
PROBABILISTIC CONSTRUCTIONS

IN MODEL THEORY
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Reef : M aFraise Aunt in a finite
relational language .

•M admits an invariantmeasure
C has exchangeable constriction) .

⇒ m has strong amalgamation .
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Scoltsentene :
For any countable structure M ,

there is an Law - sentence Dm
such that : for any countable infinite
n

,
Nk ①miff NIM

Um is called a Scottf-sentence form .

.

So asking for an invariably
measure concentrated on EPI
fr some arbitrary Law - sentence
i. 4 is a natural generalisation
of asking for an exchangeable
construction ofa particular
structure, .



This more general question also hes an

answer :

É:(Ackerman - Freer- P.
2017) :

2 a countable language,Ta
countable draw (d) - theory .

The
TFAE !

① There is an invariant measure

on Str concentrated on It
,
QI .

② There is a countable fragment F

of Leo,w (L) and a complete
Eby I. such thatTEIJand I has syntactic trivial

definable closure .(-- C
F fragment :

contains all atomics

* has a model &
or closed under subformulas,go.o.mg?#f,aforIFF?-id&ed&iee- Boolean combinations,avant hahmsubstituting feevariables •



I hassyntactsctisviddehiebledosuk.grthere is n__± formula QCF
, y) in F ,

with say 1×-1= n , such that :

I f- 3- ñ 3-
"

is ✗ If,y±ñ) a
QCI

, y) ) .

"

There is no formula in F that

unifovmlywimesses-non-tmi.ae
definable closure in all models

of -2
.

"



Star : We've talked about
Sas - invariant measures .

A special subclass of such
measures ! the erg ones

An invariantweesuntansty is

ergodic if for any Boel subset ✗

of Str that is invariant under
the logic action up to a

set @
measure 0

,
ie . µ ( ✗ A- gcx) )-0

for all g c- Goo , Mihail :

all (D= 0 orall G) =/ a

SNL
.

/



FACT : The set of invariant
measures in SHL is a convex set .

The extreme points of this set

are precisely the ergodic invariant
measures; any

invariant

measure is a mixture of extreme

ones .

i. Wlg ,
we may

consider only
ergodic invariantmeasureson

stru .

←
(one direction of Lopez - Escobartheorem)

Obey : Extents of sentences

are Bond and invariant
under

the logic action . . For any
sentence Q it ergodicall, we

have UCE 1) = 0 or 1
.



We've seen ! extents of Leo ,w - sentences
are given measure 0 or 1 by an
ergodic invariant measure.
-

/
Delft. That) = { Law sentences 01 :

MCI 0117-7=1 } .

Nate :µ ergodic invariant . Then :

⑨ THUD is complete .

by ergodi city -

⑥ countably satisfiable
Any countable subset ofthee

has a model ,

because countableintersection

of measure 1
sets is measure 1

,

Sf :
One could propose

"

ergodic invariant

measures as a notion of
"probabilistic structure!!



FAI (Ackerman - Freer -Kruckaan-D.)
If It is properly ergodic thenTied

&&°°°dd%
"

I eg . Properly ergodic : Kaleidoscope random

graph : no-many "edge colours
"

any of
which can hold between2 vertices with

putsability£ is properly ergodic.

asstr#
Because of countable

consistency : An ☐ergodic i.numat ±¥f§⇒É¥measure assigns
②

measure 1 to an

orbit oR_ ⑤eesure 1 all ergodic

to a continuum of orb;bvanoint
while assigning measure0
to any particular

orbit .

In case⑥ , we say µ is ✗properly ergodic
"

.



D- '

- Given .me Str
,

hoo many

ergodic invariant measures are
j

concentrated on orbit of M ? stra

g. m=R me know ☐µq*answer is continuum

bec .
each GCN

, p),
02pct is an ergodicinvariant meeeee.

g. M= Ok
,
we know

answer is 1 (Glasner- Weiss) .

FACT-ilkp.my from construction

yesterday is ergodic -

Be:(Ackerman- Freer-
ppKwiatkowski-P . ) -

:⇒*÷,0
,!or continuum .

if ↳wecéindesinbethesem
.

AFP ☒6
,
when M has non-trivial del

.



The case " I" occurs precisely when M
is

highlyhomogcneousdehr-CPelercaneiadn.ME Str is
highlyhomogeneous when for each

Kaw and every pair of k - element

sets ×
,
4 C- 1M , there is f-c-At

St . y= { find : •c- ✗3
.

÷ •

2mg;
Thm_¥=Ñ% of ergodic inv . measures

→

is '

on orbit of M is diff M is

highly homogeneous .

FAI (Peter Cameron) : Any highly
homogeneous structure is interdefinable

¥8k
self

with one of the 5redacts of Otr



What are the 5 rodents of 0h?
So

.① Pure set .

②& , G) .

③ ternary " betweennessb

÷.

relation B

a C b

closed
Bca

,

c
, b) ←→

subgroup of Sos ? At
ace and c<b- will be the Automorphism* bead

•

Ias group of a structure .

/ This structure is

④ ternary called a redact of Q.

circler order :

wrap ③ around acircle !⑤ Quaternary separation
I
,

retch an:\ ignore
clockwise us .

Counter-clockwise
in ④



This leads to the obvious more general
question : How many

"

ergodic models
"

does a given extent have ? g)
And :(essentially Jodie invariantmeasure
Adama - Freer - concentrated
Kwiatkowski- trucked on the extent
- PD .

Any new or continuum .

Recede 0 am Law - sentence,

extent g- Of .is E.01 =

{masts : mfcl}
Str

.

f☒i☒}k•



Notice : There is an Law -sentence
defining high homogeneity .

A Xo - - . Xn→
, Yo . -- yn-, (Xi district¥ :

no ryr distinct

→ V A Yao . .
- x-D⇒Y(¥¥⇒)rESn YE Lwuci

NOEL : high homogeneity⇒ to categorical .



-

•

② has syntactic② fails syntactic
trivial del '

tnñddd . And : 70
And :O

→
I 0M¥ fails

② A >☒ has
syntactic tnnaldcl .

Syntactic tnuid
dd .

And : 240 .

=lGhoha
① A # is
Scott sentence .

Scott sentence .

Ant : I kn'±w?ÉÉ ? ?
~É??



Ga UI nor
a Scott

sentence

÷
Similarly

for any nsw, can find

we can find examples
with 240

examples -

www.ahpcoposihin-cSuppose ② is an twin

sentence with < 2%
-many highly

homogeneous models Cup to isomorphism).
Then D- has only countably many
highly homogeneous models -



PI
.

Let I be the equiv . aebr an

Str
,
such hot on =-D Ff

'

.

↳m±nr- • ^ #

3$or-m.nt-YO.AE
Then I is as a Boel equiv .

relation on Strz . Silver's

Dichotomy says : strife is
couutableorsize2


