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Previously on Set Theory

me N
m ¢ is absolute for M, N if for any ay,...,a, € M,
M(

oM(a1,...,an) < ¢(ar,...,a,)

m /\o formula is absolute for transitive M

m A n-ary function is absolute if it is still a function in M

and absolute as an n 4+ 1-relation
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Previously on Set Theory
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Absolute in transitive models of BST: t Q )
m C as 2-ary relation
m () as O-ary function
m | J as l-ary function
ivterseat o Xy = #
m int as 3-ary relation, N as 2-ary function

m {x, y} as 2-ary function, “being singleton” as 1l-ary relation
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Previously on Set Theory

If ¢ is Ag in some Py,...,P, and f,...,f, moreover,
Pi,...,P,and f,..., f, are absolute for transitive M, then ¢

is also absolute



More on absoluteness

Lemma
Let ¢,y be two formulas and YX[p(X) < ¢(X)] holds in M and
in N, then ¢ is absolute for M, N iff  is



More on absoluteness

Lemma

Let ¢,y be two formulas and YX[p(X) < ¢(X)] holds in M and
in N, then ¢ is absolute for M, N iff  is

Practically, if we have proved that both M and N satisfyA, and
Ak VX[p(X) & ¥(X)], then we can apply the lemma to I\7l,—N

rpl KP Owne chM‘u.,(wmf W«JOA‘-VLE /L
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More on absoluteness

Lemma

The following notions are absolute for transitive models of

BST w*e’“ Y R el — o] L]b
v Vjc—){V!c-’j-({’fY\ ) {_L—wn—mubjwdi L79
m being a transitive set d
@ b Bamire @ wells dael "j ¢
m being an ordinal, successor ordinal, limit ordinal

m being a natural number xt evlsl A Mycx (y=p vyl e i )

—w T
IXC(,U,X/—__UJ{ Xew A bex AN zey Spey
V\]Ly 1 % nobwnl anLv)
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More on absoluteness

Lemma

The following notions are absolute for transitive models of

BST (#%)
m the 2-ary ordered pair function (x,y) = 75,4x4" §
m Cartesian product X x Y =70y [ xe¥, 5 |
m being an ordered pair, being a relation
m the l-ary functions dom x and ran x

m being a function, being an injection, surjection, bijection
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More on absoluteness

Lemma

The following notions are absolute for transitive models of

BST
m the binary relation apply(f, x) = f(x)

m R is a transitive, reflexive, total, symmetric, ... relation on

A



More on absoluteness

Definition
Let the language £ containing predicates P,..., P, and
function symbols fi,..., f,, ¢ is a L-formula. We say
misX; (inPy,...,P,and fi,..., fy) if ¢ is of the fom
Xy where ¢ is Ag in (in Py,..., P, and fi,..., f,)
misll (in Py,...,P,and fi,..., f,) if ¢ is of the fom
VX where ¢ is Ag in (in Py,...,P,and fi,..., f,)



More on absoluteness

Lemma

Let M be transitive in .

m Assume ¢ is X1 in some notions which are absolute in

M, N. Then ¢ is upward absolute for M, N, i.e.

m If ¢ is [1; in these notions, then ¢ is downward absolute

for M, N Ve [« ¢ |
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More on absoluteness

Let A be a set theory, we say ¢ is A; (in some notions)
module A, if A proves that ¢ is equivalent to some ¥; (in

some notions) formula and some Iy formula.



More on absoluteness

Let A be a set theory, we say ¢ is A; (in some notions)
module A, if A proves that ¢ is equivalent to some ¥; (in

some notions) formula and some Iy formula.

Lemma
Let M, N be models of A and M is transitive in N. Assume ¢ is
A1 module A where all the parameters are absolute for M, \.

Then ¢ is absolute for M, N



More on absoluteness

Lemma
The notions “R well-orders A” and “R is well-founded on A”

are absolute for transitive models of ZF — Pow
) R cllmavdos AT s x (ia T ey ”"'j wodde  ZF =P
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More on absoluteness

Fact
Let M be a transitive model of BST. Then

= Jxem|Mew]

m [M<*cM

m HFc M
Vi

m M~ cM
“/,slgn‘u ISRTE W\\]
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More on absoluteness

Lemma

[T

“being finite”, “being hereditarily finite" are absolute for

.. v
transitive models of BST na astedoes

L RsT
X < J(anHL (S :lv)f-‘» (+{u§ % Mf

g

ordy

— gh,"fC—M (‘(- “l:in()
I e
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More on absoluteness

Lemma

The following are absolute for transitive models of ZF — Pow
m the 0-ary founction HF
m the O-ary founction w

m the 1-ary function [x]*“ and x*¢

Ljyc
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More on absoluteness

Definition
An n-ary relation R is arithmetical if it is of the form

{)'(’e HF | HF & cp()?)} for some formula ¢



More on absoluteness

Definition
An n-ary relation R is arithmetical if it is of the form

{)'(’e HF | HF & cp()?)} for some formula ¢

Lemma

Every arithmetical relation is absolute for all transitive models

of BST



More on absoluteness

Definition
An n-ary relation R is arithmetical if it is of the form

{)'(’e HF | HF & cp()?)} for some formula ¢

Lemma

Every arithmetical relation is absolute for all transitive models
of BST
e.g. Being a term, formula, sentence in the language of set

theory



More on absoluteness

Lemma

Let M be a transitive model of ZF — Pow. A, R, G are defined
classes such that R is a well-founed, set-like relation on A, G is
a 2-ary function. Assume A, R, G are all absolute for M, (R is
set-like on A)M, and for each a€ M, a |= {x | xRa} ¢ M. Let

F be defined recursively by

Vae A[F(a) = G(a,Fi(a 1))] A Vet [fea-f)
Then F is absolute for M
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More on absoluteness

Corollary

The following notions are absolute for transitive models of

ZF — Pow
m ordinal arithmetic funtion: a + 8, a---8, o

m Being a formula, sentence for possibly uncountable

languages

m D(A, P) = the set of all subsets of A that are definable

Set(U,¥ <)

over (A, €) with parameters in P
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Next on Set Theory

m Constructible sets
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