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Previously on Set Theory

Cofinality Cel T
m Set theoretical reals:

Baire Space w®, subtree of w<¥

m Complexity of definable sets of reals:
2

m Borel sets
[@v\u{t\ilc el s
m Projective sets
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cﬂw b 0 et Perfect set property

Definition

m A set PC w" is perfect if it is closed and has no isolated

points,
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Perfect set property

Definition @ M/

@ b
m A set PC w” is perfect if it is closed and has no isolated

points,i.e. for each (basic) open set U C w® and x € P, if

x€ U, then UN(P\{x}) #0
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Perfect set property

Definition
m A set PC w” is perfect if it is closed and has no isolated
points,i.e. for each (basic) open set U C w® and x € P, if
x€ U, then UN(P\{x}) #0

m A set A C w” has the perfect set property if it is either

countable or contains a nonempty perfect subset



Perfect set property
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Fact o\,
If Pis perfect, then card P = 2%_ Thus, if A C w® has the

perfect set property, then A cannot be a witness of the failure
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Perfect set property

Theorem (Cantor-Bendixson)

Every closed set has the profect set property



Let C Cc w® be closed.
Show that C is either countable or

contains a nonempty perfect set
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Perfect set property

Fact

Every analytic set has perfect set property



Perfect set property

Definition
A set B C w” is Bernstein if neither B nor w® \ B contains a

perfect subset

Fact (AC)

There is a Bernstein set, which violates the perfect set property
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Perfect set property

Fact
m If V=L, then there is a M set of reals which does not
have the perfect set property

m It follows from a large cardinal axiom that every

projective set of reals has the perfect set property



Lesbesgue Measurable

For now, We consider the real line R



Lesbesgue Measurable
For now, We consider the real line R
Definition
Outer Measure
m For interval /= (a, b), define the length of the
interval/(/) = b-a

m For A C R, the outer measure of A is

kew

w(A) = inf{ Z I(1) ‘ (I kew is @ open covering of A}
- ——

kew
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Lesbesgue Measurable

Definition
Lesbesgue Measure

m A set AcC R is (Lesbesgue) measurable if for every X c R

p(A) = (AN X) + 1 (AN X)

m For Lesbesgue measurable set A, its Lesbesgue measure

H(A) = ' (A)



Lesbesgue Measurable

Fact
The collection of Lesbesgue measurable sets forms a
o-algebra. Thus every Borel set is Lesbesgue measurable
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There is a nonmeasurable set of reals
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We find a Vitali set which is not

measurable
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Lesbesgue Measurable

Fact

Assuming V = L, there is a X} set of reals which is not

measurable

Fact

It is provable from a large cardinal axiom that every projective

set is measuable



Property of Baire

Definition

m A set X C w® is nowhere dense if its closure has empty
interior, i.e. no nonempty open set is contained in its

closure

m A set M C w” is meager if its is the union of countably

many nowhere dense sets
m A set A C w” is said to have the property of Baire if it

differs from an open set by a meager set
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Property of Baire

Fact
The family of sets with the property of Baire forms a

o-algebra, which follows that every Borel set has the property

of Baire



Property of Baire

Fact
The family of sets with the property of Baire forms a
o-algebra, which follows that every Borel set has the property

of Baire

Fact

Neither Bernstein set nor Vitali set has the property of Baire



P T a. Determinacy

?L‘\‘]tl '5' L‘, \O

!

Definition (The game on w)

Let A C w”. We define the game G, as followw
m A play is a sequence (ag, bg, a1, b, . . .)Gol? natural
numbers, where (ag, a1, ...) is the play of player | and
(bg, b1, ...) is the play of player Il

m Player | wins the play if {(ag, bg, a1, b1,...) € A
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Determinacy
Definition (The game on w)

m A strategy is a function o : a():“’ — w. Given

0
[

hq‘
b= <b0, bl, .. .>, oxb= <O'(®), bo, O'((O'(@), bo)), bl, .. >
is the play of the player I's strategy o against b. Similar

is defined for player Il's ax o

m A winning strategy for player | is a strategy o such that

o*xbe Aforall be w?

m A winning strategy for player Il is a strategy o such that

axo ¢ Aforall ae w?”
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Determinacy

Definition
Axiom of determinacy
m A set AC w” is determined if either player | or player Il

has a winning strategy in Gy

m Axiom of determinacy (AD): Every subset A C w® is

determined



Determinacy

Fact
M!-determinacy implies that every Z},H set is Lebesgue
measurable, has the property of Baire and the perfect set

property



Determinacy

Fact
M!-determinacy implies that every Z},H set is Lebesgue

measurable, has the property of Baire and the perfect set

property
Foct

Gerahizry (AC)

-AD
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Determinacy

Fact
M!-determinacy implies that every Z},H set is Lebesgue
measurable, has the property of Baire and the perfect set

property

Corollary

If every projective set is determined (PD), then every

projective set has the regularity properties



Determinacy

Theorem

Martin-Steel The existence of n Woodin cardinal with a
measurable cardinal above them all imply I'I},H—determinacy.
Therefore the existence of infinitely many Woodin cardinals

implies PD



Next on Set Theory

m Constructible sets (Godel's L)
m Forcing

m More on large cardinals and descriptive set theory
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