
PROBABILISTIC CONSTRUCTIONS

IN MODEL THEORY

DA① Yesterday
,

we saw :

R
,

B have nice constructions:

↳ Fpiissé limits
☒ "

coin - flipping
"

random
construction .④D almost sure theory from

a 0-1 Law -

Henson graph Kf : ¥ a fraise limit
but ④-type construction ✗

④ - type constriction ✗
Can weget arjidoiis.tw chin of H
that has the nice symmetry property
of④ : invariance under reordering

of underlying set .



A random structure whose

distribution is invariant under

permutations of the underlying set is

called exchangeable-

& : Does tf have an

exchangeable construction ?

Ans_:Yes!Petwv-Uershkbo
Formal setting in which to ask
this question :

d '

- countable language .

Strz : space of all 2- structures
⇒ with underlying set DX .



Str
,
is a measure space in a

standard
way :by equipping it with

the Boel r-algebra generated by
subbasic open sets of the from :
{me stg : M f E.(a) }

and {ME Stk : M K TECa-) )

for each relation symbol E in Le

and tuple a- c- IN with 1a-I = arity (E) .
Countably for funchm r constant symbols)

.



stirs
.

G ' ✗ = {E}
E binary .

•

so
class ofR .

•÷.:☒÷÷=g÷ " "orders graphs .

toqicd-chin-i.pe group Sos of
permutations on IN acts on stg via

so - called losncau-hin-i.fm ge Sos
& m c- Str

, g. nests is a

relabeling of M by g .

Norrie : Obi tÉÑnder logic action
are precisely isomorphism
classes of d-structures .



tÉÉtk
A prob. measure µ on Sts is

( Sp) - invariant if the logic achin
e-

-

doesn't change the measure of a

Bond set in Str
,

ie for any Bond ✗ e- Str,

g.G Sos
,

* = Mcg . x)
.

N0TE_ : orbits in streak Boel
.

MOTI : A random structure in store

is exchangeable preciselywhen
its distribution is invariant
under the logic action .



Daly :
A prob - measure all on Str is

concentrated on Borel ✗ in Str .

When all (X) = 1
. In this case , we

say ✗ " admits
"
an invariant
stroke

mom -

☒¥¥÷¥
This raises a general question :
↳ Which Countable structures

arise almost surely from exchangeable
constrictions ?

⇒ Gien Mestre , does M
admit an invariant measure ?



How do Petrov - Vershik shoo existence of an

invariant measure on Stk concentrated on

isomorphism class of H?
Rough description, adapted to methods of
Ackerman

- Freer-P÷L={E}#
E binary .

i a- c- Ip .:$!FÉI÷÷¥÷¥¥÷÷÷÷:¥÷÷÷÷÷÷÷i E Lao . . -Ak-Diff

-

on IR
. ( m) P

Build ☒ f-Th (H) .

with special
properties:÷:÷¥÷i÷÷÷÷:-

of
on IR (continuous,



How can we build a IP with the

required special properties ?

Recall : tf has free amalgamation
this allows Us to " done "

witnesses to extension axioms as

much as we wish . ( in fact,

strong
amaurosis

sureties



-

Def : For ME Strat finite tuple
a- E IN

,
the gwuptheonehcdefineble

closure of a- in M ,
devoted

dclm Ea) , is the collection of be M
that are tried by all automorphisms
of M fixing a- pointwise .

m

÷÷÷÷⇐-
theorem :(Ackerman- Freer -P . 2016) :
TFAE :I :÷÷:÷:÷÷÷÷② M has trivial grouptheoretic

for any ñcm -



Fact : For 2 finite relational language
t M an ultrahomogeeeovs d-structure

,

trivial group- theoretic definable

closure = strong amalgamation .

Corollary : the following have exchangeableconstructions.

✓R
,
ten,B→ known

✓P ↳ nor previously known .

easy to see

✗ Io II. £-4
- -
-

-

even without
main theorem .



Wanted probabilistic constructionsRecord ! og ✓R→ independence
- H→ exchangeable
✓ ↳ exchangeable

.{
- p → exoeaoaene

-[ ✓B→ independence .

:
the : invariant measure trivial

Cm has exchgble ED definable

construction) closure .

