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I which graphs are Fraissé limits ?

Lachlan -Woodrow classification ( 1980) :
The following are the u IH-a homogeneous
countableinfinite graphs .( in language
mm just the edge relation) .
↳ Rado graph .

→ ten
, for n> 3 tf = Rs .

"

Henson graphs
"

kn = complete
or complements . graph on n

vertices .

FA '

.

For fixed n> 3 , finite
Kn- free graphs form amalg .

class
,
hencehave Fraissé

limitidenotedtln.lt
n . Kw

, for any NEW .

n-many
copies of Ku .

or complement -

no-many
↳ w . kn for each hw . copies of kn .

or complements .



NITE ! B R is in some sense a

" limiting structure'Éitegraphs .
↳ universal .

↳ Fraise limits are " built up
"

from finite pieces .

I Is there some random graph that ,
in a similar way , captures throats.ee

0faHfmtegraphs?-
First - Order Labelled 0-1 Laws
me

.

For today : L finite relational language
her C be a class of tinted-structures
closed under isomorphism .

For new
,
let G be the set of

elements of C with universe {0
,

. . . ,
n-B



In = all members of C with universe { g. . .ir:)
We 'll distinguish isomorphic but unequal
members of C

,

"

labelled "

eg . for graphs : •→→

0 1 2
¥ •-0-

O 2 I

-

We'll think of Cn as a finite

probability space , where earth .

member is weighted eghauy .

Want to consider
, fr a given first

order d- sentence of
,
the probability

that p holds in G.



Debi : Given first - order d- sentence Q
,

rkw ,
let

µ . (e) =É?±aa
/ Cn / Fca non-empty -

The dabbled) asymptotic probability
of 4withrespect-tocbi.nl#na

-→⇒ n→cs

when this limit exists ; otherwise
it is undefined .

If this limb exists,µ is a

finitely additive prob measure on
d- sentences .



Digression : We are looking at
first-order sentences , where

Cn has uniform prob . measure .

1 I
could change Could change

the logic the measure on

en .

Won't do this today .
We 'll considerdifferent @ .



Dels : C has a

frst-oderlabetledo-llow-if.fr
every fist -order

d- sentence Q
, µ (d) exists t

equals either 0 or 1
.

Further, if Alo) =L , we say

Q holds aÑ%sF%Ñy one ,
or

"almost every member of C

satisfies Q
"

. If Al ② = 0
,
we

say of holds alÉraC
¥ÉhaÉw
this tells us something about the

expressive power of Lww about
T

C
. first - order .



Dels : The set of all first - order

2- sentences 01 for whichµ If)= 1

is the first order almost sure

theoyfÉnotedd.
I -

FAI :

E¥① For any Q , Illy) =L iffllti4)-0

② For any Qt v1 , let ② =it (4)= 1

men UH AY) =L
.

① Tasisdeductivelg.IO#
For any 01

, if Taste Q , then by

Loupactress , there are Yo - . -% ,
c-T
"

st . { Go . . -4¢
. ,
] b- Of . Then

EI apply ② - to get that 01 c- Tas



④ T" is consistent .
use her vitta tsetse ) = 0

⑤ T" does not have finite models .

*]⑥ T" has the finite model

Is property .
→

=

Debt : A Theo Ilhas the fits
urodelproperty if beery sentence

in the theory has a finite model .

A model M f- T has the

fiuitesubmoddpropeityfor -1
if every sentence of T holds in

some finite substructure of M .



⑦ C has a first - order labelled 0-1

law iff Tas is complete .

( Immediate from ① )
.

→

Goof :@Given some 6
,

does C
labelled

have a fist - order Lo-1 law ?
③ It yes , what is T" ?

② If C is an amalgamation
class
,
is Tas = Th (Fraise limit

it ?

⑨ If T is a complete
theory , is T= T

"

for some C.
?



¥¥÷÷÷¥÷÷? tf age (4) = all A- free finite graphs

✗

§
" """ " "" ""d"

no file models-÷÷÷iÉ:÷•.

→BÑ=a#ÉD= { E , R ,
B }

.

Which of these has a theory that
equals Tas for Toes the

almost sore theory of
some C ?



Forney : Let's look at some classesC
,

t discuss if they have 0-1 laws .

K:tiniterebhooT_
hxamphe-O.sc = all failed-structures.
Anti

. Yes , C has a 0-1 . law -

Proved by : citebskii
,
Koson
,

Lia
gon
Kei
, Talanov ( 1969)

.

& independently Fagin 119761
④ C = class of all finite graphs .

Anf : Yes , C has a 0-1 law
.

Almost sure theory of C
= Th (Rado graph) .

