|)/N £ a. Next we want to trim Cj so that the density of the trimmed
set in each interval {z,z+1,..., N — 1} for every x < K would not be too large. We
define C}, inductively for £k =0,1,..., N’ — 1 so that

Cn_1 N[N

CoDCL DD Criy, w%% and
|CnooyN{z,z+1,...,N — 1} <a
N —=x ~

for any x < K. Start with (. For each k < N' — 1 let

o |CLn{N'—k,N'—k+1,.,N—1}|
Ciy1 = Ck, if = N—N'tk S
Ce ~{N' =k}, otherwise.

It is easy to see that Cy, C1,...,Cn/_1 has the desired properties. Let Ay = Cn/_1
and nonempty A’ C Ay be such that

(A" + h"B) N [N]])

DA07*B,N,}L = |A, ﬂ [N]|

Let z = min A’. Then z < K because Ay C [K]|. Hence N — z is hyperfinite, which
[(h"B) N[N — 2|
N —=z

(Ao + *B) N [N]]
[Ao N [NV]|

implies ~ 1. By Lemma 3.16 we have

(A" +h*B)n [N])l/h

> DAO,*B,NJ > (DA(),*B,th)l/h - ( |AI N [N”
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4%

~
~

<|<z+h*B>m[N]|>”h>< (h*B) N[N — 2]|/(N — 2) )“h
|A" N [N]]) AN {z,z+1,...,N—1}|/(N —2)

\%

Qv

1 Y
%<|A0ﬂ{z,z+1,...,N—1}|/(N—z)) al/h’
which implies

A+ B) NN _ [(Ao+ "B)N[N][ o [AgN[N]| 1

1
P > ol 7w,

N = N YN alh =

Since N is an arbitrary hyperfinite integer, Theorem 3.18 is proven with the help of
Proposition 3.5. O

Proof of Theorem 3.21: Let A and B be in Theorem 3.21 with BD(A) = a and
BD(hB) = 1 for some h € N. Theorem 3.21 is trivially true if BD(A) = 0 or
BD(A) = 1. So, we can assume that 0 < a = BD(A) < 1. Let n € *N and K be
a hyperfinite integer such that n + [K] C (h*B). Choose N large enough so that
(n+ K)/N ~ 0 and |*A N (m + [N])|/N =~ « for some m € *N. It suffices to show

that
|(FAN (m + [N]) + *B) N (m + [N])|

N
by Proposition 3.6. Let Ag = (*AN (m + [N —n — K|) —m. By the choice of N and
Ay we have

al”

=

Qv

A0 N (Aot B) NN _ (A *B) 0 (m o+ [N])
N N ~ N ’
It now suffices to show that
o+ B)N[NY & oy
N ~

Let A" C Ap be nonempty such that D, «gnp = (A + h*B) N [N]|/|A N [N]|.

Claim:
(A" + h"B) N [N]|
| A" N [N]|
Proof of Claim: Let H = |K/2] and let I; = iH +[H] fori =0,1,... [N/H| -1,
and let I\y/y) = |[N/H|-H + [N — |[N/H]-H|. Denote

1
= Day,BHh 2 —
e

T:={L|ic[|[N/H|+1] and I, N A" # }.

Then
(A" +nr"B)N[N]| > |Z|- H
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because H < K/2, every element in A’ is less than or equal to N —n — K, and
H+4n+I1L; C(A4+h*B)N[N]if AANI #0for every i =0,1,...,|H/N]. Given a
positive standard real €, we have

|A'OIN]| < |Z] - (o + ) H
because |A' N 1;|/|I;| 5 o when |I;| is hyperfinite by Proposition 3.6. Because € is an
arbitrary standard positive real number, we have that

(A"+h*B)N[N]| o |Z|-H 1

AN RIZl-aH o

This completes the proof of the claim.

We continue to prove Theorem 3.21. Combine the arguments above and Theorem
3.16 we now have

(Ao + "B) N [N]]

Z Dy, - > (Dy,. - 1/h
Ay N [N]| 2 Day BNy > (Dag,*BN)
_ (@B NN\
- | A" [N]] ~al/n
Hence
A+ B)NN][ 5 [(Ao+ "B)NN]| o [AN[N]| 1 s
N ~ N ¥ N alh” ’
which implies Theorem 3.21 by Proposition 3.6. O

3.4 Exercises

1. Let A C N. Prove that the limit of the sequence

A
o sup A0 G+ [n])
keN n

as n — 0o exists.
2. Prove Lemma 3.4.
3. Prove Part 2 of Proposition 3.5.

4. Prove that Theorem 3.14 using Theorem 3.13 and By-one-get-one-free Thesis.

38



4 Hard Applications to Combinatorics

There have been many recent applications of nonstandard analysis to Ramsey type
problems in combinatorial number theory (cf. [4, 5, 6, 16].) One of the characteristics
of these new applications is the use of multiple levels of infinities. We will first
construct nonstandard universes with multiple levels of infinities and then solve some
combinatorial problems in these nonstandard universes.

4.1 Multiple Levels of Infinities and Ramsey’s Theorem

Our first goal in this subsection is to construct a sequence of nonstandard universes
and two types of correspondent elementary embeddings satisfying some nice proper-
ties.

Proposition 4.1 There exists a sequence of nonstandard universes
Vo=V <V <V =<V, <"

and elementary embeddings
im,n : Vn — Vn+1

for all 0 < m < n in N such that

1. Ng:=N and N,11 == i, n(N,) D i n[N,] =N, is an end-extension of N, i.e.,
every number in N, 1 \ N, is greater than any number in N,,, forn =10,1,...;

2. U Ng \ Ng1] SNy \ Ny, fork=m+1,m+2,...,n;
3. imn(z) =z for every x € Ny, and iy [ Vi = iy for m <k < n;

4 i T Vit Vi Ri—ig1, Riy) = (Vg1 Riipo, Riey1—g) is an elementary embed-
ding where (Vi; Re_111, Rp—y) and (Vir1; Re_i12, Rer1-1) represent the models Vy,
and Vi1 augmented by unary relations Ryy1_, Ry & Vi and Ry 9, Rpy1 &
Vi, respectively, form <k <nand2 <[ <k—m;

Recall that the ultrafilter F is fixed after Definition 1.6. Let Vy := V, Fy = F,
V) = *V be the ultrapower of V; modulo Fy, and iyp¢ := * be the elementary
embedding from )V, to V; constructed in Definition 1.21. Note that Fy € V.

Let Fy :=ip0(Fo) € V1. By the transfer principle we have that F; satisfies Parts
1 — 4 of Definition 1.6 for any A, B € V, with X = N; := iy0(Ny) and co-finite is
replaced by co-hyperfinite in V;. We call F; a V;—internal non-principal ultrafilter on
N;. Notice that igo(Z(Np)) = Vi N P (N;) and

i0.0(Pang(No)) = Vi N Poyy,(N;) := {ACN; | Ae V, AIN € Ny (A C [N])}.
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If an e-formula ¢ is coded by a finite sequence of numbers in Ny, then ipo(p) = ¢.
Without loss of generality we can identify i o[Vo] with Vy so that V), is an elemen-
tary submodel of V.
Let Fj := Fy and Nj := Ny. We use ' to indicate the different location where F
and Ny are used. To form an ultrapower of V; modulo F{, we obtain an elementary
extension

f ! % '0 / 0 N6 /
Vo o= (V0 ) Fy, €)= VO [ Fy = (VYo o) ) Fy (7)

and associated elementary embedding ip; : Vi — Vs as we did in Definition 1.8 and
Corollary 1.10. By applying Mostowski collapsing map again we can assume that e
is the real membership relation € and N; C Ny := i 1(N;). Note that Ny and 401 [Ny]
are not the same even after Mostowski collapsing. Let’s call V? 0 /Fb the external
ultrapower of V; modulo F.

If N; had been identified with i0,[N;], then Ny won’t be an end-extension of Nj.
Therefore, we should look at V5 from a different angle.

Definition 4.2 The V;-internal ultrapower of Vi modulo F, is the model with the
base set Vi NV, = {[f]r | f € V)" and f €WV}, where

frrg iff {neNyi | f(n) =g(n)} € Fi and

[.f]]ﬁ = {g € Vi\h ARZ ’ fN]ﬁ g}a
and the membership relation €5 defined by

[fl7 €2 [9l7 if {n €Ny [ f(n) € g(n)} € Fi.

The map i1, : Vi — (V' OV /Fy with iy 1(c) = [¢c) 7, is the elementary embedding
from V; to (VFI NV1)/F1 associated with the Vi -internal ultrapower of V, modulo the
Vi -internal ultrafilter Fi.

By applying Mostowski collapsing map again we can assume that €5 is €. An
element a € V, is called Vs-internal. An element a € V5 is called V;-internal if
a € i1 [V1]. Recall that (V' NV))/Fy; €) is the Vi-internal ultrapower of V; modulo
Fi.

