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Previously on Set Theory

. Lpn = ’)P( Lp)
Definition of L,

Basic facts of L,
LeZF (2"

L, is absolute for transitive model of ZF — Pow, so

(V=1
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Godel's L

We show
m ACt

m GCH", where GCH is the following statement

Ya € OR(card2” = a™)



Global choice in L

Recall: The following formulations of AC are equivalent

m Every family of mutually disjoint nonempty sets has a

choice set / function
m Every set can be well-ordered
m Zorn's lemma

Proof that that are equivalent in ZF



Global choice in L

We define recursively a sequence of order relation <, on L,
such that
m Each <, is a well-ordering of L,

m For @ <3, <4 is an end-extension of <, which means

<o C <, and for any a€ L,, b€ Lg\ L,, we have a<z b



Global choice in L

Fix @ € OR
m In case a is limit, let <, = U, & 4
miIncasea=8+1,

m For subcase a,be€ Lg. Let a<, bifa<gh

m For subcase a€ g, be g 1\ Lg. Leta<, b
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Global choice in L

Fix @ € OR
milncasea=6+1

m For subcase a,b € Lz, 1\ Lg.

Fix an enumeration of all set theory formulas {go,- | i< w}

and an well—ordering@f L7 for each n.
= B L
Let i, j be the least such that a = {xe Lg ’ @.” (%, ;3’)} and

b= {x €lg ' ijLﬁ(x, c'f)} for some B, g € L;“‘ respectively

m For the subsubcase that i< j, let a<, b
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Global choice in L

Fix @ € OR

mincasea=6+1
m For subcase a,be Lz, 1\ Lg.

m For the subsubcase that i=j, let B, G € L be the least
such that a = {xe Lg | gol.Lﬁ(x, 5)} and
L -
b= {xe Lg | ¢/ (x. q)}
Let a<, b ifﬁqg?]



Global choice in L

Fix @ € OR

mincasea=6+1
m For subcase a,be Lz, 1\ Lg.
m For the subsubcase that i=j, let B, G € L be the least
such that a = {xe Lg | <pl.Lﬁ(x, 5)} and
b= {XG Lg | goll.'ﬁ(x, E]’)}
Let a<, b ifﬁqga
Note that if i=jand p =g, then a=b



Global choice in L

Lemma
Each L, is well-ordered by <,, and < (defined as a < b iff there

exists @ € OR such that a <, b) is a global well-ordering of L



Global choice in L

Corollary

ZF + (< is a global well-ordering of the universe ). In

particular, ZF + ACt



GCH in L

Definition
Let M be a transitive set, define o(M) = M N OR= the set of

ordinals in M Tout o (M Sonovdra.]
2y M’M?s Feams T fe ed W\':i?_—P
Lemma oim) S Uit

0w Thes

Let M be a transitive set such that M= ZF — Pow. Then
mEVs]

le. N m

=D MeV=L & M=Llyy

"~ Veem g o m Q(tLp)M

‘XL——L”
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Show

. M c Lo(M)
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GCH in L

Lemma

If k is a regular uncountable cardinal, then

L ZF—Pow+ V=1L



We show:

L, £ Replacement

Tka.« tfy[]‘:“k
oo
_P.',c ,{»wm\:,\ LE(\CVL,,}.»L.) ot ra |3C LF

e Acel,

Mrael, Wy b Ayel, Yoy a ) | The B el <l

By Replucoment  thue > oot B cd e
Machatyel oo~ = Ty [@veh Py t;—h.))LlT
A R el ey ol e coofud ke st
ool e i b = ok, () Lo 24 L
] whey hewii st Yoy LS s\u\m/\MVW{
Cortr | B [ x4 Y e ed g an b

1A <L

vebia [ =(veripl] 2 Ve
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GCH in L

Theorem (V= L)

For all cardinal k > w, L, = H(x) (the family of all sets whose

transitive closure has cardinality < «). Hence, GCH holds



m L, = H(x) implies GCH

o, e Poo)e Ho) « Ly Um0 tncomntld ijlw covolin (0
wd ALgl =X Ly by P b ua]

2 BealzaN e

m prove L, = H(x) by e k:e.—Ll,_, thin xpr (fle)

induction on cardinal k¥ > w €8 te(v) C—LP/ ol \LP’ -
Toy te 1 U contind  LecHu,

—_ —

\el, &2 “o Ly for s 2k P ve Hie,

= XC‘L]H‘ <TN\/>L' we Lﬁn MCL&{*’;M( 9

= X@ H(p-ﬁ) EHI\L) Lfr{ T; -ELLJ) Ahen IT‘LK
CInt \1"[,[( B‘) L—é J'/L‘”N""‘, e 7o W 4.)/9

‘((_/HUD) =) ke Ho] {»w e el (e T e M, owed [m] :IT‘

) Xé& L)\ < L]L
\
LR

L%lw be e Hyousitice (allwqm a} m
Tohen ' F 2R VL 5
W= Ly g o b ek (Bl (L) =li] <171 2
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GCH in L

Corollary

GCH*



Corollary

Con(ZF) — Con(ZFC + GCH)


Ruizhi Yang


Ruizhi Yang


Ruizhi Yang


Ruizhi Yang



Corollary
Con(ZF) — Con(ZFC + GCH)

Note that this can be a theorem in finitistic mathematics



Next on Set Theory

m More on L

m Introduction of Forcing


Ruizhi Yang
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