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Apology and introduction

| had intended to speak about my recent work with Ali Enayat
(Gothenburg) and Matt Kaufmann (Texas), published in “Largest
initial segments pointwise fixed by automorphisms of models of set
theory”, that classifies the countable structures in the language of
set theory that can appear as a largest initial segment of a model
of set theory that is pointwise fixed by a non-trivial automorphism.
Instead, | have decided to present a new, but simpler, application
of the ultrapower technology utilised in the aforementioned paper,
and also give a bit of background about how one can build models
of extensions of the urelemented variant of Quine’'s “New
Foundations” Set Theory NFU from models of set theory that
admit non-trivial automorphism.
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Notation and a definition

» | will use £ to denote the language of set theory — first-order
logic with a binary relation symbol €

» | will try to use the letters M, N/, Q ...to denote structures
and M, N, Q, ..., respectively, to denote their underlying
sets. The interpretation of a relation R (in the language of
M) will be denoted RM

» If £’ is an extension of £, M is an £’ structure and a € M,
then | will write a* for the class {x € M | M |= (x € a)}

» | am using Ag, X1, A1, M1, ...to denote the usual Lévy
classes of L-formulae

Definition

Mac Lane Set Theory, Mac, is the L-theory with axioms:
extensionality, pair, union, emptyset, powerset, infinity, transitive
containment, Ag-separation, set foundation and the axiom of
choice
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» The class AZ)D is the smallest class of £-formulae that contains
all atomic formulae, contains all compound formulae formed
using the connectives of first-order logic, and is closed under
quantification in the form Ox € y and Ox C y where x and y
are distinct variables and O is 3 or V

> If £ D L then we use Ag(L') (AF(L')) to denote the
smallest class of formulae that contains all atomic formulae,
all compound formulae formed using the connectives of
first-order logic, and is closed under quantification in the form
Ox €t (and Qx C t) where t is an L'-term and x is a
variable that does not appear in t, and Q is 3 or V

» The classes ¥, N7, ..., £1(£'),N1(L),... and
YP(L),N7(L"),. .. are defined inductively from the class A},
Ag(L') and AF(L') in the same way as the classes X1, My, ...
are defined from Ag
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(NF) that allows urelements into the domain of discourse.
Definition

The language of NFU, denoted Lxru, is the extension of L
obtained adding a unary predicate S and a binary function symbol
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Definition

The terms of Lnry are built-up inductively from variables using
the function (-,-). Let ¢ be an Lnpy-formula. We use Term(¢) to

denote the set of Lxyu-terms appearing in ¢. We say that
o : Term(¢) — N is a stratification of ¢ if for all terms s and t

appearing in ¢,

(i) if s is a term appearing in t then o(‘t’) = o(‘s’),

(ii) ifs € t is a subformula of ¢ then o(‘t’) = o(‘s’) + 1,
(i) if s =t is a subformula of ¢ then o(‘t’) = o(‘s’).

If there exists a stratification of ¢ then we say that ¢ is stratified.
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Definition
NFU (with infinity and choice) is the Lxpu-theory with axioms:

(Weak Extensionality)
VxVy(S(x)ANS(y) = (x=y <= Vz(zex < z€y)))
(Stratified Comprehension) for all stratified Lxpu-formulae

o(x, 2),
VZy(S(y) AVx(x €y <= ¢(x,2)))

(Pairing) VxVyVzVw((x,y) = (w,z) = (x =w Ay = z))
(Choice) Every set is well-ordered

» NFU prove the existence of a universal set

V={x|x=x}

» The Pairing Axiom implies that V is Dedekind infinite
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NFU

In contrast to the relationship between ZF and ZFA (they are
equivalent in a very strong sense), NFU is weaker than NF.
In particular, Jensen (1969) shows that NFU is consistent and
consistent with both the Axiom of Choice, and the negation of
the Axiom of Infinity. Specker (1953) shows that NF proves
the negation of the Axiom of Choice and the Axiom of Infinity.

Cardinals in NFU are represented as equivalence classes of
equipollent sets (a la Frege and the representation of cardinals
in ZF). Note that the existence of a universal set means that
we do not need to use Scott's trick.

Ordinals in NFU are represented as equivalence classes of
isomorphic well-orderings

If X is a set, then we use | X| to denote the cardinal to which
X belongs. If R is a well-ordering, then we use [R] to denote
the ordinal to which R belongs.
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» NFU interprets Peano Arithmetic (PA): (N, +,-,0,1) where
N is the set of finite ordinals

» One strange feature of NFU (and NF) is the fact that not
every set is the same size as its own set of singletons. We use
L to denote the singleton map (x — {x}) and write "X for
the set of singletons of X ({{x} | x € X})

» For example, [t"V/| # | V|, because if [."V| = |V/|, then the
proof of Cantor’s Theorem would tell us that |V| < [P(V)|,
which is clearly absurd (P(V) C V)

» Cantor’s Theorem in its usual form is not provable in NFU.
Instead we get that for all X,

V] < |P(V)|
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NFU

Definition

We say that a set X is Cantorian if | X| = [."X|. We say a set X
is strongly Cantorian if the restriction of the map ¢ to X
witnesses the fact that |X| = [."X]|

For example, V is not Cantorian, but every externally finite set is
strongly Cantorian.