Note that the Vi-internal ultrapower of V; modulo F; is really the same as the
external ultrapower of V; modulo F|. Indeed, we can make two-step ultrapower
process in two different order. In the external ultrapower of V; modulo F{ we view
the ultrapower modulo Fy to get V; first and the ultrapower of V; modulo Fj the
second. If we view the two-step ultrapower process by taking the ultrapower modulo
Fy first, Ny and Fy in Vp become Ny and Fj, respectively, and V§ ® because the

40



collection VFI N V; of all Vi-internal functions from N; to V;. Hence, the process
of taking ultrapower of V, modulo Fj is lifted into V; to become the V;-internal
ultrapower of V; modulo F; to complete the second step. Symbolically, we have

Vy = (W) F)™ JFy = (VN nw) /R (8)
— (Vo) )" 170 1 (W ) [ (Fo® [ ).

Roughly speaking, (8) shows that one can change the order of ultrapower of Vy
construction steps first modulo Fy and then modulo F| to the order that first modulo
Fi and then modulo Fy = igo(Fo).

By applying the transfer principle to the statement that every bounded function
from Ny to Ny is equivalent, modulo Fj, to a constant function, we have that every
bounded V;-internal function from N; to Ny is equivalent, modulo F7, to a constant
function. So, if [f]7 € Ny and f(n) < m € Ny for every n € Ny, then f is equivalent,
modulo F, to [¢.]F for some ¢ € Ny, which implies [f]# € Ny. So, Ny :=14;1(N;) D
i11[N;] = Ny is an end-extension of N;. Note that i [Ng = i11 [Ng = dgo. If Vs is
considered as the external ultrapower of V;, then N; can be identified as NON6 JF} in
(7).

It is easy to check that the elementary embeddings i, %01, %1,1 satisfy Proposition
4.1 except Part 4, which is irrelevant.

In fact, V5 can be viewed as one-step ultrapower of 1V, modulo the tensor product
of Fo and F}, (cf. [1, Proposition 6.5.2]) where

FoFy={ACNygx Ny |[{n eNy|{neNy|(n,n)e A} € F}eF}

is a non-principle ultrafilter on Ny x Nj. This indicates that Vs is countably saturated
and elements in V, can be represented by the equivalence class, modulo Fy ® F, of
functions f: Ny x Nj — V.

Now consider a three-step ultrapower construction. Let F{ := Fy, N := Ny, and
Fy:=1i11(F1) € Vo. Then

Vs = (VN ) Fo)  Fy)™8 | = vyt | oy (9)
= (VI n W) RN N V) /F = (B 0/ F, (10)
= (V" W)/ F)N V) F = (V20 W) ) F. (11)

The ultrapower in (9) results in the associated elementary embedding igs : Vo —
V3. The ultrapower in (10) results in the associated elementary embedding i; 5 :
Vo — V5. And the ultrapower in (11) results in the associated elementary embedding
22 Vo — V3. After applying Mostowski collapsing map we can again assume that
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N3 := 41 2(Ny) D Ny = 45 5]Ny] and Nj is an end-extension of Ny. We can also assume
that Vo, C Vs via i99. It is also easy to check that igo [ Vi = d01 and dp2 [ Vo = i0y0.
Similarly, we have #15 [ Vi = i;1. Note that Part 4 in Proposition 4.1 follows from
the fact that (Vs;Rq,Ry) is the ultrapower of (Va; Ry, Rg) modulo F{. Hence, igs is
an elementary embedding from (Va; Ry, Rg) to (V3; Ry, Ry).

The validity of the remaining properties in Proposition 4.1 for 4,, » with m =0, 1, 2
is left for the reader to check.

In general, we can use the same idea to iterate the ultrapower construction. Given
0 < m < n, if we iterate the ultrapower construction m times internally (cf. (11))
followed by iterating ultrapower construction n — m times within V,, “externally”
(by viewing V,, as the “standard universe” ) we obtain the elementary embedding
immn @ Vn — Vpy1. These i,,,’s satisfy the four parts in Proposition 4.1. For more
detailed discussion of iterating ultrapowers the reader may consult [16, §2].

The second gaol of this subsection is to present a probably the simplest proof of
Ramsey’s Theorem as a testing case for working within a nonstandard universe such
as V,. In the remaining part of this subsection let [X]* := {S C X | |S| = k} for any
set X and k € Ny. A coloring of a set Y with 7 colors is a function ¢ : Y — [r]. A set
Z C'Y is monochromatic (with respect to ¢) if ¢[ Z is a constant function.

Theorem 4.3 (Ramsey’s Theorem) Let k,r € Ny. If ¢ : [No]¥ — [r] is a coloring
of [No]* with at most r colors, then there exists an infinite set H C Ny such that [H]*
is monochromatic.

Proof: Work within Vi,. Let 21 = [Idy, |7 € N1 \ Ng and x4 = dgx_1(z;) for
j=1,2,...,k—1. Then T = {x1,x,...,2,} € [N;J¥. Note that z; is the equivalence
class represented by the identity map Idy;_, : N;_; — N;_;.

For convenience we denote still ¢ for the extension of ¢ from [N;]¥ to [r] in V;. Let
¢(T) = ¢p. We construct a sequence A = {ap < a1 < ---} C Ny inductively such that
cl[AUT]® = o.

Suppose that A,, := {ag, ..., an_1} has been found that c[[A,, UT]*¥ = cy. Note
that the sentence

dy e Ny (y > -1 and ¢ [Am U {y} U {i07k_1($1)7 c. ,2'07]9_1(Ik_1)}]l: = CO)
is true in (Vi; R;) where y is witnessed by ;. Hence,
Jy € Nog (y > a1 and c[[An U{y} U{zs, ...,z 11 = o) (12)

is true in (Vx_1;Rg) by Part 4 of Proposition 4.1. Let y = a,, € Ny be the witness of
the truth of (12) in Vy_; and A,y1 = A, U {an}. It suffices to show the following
claim.
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Claim: c[[A,;1 UT]* = ¢.

Proof of Claim: Let b = {b; < by < --+ < by} € [Ans1 UT]F. We show that
c(b) = co.

If by, < a1, then c(b) = co by (12). If by = x1, then ¢(b) = ¢(T) = ¢;. So, we
can assume that by € Ny and by, = 2. Let p = max{j € 1+ [k] | z; € b}. Then
p <k, b, =xy forsomel <j <porb, €Ny, and b; =z, for j =p+1,... k.
Let p" == 01if b, € Ny or p' = j' if b, = x; for some 1 < 57 < p — 1. Note
that ip’,k—l(bj) = bj for j S p. Note also that Z'p/7k_1(ZL’j_1) = io,k_l(xj_l) = bj for
j=p+1,...,k because iy ;_1(x;_1) is an equivalence class represented by Idy,_,.
So, i]}}k_l(l_)) € [Ay1 U{ay, .. 5 7x_1}]* and hence, c(z';/}k_l(g)) = ¢g. By the transfer

principle for 7, ,_; we have ¢(b) = c¢p. This completes the proof of the claim as well
as the theorem. O

4.2 Multidimensional van der Waerden’s Theorem

The multidimensional van der Waerden’s Theorem is also called Gallai’s Theorem.
Fix a dimension s and let [n]® = {(z1,%2,...,25) | z; € [n] for j =1,2,...,s}. A
homothetic copy of [n]® is a set of the form

HCj 4y :=d+d[n]® ={ad+dZ| ¥ € [n]*}

for some @ € N* and d € N, d > 0. The subscript n in HCj 4, will be omitted after
it is fixed.

Theorem 4.4 (T. Gallai) Given any positive r,n € Ny, one can find an N € Ny
such that for every coloring c : [N]* — [r] there exists @,d such that HCz 4, C [N]*®
and ¢ | HCgz 4, = co for some cq € [r].

The proof of Theorem 4.4 in this subsection is inspired by the proof of the one-
dimensional version in [17].

Proof: Fix n € Ny. Let < be the lexicographical order of HCj 4. For each 0 <
[ < n®let HC; 4(1) denote the [-th element of HC; 4 under <. Note that HC7 4(0) = a.

Let ., (r, N) be the following first-order sentence:

Ve : [N]S — [7’] HHCad - [N]S decg € [7’]
(c(HCz4(l)) = ¢o for 1 =0,1,...,m). (13)

It suffices to prove the following claim.
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Claim 1: Let 0 < m < n®. For every r € Ny there exists an N € Ny such that
©m(r, N) is true in V.

Note that the claim when m = n® — 1 is Theorem 4.4. It suffices to prove the
claim by induction on m < n® — 1. Call HCz 4 in (13) monochromatic up to m with
respect to c.

Proof of Claim 1. The case for m = 0 is trivial.

Assume that the claim is true for m — 1. We prove that the claim is true for
m < n’.

Given r € Ny, the task now is to find N € Ny such that ¢,,(r, N) is true in V.

Work within V,;1. Choose any N, € N,,1\N,. It suffices to prove that ¢, (r,2N,)
is true in V, by the transfer principle.

Fix ¢ : [2N,]* — [r]. It suffices to find a HCz4 C [2N,]* which is monochromatic
up to m with respect to c.

