A survey on the computable Lipschitz reducibility

Fan Yun

Department of Mathematics
Southeast University, Nanjing, China

June 8, 2018

Fan Yun



Backgrounds

@ Let M be a Turing machine that takes an input 7, views it as
a natural number and outputs M(7) = ¢ = 22° .



Backgrounds

@ Let M be a Turing machine that takes an input 7, views it as
a natural number and outputs M(7) = ¢ = 22° .

@ For instance, if 7 = 101, then
M(r) =0 = 923 _ 4294967296
and |o| = 232,
e Given a Turing machine M, if M(7) = o, then 7 is an
M-description of o.
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where min ) = co.
@ For a universal machine U,

C(o) = Cy(o) < Cu(o) + O(1).

@ The prefix-free Kolmogorov complexity:
Ku(0). K(o) = Ku(o).

The probability that U halts Qy = Zu(on 27191 is left-c.e. . J
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Relative Randomness

o a<pgfif E(a [ n) < E(B | n)+ O(1), where E = K or
E=C

o K-reducibility, C-reducibility, Solovay reducibility, computable
Lipschitz reducibility, relative K-reducibility.

Theorem (Calude,Hertling,Khoussainov, Wang 2001, Kucéra

Slaman 2001)

For a real 3, the following are equivalent:
(1) B is left-c.e. and ML-random.

(2) There is a universal prefix-free machine U such that Q, = 3.

(3) B is Solovay complete, that is, o <s 3 for each left-c.e. real .
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Definition (Downey,Hirschfeldt,2008)

Given two reals o and 3, « is computable Lipschitz reducible to £
(e < B)if there is a Turing functional I such that o = I'# and its
use on n is bounded by n+ c.

Proposition (Downey,Hirschfeldt and Lafort,2008)

If @ < 5, then for all n, E(a [ n) < E(B [ n) 4+ O(1), here
E=KorE=C.

The cl-degree only contains either only random reals or
non-random reals.
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The structure of cl-degrees of left-c.e. reals

Property (Downey, Hirschfeldt,Lafort 2001)

The cl-degrees of left-c.e. reals is neither a lower semi-lattice, nor
an upper semi-lattice.

Theorem (Yu and Ding,2004)

There is no cl-complete left-c.e. real.

Theorem ( Fan and Yu, 2012)

For any non-computable Ag real «, there is a left-c.e. real 8 such
that both of them have no common upper bound in left-c.e. reals
under cl-reducibility
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Definition (Fan, 2016)

A c.e. Turing degree d = degr (D) is uniformly non-low, if for any
total function f <7 (' there is a uniform way to define a total
function g <7 D such that g is not dominated by f.

In the c.e. Turing degrees, {uniformly non — lows} C
{non — lows} C {array non — computable}.

Theorem (Fan, 2016)

If a c.e. Turing degree d is uniformly non-lows, for any
non-computable AJ real « there is a left-c.e. real 3 € d such that
«a and [ have no common upper bound in left-c.e. reals under
cl-reducibility.
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The cl-degrees of left-c.e. reals are not dense.

Proof sketch:

OPeZOHEFE;

Q R.:f=AFAY =9 = IO[a = O] Vv IV[y, = VA].
© To meet P;, we build a diagonalization interval /' = [xi, yi]-
o

Considering P;, if l¢ is unbounded for some e </, how can we
define an Re-suitable diagonalization interval /'?

@ Considering Re, if I, is unbounded, /, !’ are two
diagonalization intervals, how can we make sure both of them
are consistent?

<
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