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Previously on Set Theory

Cofinality

m A weakly compact cardinal is Mahlo, and the set of

Mahlo cardinals below is stationary
m Ultraproduct and compactness theorem

m A measurable cardinal is weakly compact



Set theoretical real numbers

Definition (Topology space)
A topology space is an ordered pair (X,), such that I' c P(X)
satisfies

m (0, Xel

m Foreach FcTl, |JFel

milf U Vel then UnVel

We say I is a topology on X and sets in [ are open sets. The

complements of open sets are closed sets.



Set theoretical real numbers
Definition (Ordinary (order) topology on real
numbers)

The ordinary topology on R is generated from the collection of
open intervals. l.e. A set UC R is open if and only if for each
re U, there is x,y € R U {co, —oo} such that re (x,y) c U. We

also say the set
{(x, %) | X,y € RU {oo, —00}}

is a basis for the normal topology on R



Set theoretical real numbers

Fact

There is a countable basis for the normal topology on R



Set theoretical real numbers

Definition (Baire space)

m Fix set X # 0. For s e X%, define s° = {xe X¢ | sC x}

m We define the ordinary topology on X“ as generated from
the basis
{s< | S€ X<“’}

m Baire space is defined to be the ordinary topology on w®



Set theoretical real numbers

Fact

m A basic open set s™ is also a closed set.

m UcC w” is open if and only if it is the (countable) union

. . <
of a collection of basic open sets |, S



Set theoretical real numbers

Definition (Cantor space)

Cantor space is the ordinary topology space on 2¢



Set theoretical real numbers

Descriptive set theorists who are interested in the complexity
of definable sets of reals usually works on Baire space or
Cantor space rather than the ordinary space on the real line.
Actually, Baire space, Cantor space and real line are all Polish

spaces, i.e. separable completely metrizable topology space.



Set theoretical real numbers

Descriptive set theorists who are interested in the complexity
of definable sets of reals usually works on Baire space or
Cantor space rather than the ordinary space on the real line.
Actually, Baire space, Cantor space and real line are all Polish

spaces, i.e. separable completely metrizable topology space.

Fact

Baire space is homeomorphic to the order space of all

irrational numbers

[Hint: use continued fraction]



Set theoretical real numbers

Definition
m A tree T on Xis a subset of X<“ ordered by C and closed
under initial segments.

m Let T be a tree on X. We define
[T] :{xe X“’|anrne T}



S Set theoretical real numbers
L ow g it A< SN

Let 7= ’,uw“”\m < K, j

Then %o TTY) @ Loy dme T

Fact SR A
EVin oy x it = x (\
A C w® is closed if and only there is"a tree T on w such that

A=T]

=) '5(\//»}Z
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Borel sets

Definition

m A o-algebra on aset Yis a collection S ¢ P(Y) which is
closed under complement, countable union and countable

intersection

m [ he collection of Borel set are defined to be the smallest

o-algebra containing all open sets of the Biare space



Borel sets

Definition (Borel hierarchy)

m X0 = the collection of open sets
m MY = the collection of closed sets

[ Zg = the collection of all sets A = |J,,c,, An, Where each

. Ao
Ay is Mg set for some < a

m MY = the collection of all complements of X° sets



] Borel sets
o -l - gy RS

— 0

Fact

[ I'Ig = the collection of all sets A = (),,c,, An, Where each

. 50
A, is X5 set for some B <«

0 and

0 0 0 0 (o
m If @ <, then ZQCZ,B, ):acl'lﬁ, I'IQCI'IB,

nd c xj
B Up<w, ):3 = Ua<aw, n?, is the collection of Borel sets

S e (1<a<w)
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Projective sets

Definition
The ordinary topology on (w®)* is defined to be the product

topology.



Projective sets

ﬂ\wy\«/w)\«)

Definition
The ordinary topology on (w®)* is defined to be the product

topology. Bt o w\)

Fact (fp - |,

w®)k is homeomorphic to w® I (») = 7 ({om) Jim
)
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Projective sets

Definition \){ \/\/)(/\

m [ isatreeon XX Y, if \Tis the subset of
{(s.1)| se X<, te v | =4}
Let T be a tree on XX Y
m Define [7] = {(x.y) € X* x Y| Vn (xn,y}) € T}

m Define the projection of T,

pT] = {xe X | y(xy) [T}
Q») \»}v\ (XI\",‘ﬂﬂt-}-
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Projective sets

Definition (Analytic set)
A set A C w” is called analytic if there is a tree T on w X w

with A = p[T]. coanalytic sets are complements of analytic

sets



Projective sets

Lemma

Every Borel set is an analytic set



Projective sets
{)\ = ’)“"v L"W
Lemma A \
={¢sh 1) | s'Ls Ls\=It \}

Every Borel set is an analytic set

~
Proof. W
It is sufficient to show %

m Every basic open set is analytic
[\“ EPAT \‘qlm ¥, u‘m%} Z

m Every closed set is analytic ‘ ﬂ
I PT) =

m Analytic sets are closed under countable union

m Analytic sets are closed under countable intersection
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Analytic sets are closed under

countable union
A= U A e Az pITl ]

Tad T oo AT

Mte: Uy deust lusk

Tt e [w <<:::j””’“‘jii>)
ve put (£ oS, ) et _—

Whe S STy e, |

T={ct, ems) | VO\/ \Z/)Tf/
e (el Ms,:sx\gmy \Z/
U fepTla] promen shon 35 oA o (- sy e T
Lee §=¢n™ 3 we e o, (F, %jj;;) e
I vy

L'\)N 3]\vw~l
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Analytic sets are closed under

countable intersection

Lot A= Q) A oot AT
Le{ L woaw W lx e Comomicd ca’{"“]

?\\w gew%
Depre "= {0 Mgy st

4

TL0)ST) evana g

1= ,7<t, s) }\g/w (’ti\}s"[) el LS

—

s1)

Ste)

~n .;;)
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Projective sets

Theorem (Souslin)

A set A C w” is Borel if and only if it is analytic and coanalytic
y



Projective sets

Theorem

There is an analytic set which is not coanalytic

Lemma

m There is a universal analytic set, i.e. a analytic set
B c w” X w* such that for any analytic set A C w® there
is some g € w®” with A = {f| (fg) e B}.

m A universal analytic set is not coanalytic



Projective sets

Definition (The hierarchy of projective sets)

m X7 = the collection of all analytic sets
m N = the complements of X! sets
m X, , = the collection of projections of I}, sets

m A =X 05
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Projective sets

Fact
mACX CA,CX,

mAlcNcAl,cn,,

n

Definition

A set A C w” is projective if A€ X! for some n€ w
proj i


Ruizhi Yang



Next on Set Theory

Regularity properties
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