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Previously on Set Theory

m Stationary sets

m Is club filter a ultrafilter (Is there a pair of disjoint

stationary sets)?

m Solovary theorem



Some logic

Symbols:
m Variable: vi,vo,v3,....xv,2,.... X, Y, Z,...
m Connective: =, V, A, >, ©
m Quantifier: Vv, 3
m Predicate: =, €

m Parentheses: (,)



Some logic

m Expressions: finite sequence of symbols

m Well-formed formula:

Ve Cuyion Jxv(m?:m on Lo
B X=Y) XEY
m -, aVBaABa—f, etc bre
m dxa, Vxa
W3 ey

m Occur free: E.g. If y occurs freely in @ and y # x, then y

occurs freely in Vxa

m Sentence: Formula with no free variable occurrence
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Some logic

@(x1,...xpn) is a formula with at most xi,. .., x, occurs freely in it.

Let@)e a binary relation on@ We define the relativization of ¢
e

into (M, E) ¢MBE)(xq,...,x,) to be:
W

m (x;i = x)ME) =4 x; = x;

| | (X, € )(J)(MvE) =df X,E)(J M" )\,X 3. (‘PM (v)&

m (-y)ME) =4 ~y(ME)

(lﬁlﬂlﬁz)(ME leME)EW(ME) dza,v >
L)

m (A(yx. . x0)) MO =g Ay(y.e MAYME(y, xq, ...
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Some logic

Let E be a binary relation on M and a4,...,a, € M. We can

define recursively so that
(#,%)

mt) ¢ = o
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Some logic

Theorem (Godel's completeness theorem)

Let X be a set of formula. Then

Yoy ‘%}
Con(X) & AM,E)Vo € X(M,E) k o
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Inaccessible cardinal

QL’CI Quy\/ y/»}&{/

Fact (ZFC) ke Vi wey,

Con(ZFC — Axiom of Infinity) ™
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Inaccessible cardinal

The set-theoretical operations are closed under V,,. In

particular, w is inaccessible from below



Inaccessible cardinal

Definition (Inaccessible cardinal)

m We say « is a weakly inaccessible cardinal if « is an

uncountable regular limit cardinal
m We say « is a strong limit cardinal if 2! < « for all A < «

m We say « is a (strongly) inaccessible cardinal if « is an

uncountable regular strong limit cardinal



0t aoh s >nm~v>,wwlnaccessible cardinal
e iy 84 e

‘/b,t Sep {Vf"s H¢°/7 Cgont oy sv%‘wf te show VfQ’S < &5“‘)
SRR B, < oL

Fact
b, d fo e C Pt nlint e e septh £ L

p

m Every strong limit cardinal is limit cardinal, and so every

weakly inaccessible cardinal is strongly inaccessible

m If a is weakly/strong inaccessible, then @ = 8,. And «a is

not the first such cardinal. %= - ol = ivp s
o, =
° . = s B,
v = vfo g

bt}
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Inaccessible cardinal

Fact U ke tmeceecihle  then VS

m ZFC + there exists an inaccessible cardinal + Con(ZFC)

m ZFC + there exists a weakly inaccessible cardinal +

GCH holds below the first weakly inaccessible cardinal

Con(ZFCQ)
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Inaccessible cardinal

Theorem (Godel's second incompleteness theorem)

If T is a recursive theory extends ZF — Inf — Rep — Pow, then

T ¥ Con(T) unless T is inconsistent



Inaccessible cardinal

Theorem (Godel's second incompleteness theorem)

If T is a recursive theory extends ZF — Inf — Rep — Pow, then

T ¥ Con(T) unless T is inconsistent

Corollary ((me )

ZFC ¥ there exists an (weakly) inaccessible cardinal
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Mahlo cardinal

Definition (Mahlo cardinal)

A cardinal « is called Mahlo if « is inaccessible and the set of

all regular cardinal below « is a stationary set in «

)! A< @) s \(C)‘M((_v‘] i ctact
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Mahlo cardinal

Fact U0 o0 el e Co Do) Nigo Lait Y 5 ol

m If k is Mahlo, then the set of inaccessible cardinals below

Kk is stationary, i.e. k is the kth inaccessible cardinal

m ZFC + there exists a Mahlo cardinal r 3

Con(ZFC + there exists an inaccessible cardianl)
‘Y’LM ave P”V‘”’ CLA My LA eaet Ve (&\JLIV-’
m ZFC + there exists an inaccessible cardianl ¥

[t

there exists an Mahlo cardinal
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Tree and weakly compact cardinal

%7 |
Definition \{’// Z :

m A partially ordered set (T,<7) is a tree if for each se T

the set {t € T| t<t s} is well-ordered by <+

m For eagQ s€ T, we define the level of sin T to be
L1(s) = {te T| t<Ts}

m Define the height of T as
height T = sup{LT(s) +1]se T}
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Tree and weakly compact cardinal

thl?fft’( L)z d V >4/

Definition
mAset Cc Tisachainin Tifforalls,te C, s<ytor
s=tort<ts
m A chain Cis maximal if there is no chain C 2 C

m A chain Cin T is cofinal if for all @ < height T there is

some s € C with L1(s) > «

m A C Tis an antichain if for any s, t € A neither s <t t nor

Ss=tnort<rts
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Tree and weakly compact cardinal

Definition
Let x be a regular cardinal
m We say (T,<7) is a k-tree if T =k and for each @ < «,
= {s € T| L1(s) = a} has cardinality < «

m A k-tree is a k-Aronszajn tree if there is no cofinal chain
o

in T W/

m A k-tree is a k-Souslin tree if it has no antichain of size k
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Tree and weakly compact cardinal

\Vo w/

A
Fact) ooy |
Every x-Souslin tree is a k-Aronszajn tree )//"
Lemma (Konig) //
There is no w-Aronszajn tree Q\/
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Tree and weakly compact cardinal

Theorem (Aronszajn)

There is an Aronszajn tree (w;-Aronszajn tree)



Thm. There is an wji-Aronszajn

tree

prsfijftv w<w’ 2 ) \

i AAOC ‘%‘?’Cr(;\

Let 7, he te ndtree '3-;~ Ld “ 54
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Tree and weakly compact cardinal

Definition
m A cardinal k has tree property if there is no x-Aronszajn
tree

m A cardinal « is weakly compact if it is inaccessible and has

tree property



Next on Set Theory

m More on weakly compact cardinal

m Measurable cardinal
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