Choose any N; € N; 1 \N; for j =0,1,...,7 — 1. Since N, is an end-extension
of Ny, the number r2Y5-1)° is infinitely smaller than N;. Note also that N; + N, ; +
-+ Ny <Nj+1.

For any Z,y € [N,]° we say that ¥ and ¢ have the same 2N;-type if for any
Z € [2N;]* we have ¢(Z + 2) = ¢(y + Z), i.e., the color patterns of # + [2N,]* and
¥ + [2N;]* with respect to ¢ are the same.
Since the first-order sentence
(V’I"/ € No) (VN € Nl \ N()) gom,l(r’, N)
is true in (V1;Np), the sentence

(Vr' € N;) (VN € Njjp \N;) @1 (', N)

is true in (V;11;N;) for j = 1,2,...,r by Part 4 of Definition 4.1. In particular,
Om1(r®Ni=0" NJ) is true in V; 4 for j =1,2,...,7.

Since the number of different 2/N;_;-types is at most rNi—)® for any b+ [N;]®
we can find HC3, 4, C b+ [N;]* such that HCj, 4, is monochromatic up to m — 1
with respect to 2N;_;-types, i.e., HCg 4,(I) for [ = 0,1,...,m — 1 have the same
2N;_;-type. So, we can now find a sequence of homothetic copies of [n]*

HCq, 4., HCy ., HCZ, 44

r—1,dr—19 *

such that

e HC3 4, C [N,)® is monochromatic up to m — 1 with respect to 2N, _;-types;
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o HCz. 4., C [N,_1]° such that HC3z 4 (0) + HCz, |4, , is monochromatic up
to m — 1 with respect to 2N, _o-types. Note that HCj, 4, (1) + HC3, , 4, ,(l') for

0 <[,/ <m — 1 have the same 2N, _s-type;

® HCET—Q,dr—z g [NT_Q]S such that HC&}-,d,»(O) + HCET_th_l(O) + HC@’T_27dT_2 is
monochromatic up to m—1 with respect to 2N, _s-types. Note that HCz, 4,.(1)+
HCs, a4 ,(I')+ HC; 4, ,(") for 0 < [,I',)l" < m — 1 have the same 2N, _5-
type;

e HCz 4, C [N1]® such that ZHC'@MJ.(O) + HC3, 4, is monochromatic up to

j=2

m — 1 with respect to 2Np-types. Note that ZHC@.’% (l;) + HCg, a,(11) for
=2
0<1,l,...,l, <m — 1 have the same 2Ny-type;

C [N]* such that ZHCdj,dj(O) + HCj, 4, is monochromatic up to

J=1

o HC;

0,do

m — 1 with respect to coloring ¢. Note that ZHC&‘J.@J-(Zj) + HC3, 4,(lo) for
j=1
0<lpl,...,l, <m —1 have the same c-value.

Define HC; 4 ®© HCyz ¢ := HCq 4 atq. Clearly, for any | < n® we have
For each j =0,1,...,r let

37]- = HCdde (0) 4+ -+ HC&’j,dj (O) -+ H05,717dj71<m) + -+ HCﬁo,do (m)

J

Since there are 7 4+ 1 many y;’s and r colors, there must exist 0 < j; < jo < r such
that ¢(yj,) = c(y,). Let
D= HC,;mdr (O) + -+ HOanth (0) (14)
+HC;, 4, , @ ®HCz, 4
+HCﬁj1—1,dj1—1(m) +o Tt HCEo,do (m)
Then D is a homothetic copy of [n]®.

Claim 2: The homothetic copy D of [n]* in (14) is monochromatic up to m — 1
with respect to c.
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Claim 1 follows from Claim 2 because D(0) =y, and D(m) = ¥, have the same
c—value and hence, the homothetic copy D of [n]® is monochromatic up to m with
respect to c.

Proof of Claim 2: By the construction of HCj, 4, we have that

r J2—1
> HCy,4,(0) + > HCy 4, (1)
J=Jj2 J=i

for 0 <1 <m — 1 have the same 2N;, _;-type. Note that

j1i—1

EZ: Z HCFz'j,dj (m) € [2le,1]s.
j=0

Hence,
D(l) = HCET,dr (0) + -+ HC,;].deQ (0)
+HCdj271,dj271 (l) + -+ HCajl dj, (l) +0b
for { =0,1,...,m — 1 have the same c—value. This completes the proof of Claim 2,
Claim 1, and the theorem. O

4.3 Szemerédi’s Theorem

Szemerédi’s Theorem is the center of attention in additive combinatorics for many
years which has attracted many prominent mathematicians.

Theorem 4.5 (E. Szemerédi, 1975 [26]) If D C N has a positive upper density,
then D contains a k—term arithmetic progression for every k € N.

Szemerédi’s Theorem confirms a conjecture of P. Erdés and P. Turdn made in
1936, which implies van der Waerden’s Theorem.

Nonstandard versions of Furstenberg’s ergodic proof and Gowers’s harmonic proof
of Szemerédi’s Theorem have been tried by T. Tao (see Tao’s blog post [28]). In Au-
gust 2017, Tao gave a series of lectures to explain Szemerédi’s original combinatorial
proof and hope to simplify it so that the proof can be better understood. He believed
that Szemerédi’s combinatorial method should have a greater impact on combina-
torics.

During these lectures Tao challenged the audience to produce a nonstandard proof
of Szemerédi’s Theorem which is noticeably simpler and more transparent than Sze-
merédi’s original proof. However, in his later blog post [29], Tao commented that “in
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fact there are now signs that perhaps nonstandard analysis is not the optimal frame-
work in which to place this argument.” We disagree. The paper [16] was written to
meet Tao’s challenge and showed that with the help of a nonstandard universe with
three levels of infinities, Szemerédi’s original argument can be made simpler and more
transparent.

The main simplification in the proof in [16] comparing to the standard proof in
[26, 27] is that a Tower of Hanoi type induction in [27, Theorem 6.6] or in [26, Lemma
5, Lemma 6, and Fact 12] is replaced by a straightforward induction, which makes
Szemerédi’s idea more transparent. To achieve this, V3 (see Proposition 4.1) is used
which supply three levels of infinities, plus various elementary embeddings from V;
to V; for some 0 < j < j' < 3.

In this subsection we will do the following: (1) assume a weak regularity lemma
and derive a nonstandard form of mixing lemma; (2) prove Theorem 4.5 for k = 3;
(3) prove Theorem 4.5 for k = 4, (4) prove Theorem 4.5 for any k. The reason to
present the proof for £ = 3 and k = 4 is to show how the level of difficulties arises.

Let’s fix some notation. The Greek letters «, (3,7, €, etc. will represent standard
real numbers unless otherwise specified. All unspecified sets mentioned are either
standard or Vj-internal for j = 1,2, or 3. If m,n € N3, we write m < n if m € N;
and n € Nj; \ N;y_; for some 0 < j < 5/ < 3. For example, 1 < n means that n is
hyperfinite. The words “arithmetic progression” will be abbreviated to “a.p.” The
length of an a.p. p, denoted by [p|, is the number of the terms in p. A finite a.p.,
often with length k, will be denoted by p, g, r, etc. and an a.p. of hyperfinite length
will be denoted by P, @, R, etc. If P (or p) is an a.p., the I-th term of P is denoted by
P(l) for any 1 <[ < |P|. By k-term a.p. or just k-a.p. we mean an a.p. with length
k. If both p and g are k-a.p., let r :== p @ ¢ be the k-a.p. such that r(I) = p(l) + ¢(I)
for 1 <[ <k.

The following standard lemma is a consequence of Szemerédi’s Regularity Lemma
in [26]. The proof of the lemma can be found in the appendix section of [27].

Lemma 4.6 Let U, W be finite sets, let € > 0, and for each w € W, let E, be a
subset of U. Then there exists a partition U = U, UUy U ---UU,, for some n. € Ny,

and real numbers 0 < ¢,., < 1 in Ry for u € [n] and w € W such that for any set
F CU, one has

[FNEy| =) cunlF NU|| < €U
u=1

for all but e|W| values of w € W.

For the mixing lemma we introduce some notion for slightly broader sense of Loeb
measure, as well as strong upper Banach density in V;.
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Definition 4.7 Let 0 < j < j' < 3. For any two numbers v, € R; we write
r;raf r—1'| < 1/n for every n € N;j. If r € nsj(R;) where ns;(Ry) is the
set of all near standard elements when considering V; as the “standard” universe (cf.
Definition 1.12), denote st;(r) for the unique number o € R; such that r ~; o. For
any bounded set A C N; and n € Nj denote

0n(A) = % € Ry and 1 (A) == st;(6,(A)).

Notice that d,, is a Vj-internal function while p/, are often external functions but
definable in (V;;;R;), i.e.,

. 1

If AC Q and | = H, then uy(A) coincides with the Loeb measure of A in Q
(Definition 2.11). The term 0y is often used for an internal argument.

