
 



Last time

The last session was dedicated to a

proof of

The Independence Theorem

Suppose T is N50ps and MET

Then if a Em a a o b 9 milke

and b c then there is some

a EtpGYMb Utp Ymc such that
k

a I b c
M



The proof proceeded in 3 preliminary steps

1
Establish a weak independence theorem

If T is N SOP and MFT if

Ao man a o b 9 c

and b Lm c then there is

a ftp ayoub utp Hrc with

K
a I be

M

2 Prove a consistency along trees lemma

If T is NSOP M t T and a b

then if by yet is a tree consisting

of realizations of tp blm spread



out over M and satisfying by boy

for all y
c Ta then there is

a Such that by En ab for all

ye Ta and a by lyet
3 Prove the Zig Zag lemma i

suppose T is N50Pa M t T and

b Ink b Then for
any global

M finitely satisfiable type of Itp blm

there is a tree Morley sequence

bi bi't ie w with Ibo bf 7 Cbb

such that 1 if ie j then biBj Em bb

and 2 if i j then bi FqlMbj



Then we get the theorem as in

the following picture

OD

0

As a final application we upgraded this

result to get the



Strengthened IndependenceTheorem

Suppose T is NSoth and M t T if

9 Ema a o b a C and

b c then there is a such that

at Embao at Emc ai and additionally

a be b a c and c a b



Plan for 5 talk

1
Give 2 further applications of the

independence theorem

2
Prove local character

3
Prove transitivity and witnessing



Morley sequences

Definition

An elk Morley sequence over M is an

M indiscernible sequence ai ew such

that ai aai for all i w

Observation Chain condition fr ul Morley sequences

Suppose T is N SOP M ft and

a b tf biliew is an l Morley

sequence over M with bo b then

there is a'Emba such that I is

Ma indiscernible and a I



Proof let pox b Tp Tmb

By induction on n we will choose

an t p x bi with an be w

To begin we set ao a Then

given au we pick a't p x bus

Thus we have an ma an been

a bun and bus be u Then

by the independence theorem there is

ans t
y Phi

bi with awn bean

By compactness there is a t.fr pix bi
with a lmk I Extract fwm I am

Mat indiscernible sequence I fb liew



Note that if a I then by

symmetry I a and thus

tiny a witnessed by some

44 in a 7etp Yma But

because I was extracted from I

it follows them are io e e in such

that t 41 bio bin a contradicting

Ii a So a I and

I Em I Choose a such that

I ma I Then ai't pixibi

and I is Ma indiscernible as

desired



ft Morley Sequences

Recall

Definition

An If Morley sequence over A is

an A indiscernible sequence such that

ai aai for all i w

Proposition

suppose T is N50Pa and M t T

The following are equivalent

4 1 44 a Kim divides over M

2 There is an elf Morley sequence ai I i e w

over M with a o a suck that



44 ailiiew3 is inconsistent

3 For all I Morley sequences

tailiew over M with a a

44 ai i w is inconsistent

Proof

3 l 27 is immediate from the

fact that It and hence

every Morley sequence over M in a

global M invariant type is also

an elf Morley sequence over M and

these always exist Notice also

2 l by theprevious proposition and I I



So now we prove 1 3

We will need one additional tool

Definition

Suppose Mt T and a ailiew is an

M indiscernible sequence A global

M invariant type of Itp Tm is

called an indiscernible type if

whenever I t
g

E is 1M indiscernible



lemma

suppose MFT and a Cai lien is an

M indiscernible sequence
l There is an indiscernible global

M invariant type of Itp Elm
121 If q tp

Elm is an indiscernible

global M invariant type then if
W

a iliew t 9 Im Cai i jew is

a mutually indiscernible array over

M T i e

a i ai is Kyi indisaride
for all ie w



Proof l sketch let retp Elm

be a global M invariant type and

let Al 2M be an 1Mlt saturated

model let a Erk and let

b be an N indiscernible sequence

extracted from a

We claim tp 51N is M invariant

If not there are ioe ein ein and

CE mo in M such that for some 4

41bio bin c es TH bio bin c

Since I was extracted from a

there are joe ein i w such that



1 41a'jo a'ju e t Hajo afar c

contradicting the fact that g is M invania

Hence tp 51N has a
