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Previously on Set Theory
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To ShOV\X Con(ZFC™) — Con(ZFC)| we prove finitistically that
for each g in ZFC / / @3\”
zie b
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Previously on Set Theory
Lemma

For any class M,
m If Mis transitive, then Ext"
m If M c WF, then Foundation"

m If Vze MVy C z(y € M), then Separation”

If Vx,y € M({x, y} € M), then Pair"
If ¥X e M(|J X € M), then Union"

m If M is transitive and for all function f, dom fe M and

ran fC M imply ran f€ M, then Rep"



Class model

Lemma

Let M be a transitive class. Then

Vx e M((P(x) N M) € M) - Pow
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Class model

Lemma

Let M be a transitive class. Then
m

Vx e M((P(x) n M) € M) - Pow"’

It is easy if we can show
\%/wem[uc%——) wex)
Vx,z € M((z c )M o (zc X))

Wi dremitiin co M D 2EmM, ¢ J%‘““‘ Nen, e W ‘V‘v /‘j"é Y-S W x
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Absoluteness

/ Definition (In metalanguage)
|- Vo (o) 2 Yl

Let M c N be classes, and ¢(x, ..., x,) is a formula, we say ¢

is absolute for M, N if for any ay,...,a, € M

goM(al,...,a,,) TS <pN(al,...,a,,)

Is provable in ZF/ZFC
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Absoluteness

Definition (In metalanguage)

Let M c N be classes, and ¢(x,...,x,) is a formula, we say ¢
is absolute for M if for any ay,...,a, € M
goM(al,...,a,,) o ¢ (a1,...,an)

Is provable in ZF/ZFC


Ruizhi Yang



Absoluteness

For any Mc N, x =y, x € y is absolute for M, N
Vv em (xAh<€xam)
If M is transitive in N, then x C y is absolute for M, N

If M is not transitive, then x C y may be not absolute for

— (’A/&M/
bea, blm M%“ga\”’\l
]

M \\ . alye  embees xeat)
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Absoluteness

Definition (In metalanguage)
Aq formula is recursively defined as follow

m Atomic formula, say x =y, x € y are Ag
gAY
m If ¢ and ¢ are Ag, then —p, ¢ — ¥, etc. are A
\hoy €9
m If g is Ag and x # y, then Vx € yp and Ax € yp are A,
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Absoluteness

Definition (In metalanguage)
Aq formula is recursively defined as follow
m Atomic formula, say x =y, x € y are Ay
m If ¢ and ¢ are Ag, then —p, ¢ — ¥, etc. are A

m If ¢ is Ag and x# y, then Vx € yp and dx € yp are A

Intuitively, Ag formulas represent local properties / relations
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Absoluteness

vl(gw (PU] ARew ) D iw()
Vol (

Mooy Waew  2ey

. mey A Tew LW
Ve (3ey) )

\da (rex = 2ey)
xCy(xePy))is Ao

x = P(y) is not Ag Ve (zexc pey)

e (rex22¢y) AV (2ey > 2ex)
X=0 \Ayex (y=y)

x = Jyis logically equivalent to a Aq formula

\/&(Z:é)fé“"gw(we(‘]/( Hu)) \J&f»v ;7“07 eV A
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Absoluteness

Lemma (In metalanguage)

Given classes M C N, such that M is transitive in N, and ¢
(logically equivalent to) a A formula. Then ¢ is absolute for

M, N
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Absoluteness

—_—

Mooy (22¥V 2 eX)
\/ 2 (2;@”} o 2%V 26X )

Z=XxNy TLat(vy.,x) WV er (wornwer) s
W ey (wey 2 wep)

y = 5x

x is singleton

376)( \/{.éy (‘72%)
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Absoluteness

Convention

Let P be an n-ary predicate defined by some formula ¢p,
e Vxy, ..., Xo[P(x1,. .., X,) © @p(x1,...,x,)]. Then the
relativization PM(xy,...,x,) is cp’\,.f’(xl, s Xp). We say Pis

absolute for M, N if Pm is
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Absoluteness

If M is transitive, then C is absolute for M



Absoluteness

Convention

Let f be an n-ary function symbol introduced by the definition
VX, Xn@dxa, oo X0, X1, ..., X,))], and suppose we have
proved |Vxq,...,x,Ayodx1,..., X, y) . Then for

Xs..sXn € M, M(xq,...,x,) denotes the unique y € M such
that @Y (x1, ..., X y). We say fis absolute for M, N if

M(R) = fV(R) for all xq,...,x, € M.



Absoluteness

Both the function v w = y and the relation int(v, w, y) is
introduced by the formula Vx(x € y &> x€ v A x€ w). Since it
is Ag, int is absolute for any transitive class M. But 1 is
absolute iff is defined, i.e. for each v, w € M, there is a

unique y such that int"(x, w, y), and int is absolute for M



Absoluteness

Let M= ORU {(a/,,B) | a<pBe OR}, then M is transitive
and NM is not defined
Let M = {2,{1,2}}, then NM is defined, but N is not

absolute for M



Absoluteness

Lemma
If M is a model for the axioms of extensionality, separation,
pairing and union, then 0", SM NM are defined. Furthermore,

if M is also transitive, then these are absolute for M



Absoluteness

Lemma
If M is a model for the axioms of extensionality, separation,
pairing and union, then 0", SM NM are defined. Furthermore,

if M is also transitive, then these are absolute for M



Absoluteness

Lemma (ZF~ — Pow)

Let M be a transitive class satisfying extensionality, separation,

pairing and union. Then
m nf"ifoeM

m AC" if every disjoint family of non-empty sets in M has a

choice set in M



Class model

Fact
Con(ZFC™) — Con(ZFC)



Absoluteness

Definition
Let the language £ containing predicates P,..., P, and
function symbols fi, ..., f,, ¢ is a L-formula. We say ¢ is Ag
(in Py,...,Pyand fi,..., fy)if

m @ is atomic

m ¢ is a boolean composition of Ay formulas

m Y is Ag, Tis a term and p = dy ety

or Yy e



Absoluteness

Lemma

Predicates P4, ..., P, and function symbols fi,..., f,, are
introduced by definitions in the language of set theory, ¢ is Ag
in Py,...,P,and f,...,f, Mis transitive in N. Now, if
Py,...,P,and f,...,f, are absolute for M, N, then ¢ is also
absolute in M, N



Next on Set Theory

m More on absoluteness

m Constructible sets
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