Definition
If X is a set then define

T(IX]) = [e"X].
If R is a well-founded relation then define

T(IR]) = [{(x,0p) [ (x,y) € R}].
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Mild extensions of NFU

The T operation restricts to an automorphism of the structure
(N, +,-,0,1), but this automorphism is not necessarily the identity.
In other words, the set N is provably Cantorian, but not necessarily
strongly Cantorian.

(Axiom of Counting (AxCount)): (Vn € N)(T(n) = n)

Orey (1964) shows that adding this axiom to NF proves the
consistency of NF, and the proof also works when NF is replaced
by NFU.
Forster (1977) introduced two natural weakenings of AxCount:
(AxCount<): (Vn € N)(n < T(n))
(AxCount>): (Vn e N)(T(n) < n)
Despite their symmetry, these two axioms are quite different. For
example, AxCount< immediately implies the Axiom of Infinity
because | T(|V]) < |V/|. Enayat (2006) studies models of
AxCount> in which the Axiom of Infinity does not hold.
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Let M |= Mac and let j : M — M be an automorphism such
that there exists ¢ € M with

M E (cUP(c) Cj(c)) and M = (c is infinite)

Define an Lypy-structure N = (N, eV, SNV (-, V) by
N=c"and SV = {xec" | ME (j(x) Cc)}
And, for all x,y € c*,
x €V y if and only if SV (y) and M = (x € j(y))

and (-, ,>N is defined from some bijection between ¢ x ¢ and ¢ in

M.

Theorem
(Jensen) N |= NFU



Building models of NFU

Broadly speaking, the behaviour of the automorphism
j: M — M corresponds to the behaviour of the T operation in
the model N of NFU defined on the previous slide. In particular:



Building models of NFU

Broadly speaking, the behaviour of the automorphism
Jj: M — M corresponds to the behaviour of the T operation in
the model N of NFU defined on the previous slide. In particular:

» If M |=Mac and j : M — M is an automorphism such that
there exists ¢ € M with
M E (cUP(c) Cj(c)) and M = (c is infinite)

and for all x € (w™)*

M= j(x) < x

then the model V' |= NFU defined on the previous slide also
satisfies AxCount<



Building models of NFU
» If M |=Mac and j : M — M is an automorphism such that

there exists ¢ € M with
M E (cUP(c) Cj(c)) and M = (c is infinite)

and for all x € (w™)*

M= j(x) = x

then the model N' = NFU defined two slides previously also
satisfies AxCount>



Building models of NFU

» If M |=Mac and j : M — M is an automorphism such that
there exists ¢ € M with

M E (cUP(c) Cj(c)) and M = (c is infinite)

and for all x € (w™)*

M= j(x) = x

then the model N' = NFU defined two slides previously also
satisfies AxCount>

» If M |=Mac and j : M — M is an automorphism such that
there exists ¢ € M with

M E (cUP(c) Cj(c)) and M = (c is infinite)

and for all x € (w™)*, j fixes x, then the model A/ |= NFU
defined two slides previously also satisfies AxCount
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What we know about these systems

Theorem
(Jensen 1969) NFU and Mac are equiconsistent

Theorem

(Holmes (2001), Solovay (7)) NFU + AxCount is equiconsistent
with the theory

Mac + {33, exists}nen

Theorem
(Hinnion 1975) NF(U) + AxCount< - Con(Z)

Theorem
(M. 2015)

(I) NFU 4 AxCount - Con(NFU 4 AxCount<)
(I) NFU + AxCount< F Con(NFU + AxCount> )
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What we know and don’t know about these systems

Theorem
(M. 2017) NFU + AxCount>  Con(Mac), and so
NFU + AxCount> F Con(NFU)

Question

What are the exact strengths of the theories NF'U + AxCount>
and NFU 4 AxCount< relative to subsystems of ZFC?
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Building models of set theory with automorphisms
Let M = (M, ™) be an L-structure such that |[M| = Xy and

M = Mac + Ap-collection

> Let
F={feM|(3new)ME(f is a func. with dom. [w]"))}
» Let M r be the expansion of M to a structure in the new
language L that has a new function symbol f for every
feF

Lemma
Mz = Zi(Lr)-collection + Do(Lr)-separation

Lemma
There exists an ultrafilter U C (P(w)™)* such that for all n € w
and for all f € F, if

M E Bk e w)(f : [w]" — k)

then there exists X € U such the f is constant on [X*]".
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Building models of set theory with automorphisms

Let U be an ultrafilter that is obtained from the previous lemma.
Define a collection of formulae T;y C L by

d(x0,---,%n) € Ty if and only if IX € U s.t.

