
 



Last Time

1 We introduced s indiscernible trees

which are generalized indiscernible

indexed by trees which are viewed

as Ls structures where Ls I say d CBL

We also use this name for Ta indexed

indiscernible where IT is viewed as

an Lsm fle tax M Pp peneca

structure

2 We introduced the trees Ta as

the natural index models for the

inductive construction of Morley



trees We defined a

tree Morley sequence to be the

all 0 s path in some Morley tree

3 He proved Kim's lemma for tree

Morley sequences for NSOP Tand M FT

Ux a Kim divides over M if and

only if 44 a divides with

respect to every tree Morley

sequence over M starting with a

4 We also showed if T is NSOP

and MET then a b implies

there is an Mb indiscernible



tree Morley sequence over M

starting with a This combined

with Kim's lemma to yield the

following

Theorem

The following are equivalent

Lil T is N50ps

27 Symmetry If Mt T then

a t b b a

M



Recalling definitions for Ta

Ta ftp.D owl
s IIi Iy

Canonical inclusions if acp then

Zaply gu 8,071 re pix

for all MeTa
Concatenation i suppose y cTn and

ie w

i If domG pH a then

y ti yu pi
Iii ki y e Tat is defined by

y u Ca i



All 0 s path If penlla
we define Bp e Ta to be the

function with domain B d

which is identically zero We

refer to Tsp peneca
as the

all 0 s path
Restriction If Venka we

write Tatu yet
min dong Ev

pedomly Iv zip to



Morley Trees

Definition

We say ay yet is a Morley tree

over M if

i Caylye Ta is s indiscernible over

M

ii ay yet is spread out over M

ie if dom g Fa then

lazy gig iew is Morley over M

in some global M invariant type

iii If u u cEnl a Hand Iv I I v't then

antyeqpv mkylnc T.ru



Tree Morley Sequences
Definition

A tree Morley sequence over M

is a sequence Cailiew such that

for some Morley tree over M CaylyEE

ai ay for all i w

More generally if I is an infinite

linear order we will say bi ieI

is a tree Morley sequence over M

if there is a tree Morley sequence

Cailiew such that for all i e eine EI

bio bin Em
Cao an 1



The Chain Condition
Fact

If Cailiew is a tree Morley sequence

over M then flak.i anti a i w

is also a tree Morley sequence

over M for any LE ke w

Corollary

If T is N50ps MET and a b

then given any tree Morly sequence

Is fbiliew over M with bo b

there is a Enya such that



I is Ma indiscernible and
k

a I t or equivalently there is
M

I Em I such that I is Ma indiscernible

and at It
Proof As a b and tree Morley

sequences witness Kim dividing there

is a Em a such that I is

Ma indiscernible Then for all

2 E k w L bk.i.bu.in bu ith i i w

is Ma indiscernible Since this

sequence is a tree Morley sequence

over M this shows a bee for all k Et



A Weak Independence Theorem

Proposition

Assume T is WSOP and M TT

If a Ema a b a Inka and

b c then there is a with

a Emba a Emad and a c

Proof We start with the following

claim There is a suck that
k

ac E ma c and a Ibc
Mr

a



Proof d Claim By symmetry it suffices

to find c such that ac Ema c

and Ba Inka Let pCx y tplcia.hn

We must show

PCxia uf iycx.b.az 4oYEriam
Kim forks

is consistent If not as Kim forking

and Kim dividing are the same

pCx a 1 44 loyal

for some 44,7 a that Kim divides

over M Let I ailiew be

an Mb indiscernible tree Morley

sequence over M with a o a possible



as a b As a Inka and

a Em a we know pix as does

not Kim fork over M and hence

w
pix ai is consistent But

pix ai t 44 b ai i w 3

and 4Gt ai iew is inconsistent

by Kim's lemma since Khayyam

Kim divides over M Contradiction

Hence this set of formulas is consistent

and we may take c to be any

realization HE



Now as b Im c by left extension

of I we may assume ba e

Now we choose b such that

be Em b e

By right extension for I

we may assume be In b c

let q
be a global M finitely

satisfiable type with

bid f g Mb c

Then there is a Morley sequence
I tbi.ci iew over M in q



with Cbo.co b c and

bi C b C

mm
As a bc there is a Embo

a

such that I is May indiscernible

and a I by the chain condition

Then in particular a be

We know a Emba and

a Emc a hence by indiscernibility

a C Ima c'EnacEma'c HE



Consistency Along Trees

Lemma

Suppose T is NSOR MET and

a b If pcxyyi tpca.to m

and by yeTa
is a tree

spread out over M such that

for some global M finitely satisfiable

type of extending tpC4m

by t g my
for all ye Ta

then

Pki by

is consistent and non Kim forking over M



Proof The proof is by induction on

a The case of 2 0 is immediate

by the assumption that a b

Suppose it has been shown for all

such trees indexed by T and

consider by yE Tati
As by lytta is spread out over

M we know f bei lieu

is a Morley sequence over M

in some global M invariant type
The tree b'g yep definedby
big Koy y

for all y c Ts is

b



bimah
also spread out

over M so the inductive hypothesis

gives phib'gl yUezP4iko5y

is consistent and non Kim forking over M

Therefore µw ypCxy be S y

is consistent and non Kim forking

Let ao be a realization let

a t pCx boy Then we have

Ao En a Ao boy a by
and by boy hence there is

a t phiby with a't by yet



by the weak independence theorem

V V V V

V V V V

V V V V
Ng

V V V V
yy

i

g l I b



Fr S brant follows by
Remark paY18

The hypothesis that bytglmbq
for all ye Ta is needed only
so that we may apply the