Definition 4.8 Let 0 < j < 7' <3 and A C N, with |A| € N; \ N; the strong upper
Banach density SD?(A) of A in'V; is defined by

SD(A) := sup; {,ufp‘(A NP)||P| €N\ Nj} . (15)

The letter P above always represents an a.p. and sup; represents the least upper bound
in R; U{£oo} of a subset of R; inV;. If S C Ny has SDI(S) =n € R; and A C Ny,
the strong upper Banach density SD% of A relative to S is defined by

SDY(A) := sup, {ﬂfpl(A NP)||P| € Ny \N;, and uly (SN P) = n} . (16)

Note that if Szemeredédi’s Theorem is true, then SD(A) > 0 implies SD(A) = 1.
However, we haven’t proven the theorem yet. Similar to Proposition 3.6, we can
derive some nonstandard version of strong upper Banach density.

Proposition 4.9 Let 0 < j < 5/ < 3. Given A C S C Ny with |A] € Nj \N; and
a,n € R; with 0 <a <n<1. Then the following are true:

1. SDI(S) > n iff there exists a P with |P| € Nj \N; and ,uljpl(Sﬂ P)>n;

2. If SDI(S) = n, then there exists a P with |P| € N/ \N; such that ,u|jP|(SﬂP) =
SDI(SNP)=mn;

3. Suppose SD?(S) = 1. Then SDL(A) > « iff there exists a P with |P| € Ny \N;,
pip (SN P) =mn, and pijp (AN P) > a;
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4. Suppose SDI(S) = 1. If SDL(A) = a, then there exists a P with |P| € N \ N,
such that pip (SN P) =n and p/p (AN P) = SDgp(ANP) = a.

Proof:  Part 1: If SD?(S) > n, then there is a P, with |P,| € N; \ N; such that
dip, (SN P,) >n—1/n for every n € N;. Let

1
A= {nENj/]EIPQNj/ (\P|2n/\(5|p|(SﬁP)>n——>}.
n

Then A is Vj—internal and A N N; is unbounded above in N;. By Proposition 2.4,
there is a J € A\ N;. Hence there is an a.p. P; C N such that |P;| > J € Ny \ N;
and Ojp, (SN Py) >n—1/J =; n. Therefore, u‘jPﬂ(S N Py) > n. On the other hand,
if ,u‘JP‘(S N P) > n, then SD?(S) > n by the definition of SD? in (15).

Part 2: If SD?(S) = n, we can find P with |P| € N; \ N; such that ufp|(5ﬂ P) =
W > 1 by Part 1. Clearly, n = SD7(S) > SD’(S N P) > plp (SN P) = n by the
definition of SD’. Hence n =1/

Part 3: If SD(A) > a, then there is a P with |P| > n such that |§p(S N P) —
n| < 1/n and ép(ANP) > a —1/n for every n € N;. By Proposition 2.4 as in
the proof of Part 1 there is a P; for some J € N; \ N; with |P;| > J such that
‘5|PJ‘(SQPJ) —n| <1/J and 0|p,| (AN Py) > a—1/J, which implies H|JPJ|(SQP) =17
and pt/p (AN Py) > a. On the other hand, if yyp (SN P) =n and pip (AN P) > a,
then SD%(A) > a by the definition of SDY in (16).

Part 4: If SD%(A) = a, then ,u{m(SﬂP) =n and ,u‘jp|(AﬂP) =o' > « for some P
with |P| € N;;\N; by Par‘g 3. Clearly, a = SDL(A) > SD%p(ANP) > pfp|(AﬂP) =
o/ by the definition of SDY. Hence a = o/. O

The uniformity of A € [N] when uy(A) = SD(A) will be useful.
Lemma 4.10 Let0<j < j <3. Given NJH ¢ Ny\N;, H < N/2, and C C [N]
with ph(C) = SDI(C) = o € Ry, for each n € Ny, let

1
Do = {xe [N—H]||0g(CN(z+[H]) —a| < E} (17)
Then there exists a J € Ny \ N; such that /,LgV_H(DJ’H’C) =1.

Notice that Dn,H,C Q Dn’,H,C if n Z n.

Proof: Fix N, H, and C. The subscripts H and C'in D,, i ¢ will be omitted in the
proof. If st;(H/N) > 0, then for every x € [N — H] we have u};(x + [H]) = a by the
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supremality of a. Hence the maximal J with J < H such that |05 (AN(z+[H]))—a| <
1/J for every x € [N — H] is in N;/ \ N;. Now D; = [N — H| works.

Assume that st;(H/N) = 0. So, uly_p and )y coincide. If dy(D,,) ~; 1 for every
n € Nj, then the maximal J satisfying |dn(D;) — 1| < 1/J must be in N; \ N; by
Proposition 2.4. Hence 1 (D) = 1. So we can assume that u/(D,) < 1 for some
n € N; and derive a contradiction.

Notice that for each = € [N — H], it is impossible to have 1, (C' N (x + [H])) >
o = SDI(C) by the definition of SD’. Let D,, := [N — H]\ D,. Then ) (D,) =
1 — 1 (D,) > 0. Notice that « € D,, implies 65 (C N (z + [H])) < o — 1/n. By the
following double counting argument, by ignoring some V;-infinitesimal amount inside
st;, we have

a = st; (%;&V(C’ — y)) = st; <ﬁ ZZXC(ZE +y)>

= st; (LH ; ;Xc(az + y)) = st; (% ;5H(O N (z+ [HD)>
_ s, %EGD (0 (e + [H]) + ZD 54(C 1 (x + [H)))

which is absurd. This completes the proof. O

Suppose 0 < j<j <3, N>H>1inN;,,UC[N], ACSCIN],0<a<n<
1, and = € [N]. For each n € N let &(z, a,m, A, S, U, H,n) be the following internal

statement:
0p(x+ [H))NU) -1 < 1/n,

0p((x + [H])NS)—n| < 1/n, and (18)
0p((x+[H))NA) —a| < 1/n.
The statement &(z, v, m, A, S, U, H, n) infers that the densities of A, S, U in the interval

x + [H] go to a,n, 1, respectively, as n — oo in N;. The statement £ will be referred
a few times in Lemma 4.18 and its proof.

The following lemma is the application of Lemma 4.10 to the sets U, S, A simul-
taneously.

Lemma 4.11 Let 0 < j < j <3. Let N e Ny \N;, U C[N], and A C S C [N]
be such that i\ (U) = 1, ph(S) = SD(S) =1, and ph(A) = SDL(A) = « for some
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n,a € R;. For any n,h € Ny let
Gppn ={r €[N —=h] | Vy =&z, a,n A S U hmn)} (19)
(a) For each H € N \ N; with H < N/2 there exists a J € Ny \ N; such that
pn-u(Gon) = 1;
(b) For eachn € N;, there is an h,, € N; with h, > n such that Sxy(Gpp,) > 1—1/n.
Proof: Part (a): Applying Lemma 4.10 for U and S we can find Jy, Jo € N\ N;
such that p)y_,(Dy, mo) =1 and py_ gy (D oas) = 1 where D, ¢ is defined in (17)

and « is replaced by 1 for U and n for S. Let G’ := Dy, yuv N Dy, us. For each
n < min{Jy, Jo} let

G = {xe[N—H}|§H(Aﬂ(x+[H]))>a+%}, and
Gl = {xE [N—H]|5H(Aﬂ(at+[H]))<a—%}.

Notice that both @Z and G, are Vy—internal. If ug\,_H(@/TIL) > 0 for some n € Nj,
then G. NG # 0. Let o € G. N G'. Then we have 13,(S N (zo + [H])) = 7 and
15, (AN (2o + [H])) > a4 1/n, which contradicts SD%(A) = a. Hence Sn_n(Gh) ~; 0
for every n € N;. By Proposition 2.4 we can find .J, € N;/\N; such that 1,_,(G.) =
0 for any n < Jy. If ply_,;(G") > 0 for some n € N;, then /ﬂfo(@;/n) > ( for some
m € N; by the fact that @y (A) = a. Hence dy_p(G") =; 0 for every n € N;.
By Proposition 2.4 again we can find J_ € N \ N; such that i}, (G”) = 0 for any
n < J_. The proof is complete by setting J := min{Jy, Jo, J,,J_} and

G = (DsauNDrms)\ (@f} UG?7).

Part (b): Suppose Part (b) is not true. Then there exists an n € N; such that
ON-n(Gnp) < 1 —1/n for any h > n in N;. By Proposition 2.4 there is an H €
N, \ N; such that dy_p (G, g) < 1—1/n. By Part (a) there is a J > n such that
1t _ (G ) = 1. We have a contradiction because n < .J and hence G ;5 C G . O

Notice that for a given n one can choose h,, to be the least such that dn (G, p,) >
1 —1/n in Lemma 4.11 (b). So we can assume that h, is an internal function of n.
Hence we can assume that G, ;, is also an internal function of n.

We often write st for stg, p, for 42, and SD for SDY. One can derive a so-called
mixing lemma from Lemma 4.6.
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Lemma 4.12 (Mixing Lemma) Let N € Njy\Ny, ACSC[N], 1< H < N/2,
and R C [N — H] be an a.p. with |R| > 1 such that

un(S) = SD(S) =1 >0, pun(A) = SDs(A) = a > 0, (20)

pa((x+[H))NS)=n, and pu((z+[H])NA) = (21)

for every x € R. Then the following are true.

