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Previously on Set Theory

Large cardinal
m Inaccessible cardinal
m Mahlo cardinal
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Previously on Set Theory

Tree
m Tree, level, height
m chain, maximal chain, cofinal chain, antichain

m k-tree, k-Aronszajn tree, k-Souslin tree



Previously on Set Theory

Weakly compact cardinal
m There is no w-Aronszajn tree
m There is a wi-Aronszajn tree

m Weakly compact cardinal: « is inaccessible and there is no

k-Aronszajn tree



Weakly compact cardinal

Definition
A cardinal k is weakly compact if it is inaccessible and every

k-tree has a cofinal chain



Weakly compact cardinal

Lemma
=S 0
Let A be a set of ugncountable cardinals such that for all
NN
regular cardinal A, AN A is not stationary in A. Then there is a
x> A

regressive injection t: A — OR
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Weakly compact cardinal

Lemma
If k is weakly compact and S is a stationary subset of «, then

there is a regular A < k such that SN A is stationary in A
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Weakly compact cardinal

Corollary

If k is a weakly compact cardinal, then « is Mahlo. Moreover,

there is a stationary set of Mahlo cardinals below «



Q{/l <K | A is inaccessible } and

@{/l <K | A is Mahlo } are stationary
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Compactness theorem ultraproduct

Definition

Infinitary logic Let A, u be infinite cardinals. An £,, language
are defined allowing infinite conjunctions A, (a < 1) and
infinite quantifier sequence Ve (B < ). A formulain a £,
language can have less than u free variables.

Satisfaction relation are defined intuitively



Compactness theorem ultraproduct

Fact

igw
Kk is weakly compact if and only if the infinitary logic £,
satisfies the weak compactness theorem, i.e. whenever ¥ is a
set of sentence in £, of cardinality at most « and every subset

with cardinality less than « is satisfiable, then ¥ is satisfiable
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Compactness theorem ultraproduct

Fact

Kk is weakly compact if and only if the infinitary logic £,
satisfies the weak compactness theorem, i.e. whenever ¥ is a
set of sentence in £, of cardinality at most « and every subset

with cardinality less than « is satisfiable, then ¥ is satisfiable

Definition
K is strongly compact if £, satisfies the compactness theorem,

which is without the restriction on the cardinality of X.



Compactness theorem ultraproduct

Theorem

L., have compactness theorem



Compactness theorem ultraproduct
e -\:f; >Z 3\ se \’Bj
Ac 1015}:{ 5 1 R2A

(A<t
Let / be a index set, Mt = {/\/I,- | i€ I} is a I-sequence structures

Definition (Ultraproduct)

in a given language, and U is an non-principle ultrafilter on /.
We define the ultraproduct [],; M;/U to be the following
structure: -
My IM\ M m
m The universe is {[f]u | fe (UM and f{i) € |I\/l,-|},
where f~ g if the set {ie I| fli) = g(/)} ey
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Compactness theorem ultraproduct

Definition (Ultraproduct)

Let / be a index set, Mt = {/\/I,- | i€ I} is a I-sequence structures
in a given language, and U is an non-principle ultrafilter on /.
We define the ultraproduct [],; M;/U to be the following
structure:
m For relation symbol, e.g. R: [flyRIl=Mi/V[g], if the set
{ie 1] Ai)RMg(i)} e U



Compactness theorem ultraproduct

Definition (Ultraproduct)
Let / be a index set, M = {/\/l,- | i€ I} is a l-sequence structures
in a given language, and U is an non-principle ultrafilter on /.
We define the ultraproduct [],c; M;/U to be the following
structure:

m For function symbol, say 7: Define rllel ’V’"/U([fju) = lglu

where g(i) = 7Mi(f{i))



Compactness theorem ultraproduct

Theorem (to$)

Let M =[], M:/U be an ultraproduct and ¢(xi,. .., X,) is a

formula. Then

Me ([A].....[5]) o {ie | M o(A(i).....f()} € U
Dk TUD on @ [ B EURY bt Rb

VM = T8 “]E“():J ﬂ Wit m,é%

ok ) RTYT ;
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Compactness theorem: If X is
finitely satisfiable, then X is satis-

fiable
Lﬁt I: { 2 x 4 S ?g%«\ﬁ‘.ft\]
We foms f‘/em% Ao thee
s o Wsda] V\/u \t 4
Leﬁ U {o! an won-)'))’gl\d‘}s{ MHAF(W
on :[:
Wt 1Ll= (Wl =,
Lee T e the Fuiht Plovon T
Crd U be o cal o fibbnr em“m] ,?J
Lt m= T m, ),

tel
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Compactness theorem ultraproduct

Definition (Measurable cardinal)

K is a measurable cardinal if x is uncountable and there is a

< k-complete non-principle ultrafilter on «

Fact

If x is a measurable cardinal, then « is also a weakly compact
cardinal

The proof is an easy generation of the proof of compactness

theorem



Next on Set Theory

Descriptive set theory



Exercise

1. Let A be a set of uncountable cardinals such that for all
regular cardinal 2, AN A is not stationary in 4. Show that
there exists a regressive injection f: A — OR [Hint: If 1 is
regular and AN A is unbounded in 4, then A’ is a club in 4

and disjoint from AN 4]
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