PI : Similar to Fagin argument for⑧
it to GCN ,E)Erdos -Rényi argument .



To show C= all finite graphs has 0-1 law

with T
"
= MCR)

,
it suffices to show

that axioms characterising R have

prob . I w.r.t.co
.

Axioms too R
-

:

↳ irreflexivity
Hudson) ✓µ =L here .

↳ symmetry :
fatty Carey→ yEn)✓

↳ Convert property(G) into first -
order sentence :

Fork, LEW

V1 ? HM .
. -
Katy .

.
-ye (Xi , Yi distinct

Kie → 3-z(Azt a ✗2--1-9;
iak ice .

n (A 2-Eni)a(MzEYi ) .ick 02h



Notice : We had uniform measure on Cn

Cn : { mine:gm is

{Or - yn- 17 ) .
This is saying , essentially , that the

probability of an edge between two

particular vertices i , j < n is £ .

-

Consider 4¢
, e ,

whee k
,

0 < n

(kitten)
Look atµ life

,
e) & let a→ as -

For given U
,
V where lut-k.lv/--l

,

:

Pr ( us V don't satisfy Ya
,
e) so

. .
.mil

-

n- 1kte)

=c- ¥)
There are (1) (¥)
such Ut V '

camp page)



Pub that the tails on cnn.ae
⇐ a.) (F) E- ¥7
-
=

k.lw-nst.at

fn-ie.MG/Y..e)=o0llCYk.e)=1
.

4. e C- T
"

for each Isl .

By properties mentioned
earlier

(④ ? )
,

for any 10EUR
)
,

c- Tas

✗ vice versa .



For finite graphs : 0-1 law exists .

Th (Fraissé limit) = Tas
.

R is the unique (up to isomorphism
model of this theory .

-

Notice :
- A similar argument will work

for C- all finite tournaments

L={E} . E binary••#*¥y reason
For any a,b , a tb ,↳ o
aEb of bEa but

not bother neither

+irre¥

Also for C = all 3- uniform hypergraphs .

L = {F }
,
F ternary .

Relation is symmetric, holds
of distinct elements .



d- Win this type of argument hold

for B ?
D= { E , R , B}
→ * p

binary unary

irrylex.ve
symmetric

every vertexis an RWB
but not both

.

M ! Raise limit B :

①①
" • a. verse,

:# 3- 2- c- BB
Z

÷
☒ o
n ✓

¥-13B t similar for ,
deceived

• • 0-1 law with
• • •

•I Thcfraissé t.int )
• •

• • = Jas .



Oculist :
R ↳ age has 0-1 law

, 1- as = Th (R) .
2. ? H

-

Q→ age has 0-1 law ,T
"

f- th (a) .

? ? P
B.→ age has 0-1 law, T

"
= Th (B)

.

¥É=añÉ
[In general, could consider Kn - free

1 graphs fixed n>3)
Thm_ (Erdos - Kleiman -Rothschild 197 3)

KoLai ti s -Rond -Rothschild 19=871
Yes

,
C f- class of finiteA- free graphs)

has a 0-1 law .
¥-

I : Is T" = Thad ? ? No ! !
[ In fact

,

similar forany G- finite Kn - freegraphs]



What is T
"

for finite A- free graphs?

EKR_ : Almost every D-free graph
is bipartite . trees .

⇒ : nineteensñkn- free graph is /
, , ,
/

Cn- D - partite .

Formally :

bin kbipayqqraphsm.cn# → 1 .n→ as

"

EKRMethod c- an hile
A- free .

En Ca Cs Cu G-

0-0-00÷ .
. I to of



KPR showed •

-

Almost
every finite A- free graph .

has a first - order definable

propalyththat implies unique
" to partition - ability

"
. A- trees

.

the Ckprlas⇒ :

For c- all finite
A- tree graphs,
Tas = redvet of to Laguafe

LEI .
Further , Toes for C- all finite Kn

- tree

apophis is redact , to L= SE}
,
of

generic Ln -D-partite graph innitd={E , Uo , . . . ,Un⇒]



Alsrstkrtompton :

C- all finite partial orders has a

0-1 law . They show : almost

every finite partial order has

height 3 .

Redact of a

Fraiissé limit in language

4-
, "g:÷Y?ads .

-



I. We know that) -4 T" for
C- finite D- free graphs .

Is☒) the limiting Deroy , in

any sense, of ⇐toy random

processes ?

BIG-OPENQ-idoe.sk have

( the finite model property ?
scpgchahiI.tv
Axiomstrte:

"

I-III
,

all setU ,

ir reflexive

symmetric %no As ⑧
For all Air fruit U V

disjoint , Unamirdependentset ,