unique global

M invariant extension Using saturation

it is easy to check this extension is

indiscernible

2 By induction on n w we will show

that coition is a mutually indiscernible
or

array
W For n o there is nothing to

show Assume it has been established

for n As g is
an indiscernible



type we have a us is

Main indiscernible By hypothesis

if ien a i is indiscernible over

Matei a in ian

since g is M invariant and

Ina t 9lmae.nl

it follows that a i is indiscernible

over Matei a it Inti IMA



2 3

We want to show that if 44gal

Kim divides over M then for all

If Morley sequences I Tai lien

over M with ao a Flix ailiiew3

is inconsistent

Suppose not assume I Tai liens

is an elf Morley sequence over M
such that 44 ad Kim divides

over M and Yuya iew3

is consistent



k

By induction on n We will choose

a sequence bilien and an elementary

chain Ni ien such that for all n w

1 bo ibn En ao an

2 M T Nn Must

3 bn Imt Nu

14 bn e Nutt bent NWH
To begin we put bo ao and take



No M Then given bi ien

and Milian by l we can

pick c such that

Ben C Maen anti
f

Then clben Let Nut be a

M

small model containing NY
By extension there is bnti mbe.nl
such that but Nun



Then by 1 bi i w is also an

elf Morley sequence over M and

44 bi i w is consistent

let N Ew Ni and let D
be a non principal ultrafilter on

N concentrating on bi i w

Let Cciliew be a Morley sequence over

N in Av LD M N

i



Claim
f
EIN
M

Proof First we will show bzu Nu

for all n w By induction on Kew

we will show bn birth Nu
Fo k O this follows by construction Assume

it fuk As b.eu is contained in

Nutk and butter North we have

butkti Nabu ibm.ie By base
f

monotonicity butut L Nn
Mbm ibuth

The inductive hypothesis states that



f
Ibirth Nu

M

so by left transitivity
f

bu butut I Nu
M

If 41 0 xn n is a formula over N that

fades over M then there is some K such

that me Nk The above shows

H HE Haim 1741bio bin m

hence 14Ccan m This shows

If N EA
M

In particular we have N MIKE

let qztp Elm be a global



M invariant indiscernible type and let

Ei ew t
g Im be a Morley sequence

over

Ming with c o E By N I

we may assume CEiliew is

N indiscernible

i

I
M

Note that because co ma

we know 44 coo7 Kim divides our M

It follows by Kim's lemma that

Ux cio iew3



is inconsistent But because Giliew

is a mutually indiscernible array we

know that for any function f
w w

CH 44 a fois i w

is inconsistent

i

f

M

Moreover because Giliew is N indiscernible

and Io is a Morley sequence
in an

N finitely satisfiable type Ei is a

Morley sequence in an N finitely satisfiable



type Moreover

Ux ei jaw

is consistent for all iew

let dig i jew be a mutually indiscernible

array over N extracted from Cci i jaw

By it Ux di o ie 3 is inconsistent

it

M

likewise llkydo.gl j w is consistent

and do is a Morley sequence in a global

N finitely satisfiable type so 44 do o



does not Kim divide over N Moreover

d i is Notei indiscernible so deinykdi.co

by Kim's lemma It follows that

dio7iew is an ul Morley sequence

over N Since 44 do o does not

Kim divide over N Ux di o iew

is consistent by the chain condition from

before That's a contradiction TEN



Generic Sequences

i



Local Character

Recall local character for simple theories

t for all sets A and finite tuples

a there is B E A with 1B IE ITI

such that a A

This asserts the existence of one set of

size E IT 1 over which tp 4A does

not fork but it immediately by

base monotonicity implies the existence

of many since if a A then

a A for all sets C with B E CEA

This is what is actually used in applications



The Generalized Club Filter

Definition

Suppose X is a set and K is a cardinal

We write X for YE X Ht K

A subset C E x is called a club if Ya

1 closed If Yi i e a e k is

a chain in C ie Yi E Yin and

Yi e C for all i a then EY c C

2 unbounded If 2 c X
k
there is

Ye C with 2 E Y

The generalized club filter on EX is the

filter generated by the clubs



Example

Suppose M is an L structure

NIM Intl 14

is a club in MJ