weak

independence theorem Once we

know the full independence theorem

we could conclude
apex byl is

Kim non forking over M instead

assuming that cbylyej.is spread
out and s indiscernible over M

since this implies by boy for
all y C To



Zig zag lemma

Suppose T is N Sop M t T and b Imkb

Then for any global M finitely satisfiable

type of Itp blm there is a tree

Morley sequence bi b liew over M

with Cbo b b b such that

1 If i e j then bib'j Em bb

2 If i j then bit ofImbj

B

i

g b

b b'z
b b
B

bo b o



Proof Fix of Itp blm and let

pCx b tp bi blm By recursion on

we will construct Coy d4 yet
such that

1 If ye Ta then I
int 9 imdb.am

2 If ye TL then

dy t U pix c
vs y

3 Eg d hey is s indiscernible

and spread out over M



141 If pea then

cigar df.nl oh dis
for all ye Tp

E E e



To begin we define Ccg dgIn ET

by setting Ccf df7 Cb b
Now suppose we are given c d hey

for all pea
let ii i di yet liew
be a Morley sequence over M

in some global M invariant type

extending tplcaidihc.tn m

with Cnio dog net Enid htt

VIV



let t
qlmlcg.i.diih.EE

a
Detour eylyc.tw by

e Ct

Gis y
Eni for all y cTa

ie w

Then CeylzeTa is spread at over

M and
eytqlmceoykdhiiliket.MEIn Hence by the previous

lemma U
Kim yet Philez

is

now forking over M let d be

a realization
egtqlef.ph



I

Now define fy yet by

d

fairy for all 7cTa i w

Then the tree Ley fg yeTam
satisfies the desired conditions for

Ccg dmy yeah except

s indiscernibility and the coherence

condition 4

We let CET DIY lytta be an

S indiscernible tree over M locally

based on legit9 2ETati



By an automorphism we may
assume that

LH

Chaney
C for all yet

This satisfies all of the requirements
For 8 limit we define Cdg dfg gets

by setting

Clagg Chg for all des y ET

which is well defined by 4 and

is easily seen to satisfy the requirements

Continuing our construction until we arrive

to Gkn d Inez far K sufficiently large
we apply Erdos Rado to conclude E



11

The IndependenceTheorem
Theorem

Suppose Tis NS ops If MET

a ma a tub a c and

b c then there is a Such that

a Emba a Emca and a yµbc

Proof
let polxiyltplaiblmlpilxizl

tpfa.ie mI

We want to show

Polx b U P Ix c

does not Kim fork over M



Towards contradiction suppose

pocx D up Cx c

Kim forks over M let q tp blm

be a global M finitely satisfiable

type By the zig zag lemma
there is a tree Morley sequence
bi cilien such that

i e j big Em be
i j bit glmcj

We know bzi Cai bzin Eiti icTt

is also a tree Morley sequence



over M Because passing to a

subtuple preserves tree Morley ness

it follows that

bzi ziti i c TL

is a tree Morley sequence over M

Arguing similarly

bzi.cz i c It
is a tree Morley sequence over M

O



On



By the choice of the sequence

Boc Em be so we know

pCxybo up Cx
c Kim forks

0 1
over M By Kim's lemma for

tree Morley sequences

polxibzi up x Cain

is inconsistent

On the other hand bot ofImc
hence bo Cy It follows

from the weak independence
theorem pCx bo up Cx Ct

I



is not Kim forking over M

SO

polxibailupfxis.it

is consistent But

2174lbalupfxiczin

ypfx
bei P x Cain

Contradiction HE



Finding Tree Morley Sequences
Proposition

Suppose T is NSops MET If

b mb and b b then

there is a tree Morley sequence
over M biliew such that

bo b and b b

Proof By induction on 27,1 we

will construct b Intra such that

1 byly f iz is s indiscernible

and spread out over M
L L

27 If ay then babyEmb b



