
 



Lecture 2

Last time

Definition

44 y has SOP if there is

Caylzezew Such that

paths are consistent
For all ye 2W

kxyayh.li i w

is consistent

Inconsistency
For all y ez if

7 Elynn to V Cyan ti

4cxiayl.eu au
is inconsistent

V



11 11

Ennui
Sop

We say Thus SOP if some formula

has SOP modulo T We say T

is Nsop if its not Sop



SOP Arrays

Proposition
The following are equivalent

l T has SOP

2 There is 44 y Kew and

Cio Ci 1 icw such that

a 4K Ci o i e w is consistent

b 4G ei i w is k inconsistent

c For all i e w o

i ca

3 Same as 2 but with

k 2



f

Sop

Note The equivalence of C and

3 also holds for formulas Also

since any 4 will witness SOP also

in any expansion of our ambient

monster 1M in the language L say

we may find such an
array with

Ci o E ca
ci where L is a larger language



once 1M has been expanded to an

L structure 1M

Invariant Types monster model
of T

Recall pix c Sx M is called

A invariant if op p for all a Ant 7a

or equivalently for all 44 y if

C C then

44 dep Es Mx d Ep
Given A invariant pe 5 4141 g

cSy M

we obtain an A invariant type

p g Cx y
C Gay LM defined by

Cp g tp album



for some beef4M and at plimb

Given any
linear order I and

A invariant p c GM we have

another A invariant global type

p Xa LEI such that

g Itp aat plma.FI.tt

If B Z A and ask.IE IlB
then Cadaez is B indiscernible

When I is an infinite linear order

we refer to g I
as a

Morley sequence in p Cover B



Note Being a Morley sequence
over

A in a global A invariant type

p implies being a Morley sequence

over A in the sense of the

previous lecture ie

Can Itp IA anattaca foggy

But the converse is usually false

Average Types
If A is a set of parameters and

rs an ultrafilter on A then

for any B



Ar D B knew B I aeA I t 4calIED
is called the average type of Dover

B

i Ar D B is a completetype

over B

2 Au CD 1M is a global A invariant

type in fact A finitely satisfiable

3 If Mt T and pe SxCMI

there is some D on M
such that Au CD M p

Together these imply the following



Fact

Types over models have global
invariant extensions

If MET and pesx M then

there is a global M invariant

even M finitely satisfiable g
cGCM

with qIm p

Proof Pick an ultrafilter D on

M such that ArCD MI p
Their Auld M is the

desired global extension



Note

This fact implies that over models

in every type we have some

notion of a generic sequence

namely a generic sequence in

p for some pES Cm should

be a Morley sequence over M

in some global M invariant type

extending p



Kim Independence
Definition

Fix M t T

l late say Uxia Kim divides

over M if there is a global

M invariant p tp 4M such

that 4 divides with respect to

a Morley sequence over M in

p or equivalently in every

Morley sequence over M in

p



2 late say thx a Kim forks over M

if 44 al ti 4 x oil where

4 x Cil Kim divides over M

3 We say
a type pix Kim divides

r Kim forks over M F p implies

some formula that Kim divides

or Kim forks over M respectively

47 We write a b to

indicate tpC4mb does not

Kim fork over M



Kim's lemma

Theorem Kaplan R

The following are equivalent
1 T is N Sops
2 Kim's lemma for Kim dividing
If MET and UCxya