(i) For any set E C [H] with ug(E) > 0, there is an © € R such that

pa(AN (z+ E)) > ap(E);

(11) Let m > 1 be such that the van der Waerden number I' (3™, m) < |R|. For any
internal partition {U, | n € [m|} of [H] there exists an m—a.p. P C R, a set
I C [m] with pg(Ur) = 1 where Uy = |J{U,, | n € I}, and an infinitesimal € > 0
such that
0u(AN (x4 U,)) — adg(Uy,)| < edn(U,)

foralln €I and all z € P;

(i1i) Given an internal collection of sets {E, C [H] | w € W} with |W| > 1 and
pa(Ey) > 0 for every w € W, there exists an x € R and T C W such that
ILL|W‘(T) =1 and

pa(AN (z + Ey)) = apn(Ey)

for every w € T.

Proof:  Part (i): Assume that (i) is not true. For each x € R let r, be such that
du(AN(E+2z)) = (a—7;)dy(E). Then r, must be positive non-infinitesimal. We can
set 7 := min{r, | * € R} since the function z + 7, is internal. Clearly, the number
r is positive non-infinitesimal. Hence ég(AN (E + 1)) < (a —r)dy(F) for all = € R.
Notice that by (20) and (21), for ug—almost all y € [H] we have pyz (SN (y+R)) =
which implies that for py—almost all y € [H] we have pygp (AN (y+ R)) = a. So

auH HZ|R|ZXA x+y |R]Z ZXAm(E+x)($+y)

TER z€ER y=1

|R| Z a—71)0g(E) = (0 —1)05(E) ~ (o — st(r))uu(E) < auy(E),

z€ER

which is absurd.
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Part (ii): To make the argument explicitly internal we use 0y instead of pp. For
each t € Ny, z € R, and n € [m] let

1 if dp((z+U,)NA)
c(r) = 0 if (a — %) on(Uy,) <
-1 if og((x+U,) NA)

> (04 + %) 01 (Un),
Sr((x+Up) N A) < (a+1)6u(U,),

and let ¢ : P — {—1,0,1}I™ be such that ¢!(z)(n) = ¢ (v). For each t € Ny, since
the van der Waerden number I'(3™,m) < |R|, there exists an m-a.p. P, C R such
that ¢'(z) = !(2') for any z,2’ € P,. For each « € P, let

L7 = {nem]|d(x)(n) =1},

I; = {n€m]|(z)(n) = -1}, and

I = [m]\ (L7 UI;), and

U = UlUnInel},
U~ = WU{U,|nel}, and
U: = [HI\ (U V).

Clearly, og((x + U; )N A) < (a—1/t)0g (U, ) because U, is a disjoint union of the
U,’s for n € I;. Since t € Ny we have that pg(U; ) = 0 by (i) with P; in the place
of R and U, in the place of E. Notice that dg(AN (z + U;Y)) > (a+ 1/t)6g(U;").
Since @ > ug(AN (x4 U)) > (a+ 1/t pug(U), we have that ug(U;7) < 1, which
implies pg(Uy) > 0. If pug(U;F) > 0, then dg(AN (z + U")) > (a+ 1/t)0x(U;")
implies pg (AN (x+Uy)) < apg(U;) for all o € P, which again contradicts (i). Hence
wr(U;T) = 0 and therefore, 65 (U;) > 1 — 1/t is true for every t € Nj.

Since the set of all t € N;s with 65(U;) > 1 — 1/t is Vy—internal, by Proposition
2.4 there is a J > 1 such that 65 (U;) > 1 —1/J ~ 1. The proof of (ii) is completed
by letting P := Py, [ := 1;, and Uy := U}.

Part (iii): Choose a sufficiently large positive infinitesimal e satisfying that there
is an internal partition of [H] = Uy U U; U --- U U,, and real numbers 0 < ¢, ,, <1
for each n € [m] and w € W such that the van der Waerden number T'(3™,m) < |R],
and for any internal set F' C [H| there is a Tp C W with |[WW \ Tr| < || such that

[FNEy| =) cnulFNUL|| < eH (22)

n=1
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for all w € Tr. Notice that such e exists because if € is a standard positive real, then
m = n, is in Ny. From (22) with F' being replaced by [H] we have

| Ew| — ch,w|Un‘

n=1

<eH (23)

for all w € Tj). By (ii) we can find a P C R of length m, a positive infinitesimal ¢,
and I C [m] where, for some = € P,

:=Ane[m] [ |0n((z+Un) N A) = adu(Un)| < €101 (Un)}

(I is independent of the choice of z), and V := |J{U,, | n € I} with uy(V) = 1. Let
I'=[m]\ I and V' = [H] \ V. Then for each w € T := Tiy N T{ A—2)n(m] We have

0(AN (2 + Ey)) — adp(E,)]
1
SE AN (z+ Ey,)| — Z Crw| AN (24 Uy)

ne[m]

+1) . nwlAN (@ + UL = D cnwalU

nelm] nem]
+ | Z Cnw|Un] — Z | Ew|
ne[m] i€[m]

1
Set o ;Cn,w€1|Un| + 20 (V') + e

<e+edy(V)+20u (V') + ae = 0.

Hence pug (AN (z + Ey)) = app(Ey,) for all w € T. Notice that pyw((T) = 1 because
e~ 0 and pyw|(Timy) = pw|(Tiana-2)) = 1. O

The set S in Lemma 4.12; although seems unnecessary, is needed in the proof of
Lemma 4.18.

Szemeredi’s Theorem for k = 3:

Theorem 4.13 (K. F. Roth, 1953) IfU C N and SD(U) > 0, then U contains
nontrivial 3-term arithmetic progressions.

Proof:  We work within V;. The elementary embedding iy is represented by *
for notational convenience.
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Let a = SD(U). Then a > 0. Let P C N; be an a.p. with |P| > 1 and
pp|(*U N P) = o. Without loss of generality we can assume that P = [N]U{0}. Let
A = *UN|[N]. It suffices to find a 3-a.p. in A.

Let H=|N/6| and S = [N — H|. Notice that {0} U(H +[H])U(2H +2[H]) C S.
For each t € [H] let

Q={q¢C[H]|qisa3ap.,ql) e AN[H], and ¢(3) =t}

and E; = {q(2) | ¢ € Q;}.

Notice that pg(E;) = a/2 > 0 because p(1) —t must be even and the density of
A in an a.p. of difference 2 and length > | N/16] is also a. By (iii) of Lemma 4.12,
there is an [ € [H] and T C [H] with puy(T) = 1 such that

pa(AN(H+ 1+ Ey)) = a?/2
for all t € T'. Since 2H + 2l € S and py(T) = 1, we have
pr(AN(2H +20+T)) =a > 0.

Let ty € T be such that 2H +20+ty € AN(2H +21+1T'). Let po = {0, H +1,2H +2[}
and qo € Qy, with H+1+qo(2) € AN(H+1+ E,). Then py@® qp is an 3-a.p. Clearly,
po(3)+qo(3) = 2H21+ty € (2H+214+T)NA C A, po(2)+q0(2) € (H+14+E,,)NA C A,
and po(1) + qo(1) = ¢q(1) € A by the definition of E;,. Note that there are at least
a?H/2 many 3-a.p. ¢’s in Qy, with py @ ¢ C A. O

Szemeredi’s Theorem for k = 4:

We again work in V;. If one wants to count the number of 4-a.p.’s such that all
but the third (or second) term of the a.p. are in a set A, then the same idea of the
proof of Roth’s Theorem can be used to prove the following lemma.

Lemma 4.14  Let N > 1, A C [N] be such that uy(A) = SD(A) = a > 0, and
H = |N/8|. There exists an interval xo + [H] C [N], a set T C xy + [H] with
:LLH(T) = 1; and

Pe:={p S [N]|p is a {-ap.,p(1),p(2) € A, and p(4) =t}
such that pg(P;) = a*/3 for each t € T.

The reason why the number of 4-a.p.’s in A is > o?H/3 instead of a*H/2 as in
Theorem 4.13 is that for a 4-a.p. p with p(4) = t fixed, p(4) —p(1) should be a multiple
of 3 in order to guarantee that p(2) and p(3) are integers.
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Lemma 4.15 Let N > 1, B, S, C [N] be such that B C S,,, un(S,) = SD(S,) =
v > 11/12, un(B) = SDg (B) = B > 0. There exists an interval xo+ [ N/24]] C [N]
and a set T C xo+[|N/24|] with pin/2u(T) > 1—=12(1—=7), and a collection of 4-a.p.’s
{pe | t € T} such that p,(1),p:(2) € B, pi(3),pe(4) € Sy, and p,(3) =t for eacht € T

Proof Let H := [N/8]. Notice that py(S,N(x+[H])) = vand ug(BN(z+[H])) =B
for every x € [N — H]. Let Q be the collection of all 4-a.p.’s in [H]. For each
w e [[H/3],[2H/3]] let

@ ={qe Q|q(1) € B and ¢(3) = w}

and B3 = {q(2) | € Q).
We have that puy(E3) = /2. For each w' € [H] let

R ={¢€ Qlq(l) € B and q(i) = w'}

and F', :={q(2) | ¢ € R}
for i = 3,4. Clearly, ug(F!,) < B.
By (iii) of Lemma 4.12, there isan [ € [H], W3 C [|H/3], [2H/3]] with pug(W3) =
1/3, and W' C [H] with pg(W?) = 1 such that
2

pa(BN(H+1+E2)) = - and pa(BN(H+1+F)) <3

for all w € W3 and w’ € W' fori = 3 or 4. Clearly, py(((i—1)H+(i—1)I+W*)NS,) =
v for v = 3 or 4.
Let T3 := 2H + 2l + Ws. For each t = 2H 4 21 +w € T° let

P, :={p isad-ap. in[N]|p(l) € BN[H],p(2) € BN(H+1+ E?),p(3) =t}
and P:= | ] P,
€T3

Notice that ug(P;) = pg(BN(2H + 20+ E3)) = %/2 for each t = 2H + 2] +w € T3.

