Set Theory
£518

WmEZ
yangruizhi@fudan.edu.cn

School of Philosophy, Fudan University

Fall 2015



Previously on Set Theory

Cardinal
m An ordinal @ is a cardinal if @ = carda@ = min {ﬁ |,3 ~ a}
m Successor cardinal, limit cardinal

m enumeration of infinite cardinals: N,



Previously on Set Theory

Cardinal arithmetic
mKk+A kA K
m Canonical well ordering of OR x OR />, V/::‘ - 47*

mKk+A=«-A1=max{k, A}
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Cardinal arithmetic

Facts of cardinal exponentiation

o =t

A\ _ Au
m K =K X-)
( ) L)\élé)\é(lk)‘)\é_(lk))\vz :l\

m Assume k < A are infinite cardinal, then k! = 24

2>
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Cardinal arithmetic

By forcing arguments, we can hardly infer anything abou@

for regular A within ZFC. However, there are something we can
‘/HL

say about «* if A is irregular, or k > A.

This is where we need the concept of cofinality
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f . Cofinality

Definition \

m Given a € OR, we say function f: A — « is cofinal in « if

for all B < a there exists a € A such that fla) > 8.

m The cofinality of @ (written cfa) is the defined as

cfa = min {ﬁ € OR | there is a cofinal f: 8 — af}
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Cofinality

T:A/,i c/‘{'* TSy

1.

If @« =B+ 1 is a successor ordinal, then cfa =1

cdfw=cf(w+w)=cR, =Ny, =w

cf N = Ny o 5

:J[/’i
A%/w( d4‘f°, ad oﬁhsd/ Let .(,W:’(«.m -l'lm'{

ek fo i Azw et i < cavd ((/ {cg») <l |-y, < o
gc\z - H&(
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Cofinalit
e i Lot el s '

L&-C X: sfow.‘)(; c o

lee § 1, 4, On et pn 0{, e (L7 Mot w”vf?{)
Fact

If cfa = B, then it is witnessed by an strictly increasing

function f: 8 — a.
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Cofinality

Definition
Let @ be an ordinal. We say a is regular if cfa = a; otherwise,

we say « is singular



Cofinality

Definition
Let @ be an ordinal. We say a is regular if cfa = a; otherwise,

we say « is singular

V&swl.un U& \,PO’/
Sjr\sw’wv.' 140“}/ VﬁUM,
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Cofinality

P //
Lemma {/{

For every ordinal a, cfa is regular
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Cofinality

Lemma

If @ is a regular ordinal, then « is a cardinal



Cofinality

Lemma

If @ is a regular ordinal, then « is a cardinal

Corollary

For every ordinal «, cfa is a regular cardinal



Cofinality

Lemma

Every successor cardinal is regular



Cofinality

Definition

m A = sup,, A



Lt A= tevh (yl?u:))

&) tacsfrit v o) Lo u\l’¢k
«’“‘m/ E %2 p the Yo [Pyl ‘—l%&?“""
@) S [Uee ok Puy) g™
P33 R
¥y w2 \\f&?"‘-‘l

Definition

m A~ =sup,, A

Fact

Cofinality

27 = card(U;e; P(@;)) where {a; : i € I is cofinal in
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oy e fcjrk_,)f
X Coflnallty
(€) Led ¢ ticeted Luw.{;ﬂ.l tL 2 < 2
(’LZW nt“( o VP“t.J.N .
T 2% [y 27 it = Y {
/ o
wcofofw I W”)—a(Uz )k é
Teeh ’

Lemma

¢. 1.
{'x{‘\)-—XAK;
e show oo e X*\ff thew ot Vel <. )(0?;3(0 Eo (cacky &

The J\v(‘)ﬂ’ ‘f\{“), <9 “');\T* a €2 fial )
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,+Cofinality

14

v

s

Mo
Corollary

Let k be singular infinite cardinal and assume that there are

Uo < k and A such 2# = A whenever ug < u < k. Then 2= 21
A e
(%

\

<

x
Mop b (pe
A o=2 =QN N
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Cofinality

Theorem (Hausdorff)

(2 Tviw\/k
For infinite cardinal «, A,

(KJr)/l:K/I_KJr éle\
(C’) \l/{’ /\>—lG+,7L¢,\ UC‘* ))\: 2)\ ¢ IL'\' I‘J’ /
1 N
T Gt el o= [ F | e 20
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Next on Set Theory

m Infinite sum / production
m Singular cardinal hypothesis

m Club and stationary set



Exercise

1.

Define [k]* = {Xc K | card X = /l} Show that if x and A
are cardinals, then «* = card([]").

Show that the least « with &, = « is singular of cofinality
w. Show that for every regular cardinal A there is some «

with N, =k and cfk = A
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