Kim divides over M then

44gal divides with respect to

Morley sequences over M in

every global M invariant type

patpCalm



3 If M t T then it 44 a

divides with respect to a Morley

sequence
over M in some global

M finitely satisfiable type p24h4m

then 44ya divides with respect

to Morley sequences over M

in every global M finitely

satisfiable
of Itp 4mL



Proof
f 2 G follows from the

fact that M finitely satisfiable

types are M invariant

1 2 Assume 2 fails

and we will show T has SOP

So fix MFT 44gal and global

M invariant p g
2 Tp Ym such that

44 a divides with respect to

Morley sequences over Min q
but 44gal does not divide with

respect to Morley sequences over



Min p
I

Now let ci.o.ci die Elp f Mcios
gci.is3 or o

Z o o

l on

It
2 on a

3 a o

The rest of the proof will be a reflection

on this picture

Observation Ii CiDien t p IM

so Mx Cio i c I is consistent



i
3 or o

Z o o

l a

O o

V l o a

2 on a

3 or a

1

Observation 2 cc i 7 ez t g IM

so 44 G i
i c I is k inconsistent

for some k

i
3 or o

Z o o

l a

O o

V l o a

2 on a

3 or a

1



Observation 3 For all y
c I

C o Cj Cj McnjoGji

i
3 or o

Z o o

l a

O o

V l o a

2 on a

3 or o

Why Notice

cci.o.ci D f p g MMiEk
So

cci.o.cidigit 4308 Mc µ



Moreover Cj of Plm Cj tqlm and

plm g1m tpCalm so

Cj o Em Cj i

Because pong
W
is M invariant

we know for all HE y c LCM

YCE g o
e
p g

0

HE g c pop

so we have

Si Fmcj.oczj.is



i
3 o

Z o o

l a

O o

U y a e

2 on a

3 or a

1

so we've found an SOP array

upside down To put it rightside

up
define Cdi o di Diaw by
di o di il Ei o C i.e

for all icw This shows

in
7cm

so as ca



1 3 Assume T has 50ps

Let Tsk be an expansion of T

to a larger language that contains

Skolem functions ie such that

for every 4 x g in L withHH there

is a function fyly such that

T t Hy CHUM Hfylyl y

Then there is an L ferula 4kgy
and a collection of tuples Gin CiDiaw

such that



44 G o icw is consistent

YCxici d icw is 2 inconsistent
Lsk

Ci for all icwCi o Cai oCci

By Ramsey and compactness we

may assume further that

Ci o Ci i w is an Lskindiscernible

sequence
Let M dolan Cc i iii Diaw

Then MRL ET

let n Iciol Kin and let 12
be a non principal ultrafilter on MY

concentrating on Ci o i aw em



n ng n no

and let E be a non principal

ultrafilter concentrating on

cin i aw

let p Au CD M

g ACE M

Observation 1 If Cailicw

is a Morley sequence over M in p
then 44 ai icw is consistent



Ao

aah a

Az to

Az so
I

M
o

o



Observation 2 If bi icw is

a Morley sequence over Min q
then 44 bi i aw is

2 inconsistent

i v
x

m



Observation 3

Phi 9hm

Suppose 44in c LIM Then

there is a tuple of L terms t

and some k such that 4ham

is equivalent modulo Tsk to

x Elkie occult

Because Ciao EI ca
Ci for all

c ew ipwfiwlarLsk
Cj o E Cj

Cale Okk I



for all j k Hence

4Cximeplm cj.oltnki.am ED

Egil t 4kj.it BED

giolttkizitk.no ifngz
E It him

gilt4cg im
4ham TF



Kim forking Kim dividing

Proposition

Assume T is NSOP Then

if MET and 44 a Kim forks

over M then 44 a Kim divides

over M

Proof Fix MFT

Suppose 6Cx a7t 4

where 4 x cil Kim din des

over M for all ick

let qztpca.co ichYm



be a global M invariant type
and let

Cai c Ga it f In
Then Cai iw and each

g D icw are also Morley

sequences over M in global
M invariant types By Kim's
lemma Fu Kim dividing we

know

Hjk giilsiaw3
is inconsistent for all g

ale



We want to show

4G ai iw3

is inconsistent

Towards contradiction suppose not

and let b be a realization

Then we know for all icw

4cxyailtjyutjtxicj.it

so for all icw there is some

jcilsk such that

f 4yifbjcju.si



By the pigeonhole principle
there is some g

e k such that

the set X iawl j lil 1,3
is infinite Then we have

both Hj x g i TEX
is inconsistent by indiscernibility
and that this set of formulas