A 4-a.p. p € Pis called good if p(i) € S, N ((1 —1)H + (i — 1)l + [H]) for i = 3,4.
Let P, be the collection of all good 4-a.p.’s in P. A 4-a.p. p € P is bad if it is not
good. Let Py := P\ Py. Let T7 := {p(3) | p € Py}. Then T C S,. We show that

1

ua(Ty) = 3 = 4(1 =),

Notice that P, C {J,_s ,{p € P | p(1) € BN[H],p(2) € BN (h+1+[H]),p(i) € S, }.

Hence A
Pl <> > |

=3 w! €[H]~(Sy—(i—1)H—(i—1)])
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4
<> | X IEM+ > IFL|

=3 \w'e[H\W? w' €WIN(Sy—(i—1)H—(i—1))

So [Py = [P = [P

4

>SNl -0 0 Y E - > |F]

teT? i=3 \w/e[H]\Wi W EWin(Sy—(i—1)H—(i—1)1)

Hence we have

. B 1 1
pr (1) - 5 =5tz > E'Pt|

3
teTs

> st (el ) = st (0171 - 7))
> st (% > |7>t|)

teT3
1 4
—stlE2 | 2 Fle > |FL|
=3 w'E[HNW? W EWi(Sy—(i—1)H—(i—1)l)
3 1 32
> pu(T%) - 5 =200 =9)-f* = (3 -4 -7 ) - 5,

D . 1
which implies ,uH(Tg?’) > 3~ 4(1 — ). Hence pn/24(T;) > 1 — 12(1 — v) because
H = [ N/8]. Now the lemma is proven if we set xo := 2H + 21+ |H/3|, T := T, and
choose one p, € P, such that P;(3) =t for each t € T.. O

Remark 4.16 The argument for showing pyyu(Ty) > 1 —12(1 — ) is from [27,
Page 34].

Theorem 4.17 (E. Szemerédi, 1969) I[fU C Ny and SD(U) > 0, then U con-
tains nontrivial 4-term arithmetic progressions.

Proof Let N > 1 and A C [N] be such that puy(A) = SD(A) = a > 0. Same as in
the beginning of the proof of Theorem 4.13, it suffices to find a 4—a.p. in A. For each
n,j € Ny let

Sin = Az € [N =n] [ pn((z + [n]) N A) > o = 1/j},
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Then lim py_n(S;,) = 1 by Lemma 4.11. So, for all sufficiently large n € Ny we
n—oo

have that v;, := SD(S;,) > 11/12. Let R;, be an a.p. in [N] with difference d and
|Rjn| > 1 such that wg, (R, N Sjn) = vjn. For each 7 C [n] let

Brni= {2 € [Rin] | AN (2 +[n]) =2+ 7).

Then there is a 7; such that g, ,|(Bj.) = Bj,n > 0 because n is finite where B;,, :=
Brn. Let Pj, € Rj;, be an a.p. of difference d' = dm for some positive integer
m with |Pj,,| = N > 1, un/(Pjn N Sjn) = Vjn, and pn(Pj, N Bj,) = Bjn. Let
¢ : P;, — [N'] be the affine map p(r) = (r — min P;,,)/d + 1. Applying Lemma
4.15 to [N'] for 8" = ¢((S;n) N Pj,), and B' = ¢(B;, N P;,), and then pulling back
through ¢!, we obtain zo+d' [||Pj.|/24]] C P, and T, C 2o+ d' [||Pj.al/24]] with
pntj24(Tsn) > 1 = 12(1 = 7;,), and there exists a collection of 4-a.p.’s P;, = {p: |
t € Tj,} such that p,(1),pi(2) € Bjn N Pjn, pe(3),pe(4) € Sjn N Pjyy, and pe(3) =t
for each t € T ,,.

By countable saturation we can find fixed hyperfinite integer H and then J such
that vy :=yypm ~ 1, P:= P;y with |P| > 1,5 :=S5,, B:=B;g C S, T :=Tyn,
and Pyg = {p: | t € T} such that p,(1), P,(2) € B, p:(3),p:(4) € S, and p,(3) =t for
eacht € T.

Notice that un_p(S) =1, T C xo + d' [[|P]/24]], pypj2a(T) =1,y =1, 2,y € B
implies ((z+[H])NA)—z = ((y+[H])NA)—y, and x € S implies py((xz+[H])NA) = a.
It may be the case that jp|(B) = 0. But the existence of the collection P g = {p, |
x € T} is guaranteed by countable saturation.

Since pn/24(T) = 1, we can find an a.p. of P’ C T of difference d’' with |P’| >
1. Let P := {p, € Pyu | t € P'}. Notice that for each p, € P’ we have that
pe(1),p:(2) € B, pt(3) =t € 5, and p,(4) € S.

Let 79 := ((x + [H]) N A) — « for some x € B. Then pug(m) = a because B C S.
By Lemma 4.14 with N being replaced by H, A being replaced by 7, we can find
vo -+ (LH/S)) C [H], Tq C o+ [|H/8J] with ur(Tg) = 1/8,

Qu = {q € [H] | ¢(1),¢(2) € 70, and p(4) = w},

and E,, = {q(3) | ¢ € Q,} such that uy(FE,) = o?/24 for each w € Tg.

By (iii) of Lemma 4.12 there is an 2’ € P and Tg, C Ty with uy(Tf) = 1/8 such
that pg((2' + Ey) NA) = apg(Ey) = o /24 for each w € Tj,.

Fix p,s € P'. Since p,/(4) € S, we have that jy((p.(4) +T5) N A) = /8. Hence
there is a w € Tg, such that p(4) +w € A. Let g, € Qy. Then py(4) + q,(4) =
pw(4) +w € A. Notice that py(3) + ¢u(3) € (v + E,) N A C A. Notice also that
(1), pr(2) € B imply AN (pwr(i) + [[H/8]]) = pw(i) + 79 for i = 1,2. Hence
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P (i) + qu(i) € pw(i) + 79 C A for i = 1,2. Therefore, p,s @ ¢, is a nontrivial 4-a.p.
in A. O

Szemerédi’s Theorem for all k£ > 5:

We work within V%, in this section except in the proof of Claim 1 in Lemma 4.18
where V5 is needed.
Szemerédi’s Theorem is an easy consequence of Lemma 4.18, denoted by L(m) for
all m € [k]. For an integer n > 2k + 1 define an interval C,, C [n] by

o [le] )

The set C), is the subinterval of [n] in the middle of [n] with the length |n/(2k+1)] £
for t =0or 1. If n > 1, then pu,(C,) = 1/(2k + 1). For notational convenience we
denote

D :=3k* and 79 :=1— %. (25)
¢: Fix a K € Ny \ Ng. The number K is the length of an interval which will play
an important role in Lemma 4.18. Keeping K unchanged is one of the advantages
from nonstandard analysis, which is unavailable in the standard setting.
If pisak-a.p. and A is a set, we denote p@® A for the sequence {p(I)+A | 1 <1 < k}.
If p,q are k-a.p.’s and A be a set, we denote p = ¢ & A for the statement that
p(l) € ql) + Afor 1 <I<E.

Lemma 4.18 (L(m)) Given any o> 0, n > 1o, any N € Ny \Ny, and any A C S C
[N] and U C [N] with

un(U) =1, un(5) = SD(S) = n, and py(A) = SDs(A) = o, (26)
the following are true:

Li(m)(a,n, N, A, S,U,K): There exists a k—a.p. ¥ C U with ¥ ® [K] C [N] sat-
isfying the statement (Vn € No) £(Z(1), a,m, A, S, U, K,n) forl € 1+ [k], where
¢ is defined in (18), and there exist Ty C Cx with pc,(T1) = 1 where Ck is
defined in (24) and V; C [K] with ux(V;) =1 for every I > m, and collections
of k—a.p.’s

P = UH{Pu|teT and I >m} and
Q = | H{Qv|veV, and I > m} such that

P C{pC @@ [K)NU |V <m(p(l') € A) and p() = Z(1) +t}  (27)
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satisfying p(Pre) = ™ V/k for alll > m and t € T}, and
0 = (g C7® K] |V < m (gl) € A) and g(l) = F(1) + 0} (29)
satisfying pr(Quy) < a™ ™t for alll > m and v € V].

