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Previously on Set Theory

Truth Lemma is critical in the proof of (Separation)M[G]
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Forcing

EXE: Let M be a c.t.m for ZF, show

M[G] � Power set axiom

M[G] � Replacement

If M � AC, then M[G] � AC
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Forcing

We continue the proof of the the truth lemma by induction on
φ ∈ FLM

P that

M[G] � φ(σ̄G)⇔ ∃p ∈ G (p  φ)
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Preserving cardinality

Definition
For a forcing poset P ∈ M, we say

P preserves cardinals iff for all generic G and all β < o(M)

(β is a cardinal)M ↔ (β is a cardinal)M[G]

P preserves cofinalities iff for all generic G and all limit
γ < o(M)

cfM(γ) = cfM[G](γ)
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Preserving cardinality

Lemma
For a forcing poset P ∈ M,

If for any limit β such that ω < β < o(M) we have

(β is regular)M ↔ (β is regular)M[G],

then P preserves cofinality

If P preserves cofinality, then P preserves cardinality
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Preserving cardinality

Theorem
If P ∈ M has (c.c.c.)M, then P preserves cofinalities and
cardinality
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If (P has c.c.c.)M, then P preserves
regularities for limit ω < β < o(M)
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Next on Set Theory

Computing cardinal exponentiation in M[G]

Final remarks
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