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Previously on Set Theory

Cofinality
m cfa = min {ﬁ € OR | there is a cofinal f: 8 — a}
m regular / singular cardinal
m cfa is regular cardinal for each infinite

m Every infinite successor cardinal is regular



Previously on Set Theory

Some facts on cardinal exponentiation
m 2% = (2)cf
m Assume « be infinite singular cardinal ,and for all u such
that ug <pu <k, 2 =A. Then 2 =2

m (D) =k kT (Headsrl ihene)
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Infinite sum and infinite production

N

(3

[

o

Let / be an index set and for each i € I, k; is a cardinal. We

ZK,’ = card ( U(Ki X {’}))

i€l i€l

k,

define

and

[Tx = card {g e ((n)' | (vie neli) € K,.}

i€l i
W@;
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Infinite sum and infinite production

k.
< 2

Theorem (Konig)

Let /# 0. Assume that x; < A; for all ie [. Then

ZK,' < ]_[/l,-

i€l i€l
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Kénig Theorem: Assume [+ 0 and

5> For enth ¢ L
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Dot Infinite sum and infinite production

u, Provmme (u: [Yer) =3 LO{'SV\.,\ Yn )K

‘EDITZLk; [(,K:T]—\L
%M*‘k>°(“ [qe{
Corollary

For all infinite cardinals k, cf(2€) > k and k¢ > k

Q)
K(/f": '[T 'S > Z w > < i T

Vi ‘f’l< e o”,e
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¢ CH Singular cardinal hypothesis

Definition (Singular cardinal hypothesis)

Singular cardinal hypothesis (SCH) is the statement that for

all singular limit cardinal «,

chk _ 2CfK X K+
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Singular cardinal hypothesis

Fact

m kT > 2kt holds for all infinite cardinal «
ey -/gd'k 2 et \¢ =\

m k= 2.kt is true for every infinite regular cardinal

m GCH implies SCH

\\
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Singular cardinal hypothesis

Lemma
Let k be a limit cardinal and SCH holds below x. Then for

every infinite u < k and every infinite 4

24 ifu <24,
pt =3, if p>24is a limit cardinal and cfu < A,

U,  otherwise.



By induction on u < k, we show

24 ifu <24,
= ut, if u>2%is a limit cardinal and cfpu < 4,

U, otherwise.



By induction on u < k, we show

24 ifu <24,
= ut, if u>2%is a limit cardinal and cfpu < 4,

U, otherwise.

Case 1. u<2t

<(>'> m' ij\ _ 2u\
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By induction on u < k, we show

24 ifu <24,
Ko =1{ut, if u>2%is a limit cardinal and cfu < A,

>

U, otherwise.

Case 1. u<2t

Case @ e>2tand p=v*is
by LH
successor
4 X VA + X
ether Yy>2° | V=V oy VRV

By Hondep w2 32—y 07
o vy by ey = J
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By induction on u < k, we show
24 ifu <24,

= ut, if u>2%is a limit cardinal and cfpu < 4,

U, otherwise.

Case 3. u>2*



By induction on u < k, we show

24 ifu <24,

' =2+, if u> 2% is a limit cardinal and cfp < A,

U, otherwise.

Case 3. u>2* 4/'\; ' {4Lf)4) = (,.,f.n.,dlv,‘ /,/\
Case 3. A<cfp hy IH

— A - ~
/‘/‘ < z /A" é 2z )"\' Z ) _ ;
Sedp S T “trp AV
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By induction on u < k, we show

24 ifu <24,
= ut, if u>2%is a limit cardinal and cfpu < 4,
U, otherwise.
Cm 2
Gade=3» u > 2!

Case 2. A<cfu

ey s ol p
< ;tzo#/b‘: é:z\;{ :

H o«

N\ / /

/ /
N+SHCf”S,U/IS(l_[a;)A: l_[afs l_[ a/;rS l_[/l:ﬂCfF:2ny'/‘l+:M+
i<cfu i<cfu i<cfu i<cfp

Case 3. cfu<a

Me //,‘/{/A
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o Closed unbounded set

Definition
Given a set A c OR. We say

Vo <g Ieipen )
m ¢ is a limit point of A, if £ =sup(AN &)

m Ais closed if A contains all its limit points
m Ais closed in « if A contains all its limit points less than a
m Ais unbounded in « if « is a limit point of A

m Ais aclubin «if Ais closed and unbounded in «
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-— , N
lesee Cooeded Closed unbounded set

( /
A < C N s pe swp O 2 & Smte (% b

Fact CC'(TL\V) SMPAC’C a,ul *sal««{,ﬁ;f—{//ga 5“‘)1,4(76
"‘C

c'ne e cnd

m Assume cfa > w. If Cis a club in «, then the set of all
tf)‘ DL:(’DL, ‘JV( C e lAnLv.Au(,r(

limit points of C is also a club in @ <« <o, coly-elios e
Then du:%ﬁ% <ol (ctasw), gl O/
m If GG and G are clubs in @, than GG N G, is also a club in

Let C be the set of limit points of C.

(0

m If B <cfa, and (C; : € < B) is a sequence of clubs in «,

then M.z C; is a club of a
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Filter

Let X # 0 be a set. We say Fc P(X) is a filter on X if
mF0 //X////‘/
B IfABeF then ANBeF
B IfAec Fand AcC B, then BN Xe F

A filter Fis non-trivial if @ ¢ F. F called an ultrafilter if for
each Ac X either Ae For X\ Ae F.
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Filter

Take a€ X. Then {A - X| ae A} is a filter on X
/La+3nifk
{A Cwl|w)\Aisfinite } is a filter on w

Let a be a limit ordinal, then

{Acaf|3,8<a(a\,8)c }

is a filter on a. It is called the Fréchet filter (on )
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Filter

Definition
Let F be a filter on X, u is a cardinal. We say F is < pu-closed

if for each u sequence (X; : & < u) of sets in F, (e, Xs € F

Fact

Fréchet filter (on @) is < cfa closed
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Filter

Fact

Let « be an ordinal such that cfa > w. Define

P clul, {.['ﬁ&w
F, = {A Ca | there is a club Csuch that CNna C A}

Then F, is a non-trivial < cf a-closed filter on «
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Closed unbounded set

/]

k] &l k‘-
Let «x be regular and (X, : £ < @) be a sequence of subsets of

Definition

k. Define the diagonal intersection of the sequence to be

A§<QX§:{77<K|n€ﬂX§}

&<n
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Closed unbounded set

Lemma
Let k be an uncountable regular cardinal, (G : ¢ <«) be a

4
sequence of clubs in k. Then A C; is a club in «.
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Next on Set Theory

Stationary sets



Exercise
1. Show that every filter can be extended to an ultrafilter (AC)

R
2. Let ae. Show that there is a club C C « such that

card C=otp C = cfa
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