Lay(m)(a,n, N, A, S,K): There exist a set Wy C S of min{K, [1/D(1 —n)]}-
consecutive integers where D is defined in (25) and a collection of k—a.p.’s
R = {ry | w € Wy} such that for each w € Wy we have r,(l) € A forl < m,
ro(l) € S forl >m, and r,(m) =w.

Remark 4.19 (a) Lo(m) is an internal statement in V. Both Li(m) and La(m)
depend on K. Since K is fized throughout whole proof, it, as a parameter, may
be omitted in some expressions.

(b) If H> 1 and T C [H| with uy(T) > 1 — ¢, then T contains [1/€] consecutive
integers because otherwise we have pug(T) < (|1/e] —=1)/|1/e] =1—=1/|1/¢| <
1-1/(1/e)=1—c¢.

(c) The purpose of defining Cy is that if t € Ck, then the number of k—a.p.’s
p C ¥ @ [K] with p(l) = Z(1) + t is guaranteed to be at least K/(k —1).

(d) It is not essential to require specific constant ¢ = 1/k for px(Pry) = ca™ ' in
Li(m). Just requiring that pg(Ps) > ca™ ! for some positive standard real c is
sufficient. We use more specific expression “ux(Pry) = ™ /k” for notational
simplicity.

(e) Some “bad” k—a.p.’s in P in Ly(m) will be thinned out so that R in La(m) can
be constructed from P. The collection Q is only used to prevent P from being
thinned out too much. See the proof of Lemma 4.20.

(f) 1t is important to notice that in Li(m) the collection Py is a part of the collec-
tion at the right side of (27) while the collection Q,, is equal to the collection
at the right side of (28).

The following lemma is a generalization of Lemma 4.15.

Lemma 4.20 L;(m)(a,n, N, A, S,U) implies Lo(m)(a,n, N, A, S) for
any o, n, N, A, S, U satisfying the conditions of Lemma 4.18.
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Proof Assume we have obtained the k—a.p. ¥ C U with Z® [K] C [N], sets T; C Ck
and V; C [K] with o, (T1) = 1 and pg (Vi) = 1, and collections of k-a.p.’s P and Q
as in Ly (m).

Call a k—a.p. p € Py :=U{Pms | t € T)n} goodif p(l) € SN (Z(I) + [K]) for Il > m
and bad otherwise. Let PJ C P, be the collection of all good k-a.p.’s and P’ :=
P \ P2 be the collection of all bad k-a.p.’s. Let T9 := {p(m) — Z(m) | p € P4}
Then T, C T,, N (S — Z(m)) N Cx. We show that o, (T9) > 1— D(1 —n).

Let @ :={¢qC ¥ [K]|q(') € A for ' <m}. Notice that

P | J{laeQlq) ¢ S}

I>m

and for each v € V}, ¢ € Q;, iff ¢ € Q and ¢(I) = Z(I) + v.

Hence, |P2| < Z Z {g € Q| q(l) =) +w}

I=m we[K\(S—Z(1))

Z( Y. HeeQla) =) +uwll+ Ql,v)
)

l=m \we[K]\V; vEV\(S—&
k

K (IK]\ Vil +[Vi\ (S = Z(1)]a™ ).

l=m

So P4l =Pl = Pl 2 Y [Pudl = KZ I\ VIl + Vi (S = Z(D)]a™ ).

teTm

| /\

Notice that px([K]\ V;) = 0. Hence we have |[K]\ V}|/|Ck| =~ 0 and

)

teTg
1 k
> st Pm — > (Vi ())|a™?
amfl _—
2 el (Tm) - —(2k+ Dk(1 —n) - o

_ (% — 2k + 1)k(1 — n)) ™

which implies i, (T%) > 1—(2k+1)k*(1—n) > 1—D(1—n). Recall that T¢, C Ck.
Hence #(m) 4+ T9 contains a set Wy of |1/D(1 —n)]| consecutive integers. So, La(m)
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is proven if we let R := {r,, | w € Wy} where r,, is one of the k—a.p.’s in PZ, such
that ry,(m) = &(m) + w. O

Proof of Lemma 4.18 We prove L(m) by induction on m. By Lemmas 4.20 it suffices
to prove Lq(m).

For L(1), given any a > 0, 7 > 1o, N € Ny \ Ny, A, S, and U satisfying (26), by
Lemma 4.11 (b) we can find a k—a.p. £ C [N] such that

(vn E NO) g(f(l)7 a? n7 A7 S7 U7 K7 n)

is true for I € 1 + [k], where & is defined in (18). For each [ € 1+ [k] let T} = Cx NU
and V; = [K]. Foreach l € 1+ [k], t € T}, and v € V] let

P = {pE (@ [K))NU |pl) = Z(I) + 1}

Qv = {¢E (@ [K])|q(l) = () + v}
Clearly, we have pug(P;;) > 1/(k —1) > 1/k. By some pruning we can assume that
pr(Pry) = 1/k. It is trivial that ux(Q;,) <1 and q € Q;, iff ¢(I) = Z(I) + v for each
q C ¥ @ [K]. This completes the proof of Ly (1)(a,n, N, A, S,U). La(1)(cr,n, N, A, S)
follows from Lemma 4.20.

Assume L(m — 1) is true for some 2 < m < k.

We now prove L(m). Given any o > 0 and n > 1o, fix N € Ny \ Ny, U C [N], and
A C S C [N] satistying (26). For each n € N; \ Ny, by Lemma 4.11 (b), there is an
hn, > nin Ny and Gy, ,, C [N] defined in (19) such that d,, := on—_p, (Gnp,) > 1—1/n.
Notice that d, =1 py_p, (Gnn,) > no because n > 1 and pn_p,(Gnp,)) = 1. Let
My = tn_p, (Gnp,) and fix an n € Ny \ No.

Claim 1 The following internal statement 6(n, A, N) is true:
W C [N]JIR (W is an a.p. A |[W| > min{K, |1/2D(1 —d,)|} AN R={ry,|w €
W} is a collection of k—a.p.’s such that

Y € W (VL= m) (ro(l) € Goup) A (ro(m —1) = w)
AVLET <m =2)((AN (ro(l) + [ha]) — rw(l) = (AN (ro()) + [ha])) — ru(l)).

Proof of Claim 1 Working in V, by considering V; as the standard universe, we can
find P C [N] with |P| € Ny \ N; by Lemma 4.9 and Proposition 4.1 such that

SDI(Gnahn) = MIP (P ﬂ Gn7h7z) = SDI(Gnyhn m P) - nle
|7l

For each z € PN Gy, let 7, = ((z +[h,]) N A) — 2. Since there are at most 2" € N;
different 7,’s and |P| > 2" we can find one, say, 7,, C [h,] such that the set

Bn = {l’ € PmGn’hn ‘ Ty = Tn}
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satisfies y1fp (Bn) > n,,/2" > 0. Notice that i (B,) could be 0.
Let P’ C P with |P'| = N’ € Ny \ Ny be such that uy,(Gyp, N P') =n) and

gl o= ul(B,NP)= SDlGnh p(B,NP)
- SDén,hnmp/(Bn NP> M‘lp‘(Bn) >0

by Part 4 of Lemma 4.9. Let d be the common difference of the a.p. P and ¢ : P" —
[N'] be the order-preserving bijection, i.e.,

¢o(z) :=14 (z — min P')/d.

Let B' := ¢[B, N P'| and S’ := ¢[G,,n, N P']. We have that B, S’, N’ and 3},7} in
the place of A, S, N and «, n satisfy the V;—version of (26) with p, SD and SDg being
replaced by u', SD', and SD{,.

Let N” = i15(N’), B" = i12(B’), and 8" = i12(5") where iy is described in
Proposition 4.1. Recall that i 2 [R; is an identity map. Since N’ € Ny \ Ny, we have
N" € N3\N,. Notice also that uk.,(S"”) = SD'(S") =} and py.(B") = SDg,(B") =
B, By the induction hypothesis that L(m — 1) is true we have

(VQ;Ro,Rl) |: VOJ,H S RovN S NQ\Nl VA,S - [N] (29)
(a>0An>mAACSAun(S) = SD(S) = 1 A ux(A) = SDs(A)
— Lo(m — 1)(a,n, N, A, S)).