In case of Fraissé limits infinite
relational language :
trivial dehieble closure

⇒ strong amalgamation .



countable

EEa%yÉs of itsinterns with
exchangeable constructions via this

theorem :

Won-Eonpb_ :
→ If L has a constant symbol ,

no exchangeable construction .

→ If L has function symbols ,
these moist all be interpreted

÷÷::÷:÷
"

tta) ⇐oforder form to have an

→ No tree has an

exchangeable construction

q
9- 4*0*-0*0

•
in del (gb)

.



Exampled : Un : Petrov - vershile .

⑦ new

generic tetrahedron
-free 3-uniform

ihypagraph: free amalgamate in .

§④g
tetrahedron= complete 3-uniform

hypergraph on
4 vertices .

eeg . infinity many infinite equivalence
classes with non- Fo -categorical
structure on the quotient will be

a non -Go - categorical structure
with trinal del .

eg .The universal existentially complete
graph omitting { G, G- , . . -

, Cat} ⇒S
T

as week substructures .

chelin Shelah Shi . This is universal
forall

I - free graphs trivialold ,
Xo -oh

,
not ultrahomey,



Easy to see
'

that non-trivial definable

closure⇒ no exchangeable construction .

E-xauphei.tn has a constant symbol . c.
Then prob . that

/
'

c holds of any
given it N is

the same as for

any other
element

of IN - but these

are disjoint events

to by countable additivity
contradicts in



Note : Main Theorem applies to

arbitrary countable infinite
strictures

,
not necessarily Fraise

limits thatare axiomatised by
"
one - point extension axioms "

How do weadapt theproof for H
( Petrov - Uersdrik) and other Trénssé limb
to this more general context ?
We " Morleyse " and move to

a so - called canonicalstutuee
in
a canouicellenguefe which

has the same definable sets as

anginal structure .

us



M Canlm? Canonical
• structure form

trinal old 2- trivial del

invariant invariant

measure on }→ {meas . on

its class of
Iso class gm calm)

Éh
Canon )

M may not be axiomalised by

1- point extension axioms

B#_
Com (m) is ultrahomogeneoustaxirmalised by 1- point extension
axioms in Iw

, w
,

w
nor first-order -



Connection with Gryphons i

-

Whet is a graphon ?

A symmetric measurable
-

function f : -6,15→ To
,
☐

-

Can think of it

µ¥ÉÉ# as an ease-wasted
-

.

-
- graph on To, if

g.
"
Erdos - Rényi

g. f : constant function I torÑGe
,Dst . 2-+9 ,

0 otherwise

Lovas -2
,
G-egedy , many others have

developed theory of graphemes recently

(rvershik similar work] - Notice Not

sampling a gryphon produces an
invariant measure anStk as before .

→where↳HEas



When the target M is a graph ,

the Bond structures P that we build

are precisely graphons, but with an

additional feature : they are maps to

{ 0,1} , NI [0,13 .

We

"

get

'

nor edge-weighted graph but
an actual graph as IP .

µF÷÷T÷÷÷÷→:¥ .

- Petrov - Vershits

continuum- sized graphs
are random - freegraphons .

In fact, Petrov -Vershik have a
new exchangeable construction of
Rado graph via this method of
sampling a random- free graphs-



www.t.EE?am:.I.I?-ins
If a graph has an exchangeable

construction
,
then it has one that comes

from sampling a random-free

graph on .

Aldoustloouerkalknbergtheorem
(* translation by Ackerman torcduntable
languages) : Representation Theorem

for exchangeable structures that

says any exchangeable structure

arises as a mixture of generalisations
of such sampling procedures .



Constriction of IP :

fee
" Invariant measures

concentrated an countable

structures
"

Ackerman- Freer -Patel .



→ Build Pkth (a) mm property that

every extension axiom in Thore) is
realised on an interval of IR

sTFÉm•I¥¥→ Let m be a non -degenerate
continuous measure on IR

.

→ Sample an M-i. i.d. sequence

from R .

→ Let Map
,my

be the
"

push forward
"

measure on Str
.

It is
the distribution of a random
structure in Sts .

→ If we can build such P,

Mcp
,my

will be an invariant

measure concentrated on tf .

←