M}'):(Z)(ao,.--,an)
forall ag < -+ < a, € X*

» Let Lr 7 be obtained by adding new constant symbols ¢;, for
all i € Z, to Lx
> Let TZ/I,Z: {¢(Ci0,...,C;n) ‘ ¢ € Ty and ig < --- < iy in Z}
» Let TERM C L 7 be the class of terms in form
f(cip, -, ci,) where i < --- < i, € Z
» For all 7 € TERM, define
[7] ={7" e TERM | (r =7') € Tuz}
> Define N = (N, eV) by

N = {[r] | € TERM}

[7] €V [7] if and only if (r € 7) € Tuz
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Lemma
(a tos Theorem) If ¢(xo,...,xn) @ 1-formula then for all

[0],---,[mn] €N,

N ): ¢([TO]7 L) [Tn]) 7’f and O’I’I,ly /Lf ¢(7’0, cee 7Tn) € TU,Z-

This result generalises pretty smoothly. For example, if
M = Ag—collection, then the above Lemma holds for all
¥ 7-formulae.

» Let m € M and let h,, € F be such that
Mz = (Vx € w)(Am(x) = m)

These constant functions witness the fact that M embeds

into N/
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The structure of the ultrapower

» Let id € F be such that
Mz b= (¥x € w)(id(x) = x)

The class {[id(¢;)] | i € Z} is a class of ordinals of A that is
order-isomorphic to Z

Lemma
The class {[id(c;)] | i € Z} is a class of X1 order indiscernibles.

Lemma
Let ¢(xo,-..,xn) beMy. Forall ag,...,a, € M, if

M = ¢(ao, ..., an), then
N E ¢([hay(c0)); - - - [Pa, (c0)])
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The structure of the ultrapower

Observing that all the axioms of Mac except the powerset axiom
can be written as [Ny-sentences yields:

Lemma
N E Mac — powerset

We can also see that A must be a cofinal extension of M.

Lemma
Let f € F and let ig < --- < ip € Z. There exists X € M such that

N E ([(F(cips - - )] € [hx(co)])

This cofinality implies that A satisfies the powerset axiom.

Lemma
If X € M, then

N E (P([hx(«0)]) = [hpx)(0)])
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The structure of the ultrapower

Theorem

N = Mac

The model N also inherits some other nice properties from M.
For example:

Lemma
N = ([hw(co)] is the least inductive set)

Note that this just says that the embedding M — A sends w™ to
«w?, not that these two objects are the same. In particular:

Lemma
The class {[id(c;)] | i € Z} is a class of natural numbers in N'
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Cofinality of the indiscernibles in w'

Lemma
The class {[id(c;)] | i € Z} is cofinal in the natural numbers of N .

The class {[id(¢;)] | i € Z} is also "downward cofinal” in the
natural numbers of A/ in the following sense:

Lemma
Letfe Fandletip<---<in€Z. IfforalljeZ,

N & ([F(ci, - - - c,)] € [id(c))])
then there exists | € M such that

N E ((h(o)] € [hu(co)) A (IF(Cis - €i,)] = [hi(o)])
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The automorphism of N/

The structure N admits a non-trivial automorphism. Define an
automorphism j : ' — N by

j([f(ciov EER) Cin)]) = [f(cfo-l-b ) Cin+1)]

forallfe Fandig<---<in€7Z

» The fact that {[id(c;)] | i € Z} is a class of X1 order
indiscernibles ensures that j is an automorphism

» By considering the elements [id(c;)] of A" we see that j is
non-trivial on the natural numbers of N/

» The cofinality and “downward cofinality” of the class
{[id(¢i)] | i € Z} ensures that for all n € N, if N = (n € w),
then NV |= (j(n) > n)
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Conclusions and problems

Theorem
If M = (M, M) is such that |M| = Rg and

M E Mac + Ag-collection

Then M has a cofinal extension N” with N' = Mac that admits a
non-trivial automorphism j : N — N such that for all n € N, if
N E (n€w), then N = (j(n) > n).

What we do not necessarily get is a model of NFU + AxCount>
from the model AV in the above result. In fact, we know that this
is impossible:

Theorem

(Mathias 2001, M. 2018) The theories Mac,

Mac + Ag-collection + X1-separation and

Mac + My -collection + ¥ 1-separation are all equiconsistent.
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What does M need to satisfy in order to get a model of
NFU 4 AxCount>?

It is clear from the ultrapower construction of N that would get a
point ¢ € N such that

N = (c is infinite) A (c UP(c) C j(c))

if there exists f € M such that f is the map n — P"(w). This
yields:

Definition
KPP is the L-theory that extends Mac with the axiom schemes of
A} -collection and M -foundation.

Theorem
If KP” is consistent, then so is NFU + AxCount>

However, the following suggests that this is overkill:

Theorem
(M. 2015) There is a model of NFU + AxCount> in which is the
set of infinite cardinals is finite.
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What does M need to satisfy in order to get a model of
NFU 4 AxCount>?

An assertion that appears to be closer to the strength of

NFU + AxCount> is the assertion, in M, that the restriction of
the map n+— P"(w) to any natural number is a set. This assertion
follows from the scheme of M} -foundation. The problem is that
our ultrapower construction does not appear to yield a model of
NFU + AxCount> even when we assume that M satisfies
I—If—foundation. The problem is that the ultrapower is cofinal in

M.

Question

Is there a way of modifying the ultrapower construction so that the
resulting model is not cofinal in the original model?



Thank you!