Since (Va; R, Ry) and (V3; Ry, Ry) are elementarily equivalent by Part 4 of Propo-
sition 4.1 via ig 2, we have, by universal instantiation, that

(Vsi R1,Ro) |= Lo(m — 1)(B,, 1, N”, B, S"). (30)
Notice that the right side above no longer depends on R; or R,. So, we have

Vs | Lo(m — 1)(i12(8)), iv2(ny,), 1,2 (N'), i 2(B'), i,2(S")) (31)

because i12(8}) = B and i15(n,) = ;. Since i1 is an elementary embedding, we

n
have

V2 ): LZ(m - 1)( 71L7T]71La Nla Blu Sl)?

which means that there is a set W’ C [N'] of min{K, [1/D(1 — n})|}consecutive
integers and a collection of k-a.p.’s R' = {r], | w € W'} such that for every w € W’
we have 7 (1) € B' forl <m—1, 7], (m—1) = w, and 7} () € S’ for | > m. Notice that
@ '[N']] C [N]. Let W = ' [W'] and R = {r, | w € W}, where r,, = ¢~ '[r], ],
such that for each w € W we have r,(l) € o~ }[B'] C B, forl <m—1, r,(m—1) = w,
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and r,(l) € p7'[S"] C Gup, for I > m. If n} =1, then |W| > K. If n} < 1, then
2(1—d,) >1—mn’. Hence |W|>min{K, [1/2D(1 —d,)]}. O (Claim 1)

The following claim follows from Claim 1 by Proposition 2.4.

Claim 2 There exists a J € Ny \ N; such that the 6(J, A, N) is true, i.e., IW C
[N]IR (W is an a.p. A |[W| > min{K, |1/2D(1 —d;)|]} N R ={r, |w e W} isa
collection of k—a.p.’s such that Yw € W (VI > m) (r,(1) € Gjpn,), rw(m —1) = w,
and (V1,1" <m —2) (AN (ru(l) + [h]) = rw(l) = (AO (ru(l) + [h]) = ru()))-

For notational convenience let W := W and Ry := R be obtained in Claim 2
and rename H := hy, Sy = Gp,, 7o := (AN (1) +[hs])) = rw(l) for some (or any)
we Wghandl <m—1. Let {ws | 1 < s < |Wg|} be the increasing enumeration of
Wy Notice that H € Np\Nj. We now go back to consider Vy as our standard universe.
Notice that uy_g(Sy) = 1, [Wg| > 1, and (Vn € Ng) &(z,a,n, A, S, U, H,n) is true
for every x € Sy where £ is defined in (18).

Claim 3 For each s € Ny we can find an internal Us C [H| with uy(Us) =1
such that for each y € Us and each [ € 1+ [k], 7. (I)+y € U and (Vn € Ng) &(ry, (1) +
y,a,n, A, S, U, K,n) is true.

Proof of Claim 8 For each | € 1+ [k] we have &(r,, (1), a,n, A, S, U, H,n) is true
because 7,,(l) € Sy. By Lemma 4.11 (a), we can find a set G, C r,_(l) + [H] with
pr(Gp) = 1 such that £(ry, (1) +y,a,n, A, S,U, K,n) is true for every r,,(l) +y € Gi.
Set

k

Us == (U NG = 7w, (D).

=1

Then we have U C [H| and py(Us) = 1. O (Claim 3)

Notice that 05 (;_; U;) > 1 —1/s. By Proposition 2.4 we can find 1 < I < [Wy|
and
U= U.|1<s<T}

such that 0y (U’) > 1 —1/1. Hence ug(U’) = 1. Applying the induction hypothesis
for Liy(m — 1)(«, 1, H, 7y, [H],U’), we obtain a k-a.p. ¥ C U’ with y & [K] C [H],
1) € Cx NU" with pyc,|(T]) = 1 and V/ C [K] with pg (V) =1 for each I > m — 1,
and collections of k—a.p.’s

P = U{P,|teT and I >m —1} and

Q = Q. lveV and I >m—1}
such that (i) for each I > m — 1 and t € T} we have pug(P],) = o™ */k and for each
p € P/, we have p C (§@ [K])NU', p(I') € 7y for I' <m —1, p(I) = 5(I) + ¢, and (ii)
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for each I > m —1 and v € V}/ we have ux(Q;,) < o2, and for each ¢ C §@® [K] we

have ¢ € Q;, iff q(I') € 7y for every I" <m — 1 and ¢(I) = y{(I) +v. For each | > m,
teT;, and v eV let

By :={pm—1)|pe P/} and F,:={q(m—1)|qe Q,}.

Then Eyy, Fip C §(m — 1) + [K], px(Ey) = px(Pi,) = o™ 2/k, and pg(F,) =
1 (Q,) < a™ 2, Since ¢ C U’ we have that for each | € 1+[k], (Vn € Np) &(r, (1) +
y(l),a,m, A, S, U, K,n) is true.

Applying Part (iii) of Lemma 4.12 with R := {ws + y(m — 1) | 1 < s < I} and
H being replaced by K we can find sy € [I], T; C T} with pyc,(T1) =1 and V; € V/
with pug(V;) =1 for each [ > m such that for each ¢t € T} and v € V| we have

puc (W + Erg) O ((ws, + 5(m — 1) + [K]) N A))

(32)
= apg(Ey) = a(@™?/k) = a™ ' /k and

pic(weo + Fi) N ((ws, + glm — 1) + [K]) N A)) (33)

am—l

Let ¥ := r,,, @ y. Clearly, we have ¥ @ [K] C [N]. We also have that & C U,
pr((Z(1) + [K]) NS) = n, and px((Z(1) + [K]) N A) = « because r,, C Sy and
yCU CUs,. Foreachl>m,t €T, and v € V] let

m—2 _

= apr(Ft) < a-a

-
ﬂ

Py = {rwso ©plpce Pl/,t and

p(m —1) € By N (((ws, +y(m — 1) + [K]) N A) —ws,)},
Quv = {rw, ®qlqe€ Q, and

q(m —1) € Fi N (((ws, +4(m — 1) + [K]) N A) — wy,) }.

Then pg(Pry) = @™ 1/k by (32). If § C ¥ @ [K], then there is a ¢ C 5@ [K] such
that ¢ = ry,, ® ¢ If q(I') € Afor I’ < m and v € V; for some [ > m such that
q(l) = Z()+wv, then q(I') € 7y for I’ <m—1, v € V/, and ¢(I) = y(I) +v, which imply
q € @, by induction hypothesis. Hence we have g(m —1) € F,. Clearly, g(m—1) =
ws, +q(m —1) € A implies g(m — 1) € Fi, N ((ws, + y(m — 1) + [K]) N A) — wy,).
Thus we have ¢ € Q. Clearly, ux(Q:,) < a™ ! by (33).

Summarizing the argument above we have that for each r,,, ©p € Py

W) +pl') €1y (I') + 70 C Afor I’ < m — 1 because 7, (I') € By,
° rwso(m— ) +pm—1)=ws +p(m—1)
€ (wsy + Eiy) N (wgy + §(m — 1) + [K]) N A C A,
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o 1y, (') +p(I') € (Z(I') + [K]) N U C U for I' > m because of p C U,
o 7y, (1) +p(l) = 1w, (1) +5() +t = Z(1) + 1.
For each ¢ C 7 @ [K], ¢ € Qi iff there is a ¢ C @ [K]| with ¢ = 7, @ ¢ such that
o 7y, (I) +q(l') € ru, (I') + 75 C A for I’ <m — 1 because 1y, (I') € Bu,
e 7y, (m—1)+q(m—1) =w, +q(m — 1) € A which is equivalent to
Ws +q(m — 1) € (wy, + Fip) N (ws, +7(m — 1) + [K]) N A C A,
o 7y, (1) +q(l) =1y, (1) + (1) +v=2() +v.

This completes the proof of Li(m)(a,n, N, A, S,U) as well as L(m) by Lemma 4.20.
O

Theorem 4.21 (E. Szemerédi, 1975) Let k € Ny. If D C Ny has positive upper
density, then D contains nontrivial k-term arithmetic progressions.

Proof Tt suffices to find a nontrivial k—a.p. in io(D). Let P be an a.p. such that
|P| > 1 and pyp|(io(D) N P) = SD(D) = . Then o > 0 because « is greater than or
equal to the upper density of D. Let A = ig(D) N P. Without loss of generality, we
can assume P = [N] for some N > 1. We can also assume that N € N, \ N; because
otherwise replace N by i; (V) and A by i1 (A). Then we have puy(A) = SD(A) = a. Set
U =5 =[N]. Trivially, uy(S) =SD(S)=n=1, AC S, and SDg(A) = SD(A) = a.
To start with &' = k+1 instead of k, we have many k'—a.p.’s p € P such that p(l) € A
for | <k —1=kin Li(k"). So there must be many nontrivial k—a.p.’s in A C ig(D).
By Vo < Vs, there must be nontrivial k-a.p.’s in D. O

4.4 Exercises

1. Prove that the map ¢1; : Vi — V, defined in Definition 4.2 is an elementary
embedding.

2. Let s € Ny and I'(Z) be a countable collection of formulas with parameters from
Vo and s free variables T = (x1, Za, . .., ). Prove that there exists a homothetic
copy HCjz 4 of [N]* for some N € Ny \ Ny such that for any 0 < [,I" < N*

Vi E o(HCz4(1)) <= V1 | o(HCz4(1"))

for every formula ¢ in I'.

3. Let r € Ry and |r| < a for some a € Ry. Prove that st(st,(r)) = st(r).
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4. Prove that the set

C:={ujp(ANP)| P is an a.p. and |P| € Ny \ Ny}

is an element in V; where A C Ny is V,-internal.
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