is realized by b a

contradiction HE



The Kim Pillay Criterion

WSOP

Theorem Chernikov R

Suppose It is an Ant M invariant

ternary relation on small subsets of 1M

Satisfying for all MKT

11 Existence al M always holds
µ

to symmetry aff b Es b a

3 Monotonicity aa bb a b

4 Strong finite character tf a b

there is 44 b Etp Tmb such that



a'Ept b for all a with f Ha b

5 The independence theorem

If coEnce co a c b a Lfb

then there is c such that

Maco Ct ImbCt and c ab

Then T is N50ps
G b

Co C

D

n

M



The Kim Pillay Criterion

NSOP
Definition Suppou MET

affb means tp Ymb

extends to a global M finitely

satisfiable type Equiv to

tp 4Abl is m fin sat
a jib means tp Tmb

extends to a global

M invariant type



Easy exercise If MET

a Imu b alimb at b
k

al b

Definition M

h n

Deline al b Es b l a

M M

and
ei i

al b Es b la
M M

at
e o ar

Ao

I



Proposition

The following are equivalent

1 T is NSopa

2 Very weak IT fer l
If M t T ao bo Ina b and
a i lmkbi boYb then there

1 011
is a with a bo5M bi Emaobo

a

G Very weak IT for d ai
same as 2 but with l

3 CD because I 1 hence
the Ii

1 3 i suppose 3 fails So for some

Mt T there are aoboEm 9 b



with ai bi fr i oil and

b In b but setting

pcxiyt tplao.ba M

we have pCx b upCx b is

inconsistent let 44 y e P be

a formla such that

46 D Kab

is inconsistent I or

b
a



Because bolmcibi we know

b bo so there is some global

M invariant
g
2 tp Imho

Note that bot q m so there is

a Morley sequence in Q over M

starting with Cbo bi E

iii



Why Just choose bzt qlm.is
bestflmbobibz

and so on

Then 44 bi icw is 2 inconsistent

so 44 bo Kim divides over M

But we also know ao in bo
so there is a global M invariant

type p2tp byma let

bi liew tp
w

ma with bio Bo

Then b liew is a Morleysequence over

Min p but it is also Ma indiscernible



so we have aot 4kg6 iiewl

This contradicts Kim's lemma for

Kim dividing showing T has

SOP I

M f b's j
b bi y

b
in z be

b or

ring



oh cm

suppose T has sops via the

formula 44 y Work as before

in a Skolemized expansion Tsk

of T By compactness and Ramsey
there is an Lsk indiscernible sequence

IC qci diawtz such that

4G Cio i cut 23 is
consistent

44 ci iewt2 is 2 inconsistent
Sk

ciio cci.ocai.fi i fr all i wt 2

Choose bt Uk Cio i wt 23 By Ramsey



and compactness we may assume I
is byindisaible

let M dolls Ew o C l

o
Cun

b
cw.oO O.cw.i

Foo

b b

Mole that we have
e 0

WH o
m
Cw o

E
M
Cw

WH O Ch I

Choose b such that

WH o b Fm Cw b



By indiscernbility we have
a

Cutt o l b hence

M

l b and also

M
n

CW I WH O

M

Wti 1But since Cwtlio
uh occult

and 44km7 4G cw is

inconsistent we have

44km7 elxicano I
b

is inconsistent a
b

Cwp



i

i

no

sine 44ycwn.de p
b
Mcwn.o

Xx cw ttp byMcw
we see 2 fails TIE



Proof of the Kim Pillay theorem

First we show that if I satisfies

47 4 then for any MTT
n k

al b a f b
M M

Proof Suppose towards contradiction that

a limb t b By strong
finite character there is some

Ux b ttp Tmb such that

a b whenever f Ula b

Because a Imb there is some

m c M such that thecm b



Then m b so by symmetry

btm and by monotonicity

b M contradicting existence

Now suppose additionally satisfies s

Suppose we are given aobo 9lb
h

with a o bo and hence a jib
h

and also bo j b Then by

the claim and symmetry we

have a o bo a bi bo b

so there is by the independence theorem

some ax with a bo may b Em aobo



Teaser for next time

Eymmely in simple theories
1

Assure a lb Then
A

by exth can generate

Seg lait ice
with a Ea

ai ttplatablainttacib

By ER get indBd Mody

seq on A Ab indisc

study at a



why
Kim's lemur b a

k i

al b a lb
M M

1
1

Caelian Moly

Asi daei

Cailicw l Moly
K



array 9091