Proof Trivial if 1Mt E IT 1 In general

a N E M INI ITI is closed because

a union of an elementary chain is an

elementary extension

b NE M I INE ITI is unbounded by

downward Lowenheim Skolem



key Facts

1 If Ve K and Cities is a sequence

of clubs in XI
k
then

f Ci
ier

is club in X
k

2 The club filter is also closed under

diagonal intersection that is if

G x is a family of clubs

G YEAHYEACy is club

Definition

A set S E EXT
K
is called stationary if



Sh C of for every club CE Ext

Analogy

measure L club

positive measure stationary

Our aim now is to prove the following

Theorem

The following are equivalent

1 T is N50ps

2 If MFT for every peSx M

NE M I INE ITI and p does not Kim fork over N



is stationary

3 If Mt T for every peS M

NTM INI ITI and pdoes not Kim fork over N

Contains a club



2 l

He will assume T has 50ps and

construct a model M and posy M such
that

NE MI INT ITI and p Kim forks over N

contains a club This implies

Nh M INI ITI and p doesnotKim fork over N

is not stationary

Fix a Skolemination Tsk of T

with IT t ITI



As T has GOP there is some

L formula Ulx y and an array

Ci o Ci Tie it t such that

1 Ux Cio ie ITH is consistent

z Ux Cin ie ITH is 2 inconsistent

3 Cio Cia for all ie ITH

Y Ei ieitit is Lsk indiscernible

so

To

y



let M dolan Taint FL

o

Cgo e es l J
i

n
e o

o

let Ng SklEeg If S is a limit

ordinal then Ci izg is a Morley

sequence in a global Ng finitely satisfiable

type extending tp 1ns by
Lsk indiscernibility of Ei ie it But because

5h

go g
Csi We know G o p Cg



Hence UniCg o Kim divides over Ng

as 4 x Cia i3 8 is 2 inconsistent

r M

let p be

ni fai.in
iioNwtw

Uxicso7 SelTItf

Nw

As delishCees Selim ITH

is club in M we have completed

the proof



Heirs

Definition

Suppose Me N and g
cGCN

We say q is an heir of q1M if

for every formla 44 y e CM if 44in cq

then there is some men with 44mkq µ

Equivalently g is an heir of g µ
if

for some equivalently all a t g
u

N da
M



lemma

Suppose N is a model and pi Sx N

Then MINI ImpfmlTl and p is an heir of

is a club of NI'T

Proof

closed Fix a Ep and suppose

Mi ie is a chain of elementary

submodels of N such that N a

Mi

for all i in We may assume a is

a limit ordinal Then if

Uzia c tp live.m.at then the



parameters of 4 all come from Mia

for some ie x hence the ferula in

satisfied in Mi

N

a
to



ooo unbounded Expand T to make

p definable that is for

each furcula 44 y add a

lyl ary relation symbol Ry y
interpreted so that

Ren a N I hecxidep
let Lp be this lager language

Note that 1401 14 so by

downward Lowenheinn Skolem

if X E N has Siu ITI there

is an Lp elementary substructure

M IN such that X E M and



IM k ITI It is easy to

check that ME N implies

P is an heir of PIM so

M is in our set It



1 37 P Simon

suppose T is NSOP M ft and

pts M We want to show

NI M I I NI ITI and p doesnot Kim forkovum

contains a club

let at p Then if NEM and

p is an heir of plm we have

M a and hence a M

by symmetry The previous lemma

then shows that

NI M I I NI ITI and p doesnot Kim fork own
contains a club HI



Towards transitivity

lemma

Suppose T is N 50ps

MI N FT and a N

Then there is a sequence I Cailiew

such that simultaneously a tree

Morley sequence over N and

l Morley over M with a Ea

1
a

mop



Proof

let Lai ie 17 be a Morley

sequence
in a global N finitely

satisfiable type with a o a The

this sequence is a tree Morley

sequence over N Let Lbi lieu

be defined by bi ai for all

i w Then 5 is a tree Morley

sequence
over N

We claim additionally that
K

bi I bei N fo au
M

r i e w



By symmetry it suffices to show
k

bei N l bi
bis

M n

or equivalently
M

K
i

a i N l a i

M

So suppose Nazi n a i
u

As a i l ai there is some

N

n EN such that

f 4h n ai

and as a En ai it follows

that 4ft y a i Kim divides



over M if and only if

4ft y a 1 Kim divides over M

and also then n ai if

and only if f Knin a

As N a by symmetry
we conclude 4ft y a it

does not Kim fork over M
K

This shows bi l bei N BI
M