3 If pea then

b fur all y cTp

To begin let E Lb I iew be a

Morley sequence over M in some

global M invariant type with
K

b 5 b As b l b we
m

may assume I is Mb indiscernible

Then we may delve b'yl yet by

by b

bei b for all icw
b or

I
b



Given Cb hey for all pea

we will let flbdy.ilyc.la iew

be a Morley sequence our M in

some global M invariant type with

big albino net

let play tp
b b'Im By our

consistency along trees lemma

we know U pix b is

7 GTs
non Kim forking over M Hence

Yet Philbin

is consistent let b be a



realization Define a tree g yet

by Cy b and
Ging

b for all

i w and y c Ta We will let

54 Inez be s indiscernible

over M locally based on

coyly ETam By an automorphism

we may assume

bII.cn b fr all yet
This satisfies the constraints

For limit S we define

8

Kasey bf for all acsand yet



This is well defined by 3 and

satisfies the constraints Applying

Endo's Rado to Cb lytle for

a cardinal k alliciently large

we obtain a tree Morley sequence

over M bi such that

bob Em b b By an artoii phism

we may assume bo b b b IF



Strengthened Independence

Theorem

Note that in a simple theory
if a Ibc and ble

M M 1

then by base monotonicity we

have a I c t b I e

Mb M

hence a b j c and thus

culmaab as well A similar

argument gives but a c

Can one arrange this in NSOPz



theories

Theorem Kruckman R

suppose T is N sops M FT

a Ema a dm
b a c and

b lmk c Then there is a

such that a Em a at Fuca
K

a be b Inka C and c Iasb
M

Proof

By extension there is b En b such

that b be let a AHYmd

be an automorphism with db b



Then let b E b Then we

have

b be db DD c

M

k
Es b I b c

M

By symmetry we have b c lmk b

Pick c such that b c Emb c

By extension there is

b't c Embb c

K

such that b I bi
M

let 1 c Aut 1MImb be an



Automorphism with 1 b c b c

Then we have

b can be T b c btcc

M

Ces b c I bite
M

let c Tlc Now we have

b c Em be b Emb
K

and b c tub



It follows that there is a tree

Morley sequence
over M

bi.ci i c 71 such that

bo b C c

By the independence theorem there

is ao Such that ao Emba
Ao Em a and ao j b c

Choose a such that

a b c µao be

possible since b b and b En b

K
Then a b b e so by

M



the chain condition far tree

Morley sequences over M there is

2 Mb c
a such that

I is Maz indiscernible and

Az I In particular

Az be However we know
M

bi so
is a tree Morley sequence

over M with bo b which is

MazI o indiscernible and therefore

Maze indiscernible This show
K

a c l b Likewise
m



Ci izz is a tree Morley sequence

over M with C c which is

Mazb indiscernible so azb C

We conclude by symmetry TB



Corollary of the Independence Theorem

Corollary Assume Tis N SOP and MET

Suppose a b and ICbiliew is an

elk Morley sequence over M ie biliew

is M indiscernible and bi bei far

all iew Then there is a'Emba
such that a I and I is

Ma indiscernible

Proof let play tp
a blm

First we will prove by induction on new

that
n pix bi is non Kim faking

over M This is clear for n O



Then assuming it for n we can pick

an f Phi bi and a't Phibut I
K K

Since but I been and Ben
M m

a lmk but and an Ema we may

apply the independence theorem to find

some ant t
w
Phx bi with

K

Anti X b Ent l
m

By compactness it follows that

i Phi
bi is consistent and

non Kim forking over M let a

be a realization Then by
Ramsey compactness and an automorphim



we
may assume I is

Ma indiscernible EMA


