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Previously on Set Theory

Aq (module logical equivalence) formulas are absolute for

transitive classes (no additional precondition)

Aq (module A) formulas are absolute for transitive classes

satisfying A. It is also true for A; formulas
Ag or Ay in parameters are absolute if the parameters are
Recursive definitions preserve absoluteness

Functions are absolute if it is still a function and absolute

as a relation
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Recall:

Informally, we define D(A, P) (P c A)to be the collection of
all subsets X of A which are definable in (A, €) from
parameters from P, i.e. there exists a formula ¢(x, z1, ..., z,)

and pi,...,p, € Psuch that

X:{a€A|(A,e)lzga[a,pl,...,p,,]}
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Constructible sets

Formally, we define

D(A,P) = {Xc A ‘ An, ke wlse Pk(n is a L formula with

at most k + 1 free variables

A X is defined by n with parameters s in (A, e))}

DH(A) = D(A, A)



Constructible sets

Lemma (meta-theorem)

For each set theory formula ¢(x, z1, ..., z,),

ZF~ — Pow + YAYpy,....p, € Al

{a eAl¢*(apr.... ,p,,)} S Z)+(A)]



Constructible sets

Fact
Every finite subset of A is in DT (A)



Constructible sets

Definition

| LO =0
Vs PV
m Ly =D (Ly) {; r

m L, = U<y Lo for limit ordinal y \

ml= UaEOR La
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Lemma
ml,CV,
mlzClg,y
m L, is transitive

.aSﬁ—)LaCLﬂ

Constructible sets



Constructible sets
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Constructible sets

Definition

For x € L, we define the L-rank of x,

rank;,(x) = min {a € OR | X € La+1}



Constructible sets

Fact
ml,= {xe L | rank; (x) < a}
m L, 1\L, = {xe L | rank,(x) = a/}

m rank, (L(a)) =rank. (@) = @



Constructible sets

Fact

m Every finite subset of L, isin L,11
ml,=V,fora<w
wtl & Vw+1 = ?(Vv\’) l\/u_vl > ‘\/..a l: =

p—

lLu“'—-‘ LJ)(E):W:\/\)
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Theorem ((meta-theorem))
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Theorem ((meta-theorem))

All axioms of ZF holds in L

Lemma C eqpoatin

Suppose that M is a transitive class and Comprehension
Schema holds in M, and assume that for every subset x c M,
there is a set y € M such that x C y. Then All axioms of ZF
holds in M
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Constructible sets

Theorem ((meta-theorem))

All axioms of ZF holds in L

Lemma

Suppose that M is a transitive class and Comprehension
Schema holds in M, and assume that for every subset x C M,
there is a set y € M such that x C y. Then All axioms of ZF
holds in M



") u Comprehension holds in L

M for each x € L, there is a bet Zo e te et '+ o] b
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Constructible sets

Lemma

The function @ — L, is absolute for any transitive class

ME ZF — Pow



Constructible sets

Leomtr L N OR- DR

Lemma

The function @ — L, is absolute for any transitive class

ME ZF — Pow

Corollary 5

(V=10)" ’
N L

Q&/x;;{ kéLa{ ) - \JY@L :l.l ktL&

-_
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m L, is well-defined in

transitive M £ ZF — Pow

s M=,



Next on Set Theory

B V=LrAC
m V= Lk GCH
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