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Previously on Set Theory

Ordinals V'] ey Ycx

m x € OR means x is transitive and well-ordered by €

m Example: 0=0, 1 ={0}, 2 ={0,1},.., w

. Sx = XUu{x 7
m Ordinals are closed under successor

m sup X =JX=IlimXis an ordinal if Xis a set of ordinals
I‘W%X = (\X SV" {W*V‘ \ new \{

d
w+1=Sw,w+2,...,0+w=sup,,(w+n),...
W2 win

m So we have
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Previously on Set Theory

Transfinite induction on OR: To show every ordinal has

property P, it is sufficient to show either

m for any ordinal a, every ordinal below @ has property P
implies a has property P, or

B (i) 0eP
(i) peP=p+1ecP

(i) ac P> a € Pif ais limit



Previously on Set Theory

Transfinite induction on well-founded set-like relation:

Let R be well-founded set-like relation on X. To show X c P,

it is sufficient to show

{b|bRa}cP:>aeP

forall ae X



Xto<=V\

Xt (y+) :g(x;l7 )

Recursive definition
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Transfinite recursive definition
o

T) = Ary
b Hp) = 2
R A N R
Definition — toea f
Let a<OR. We say F (maybe class) is an a-sequence or a
sequence with length « if Fis a function and dom F = «

Pv1)
Wby Hg) o ks 0R A W OR 21y 0%T)
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xeV Transfinite recursive definition

]

b3
\(
>

I

Theorem
Vo 319 Plry.p)
Let @ < OR, G, : V= Vs a function (defined by ¢(x, z, p)

)
with parameter p). Then there is a unique function

F, : @ — V (defined by some y(x, z, p) with parameter p) such

that F,(B) = G,,(F&ﬁ) for all B € a
— \< F(,)' F(’ . Fn) . -Fl:’)~’3
e p
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Transfinite recursive definition

Theorem

Let @ < OR, G, : V — Vs a function (defined by ¢(x, z, p)
with parameter p). Then there is a unique function

F, : @ — V (defined by some y(x, z, p) with parameter p) such
that F,(B) = G,(FIB) for all B e a



Theorem. Given G: V — V, define
F: OR — V such that

F(e) = G(F1a) q/(d,y)
(‘.*\ (&2 F (:.’ g-’»[ + is a +‘ydv"o\A {r(wj:} /\ ‘V/P é"(tu+ V?q} "’&DCP‘"
(Ft1=> )
NV pemd (hy = G(fTp) ]
ke pedet Gy = G (4T) |
) \eeOR I/ x PI-X) /n.) Fev) = LTI
Lot o, he He lewt 5.t Qb %) QU %) for s2me X, 4y,
Let +' ‘fl W Ynesy lf(d,'y.) o Yrels, V) 2e
{y=x ey et oG (f M)

x,2 G (6le.) PR
‘37 IJM'U-\L”.O“-:‘ : f:rdo: f‘,N. Fll;)' O FETR)

(Bome p<d, 1,09 # htp St 1, whees W03 £19), Yo B
L = e ]
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Transfinite recursive definition

Corollary

Let Gi, Gy, G3 be function on V. There is a unique function F
defined on OR such that

| ] F(O) = Gl((Z))

= F(B+1) = G(F(B))
m Fa) = G3(Fla) for limit ordinal &



Transfinite recursive definition

Definition (von Neumann universe)
Define V,, recursively for all @ € OR:
m V=0 = F°)
m Voo = P(Vp) = EG)
= T

m V, = Up< Vp for limit ordinal @

Define WF = U,con Vs
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Transfinite recursive definition

Fact

m V=WF



Transfinite recursive definition

Fact
m V= WF

m V, is transitive



Transfinite recursive definition

Fact
mV=WF
m V, is transitive

ma<fe V,eV;forany @€ OR



Transfinite recursive definition

Fact
mV=WF
m V, is transitive

ma<fe V,CVforany @€ OR



Transfinite recursive definition

Fact
m V= WF
m V, is transitive
ma<fe V,eVgforanya,feOR

m V,NOR = a for any @ € OR



V, is transitive

W, V, s P 4o b e

» frve Vg % teencitee, then V,;,, 1 e st
LVfVP'ﬂ .".’.') X € ‘/'] , F"’ l,é x,’ jS VP fraee
Vp i "'rm‘ﬂut' +hn 74.\/;’”:’){ VF)J

3 M‘ij ie tremd~ }»wl w” /;‘d
We s Uy i3 SFoatbre_ (0% [im?1)
Civee % eVy o xe Uy prbme B 5o xelp
e hva7ex,7eV,,sV*' <o xe¢Vi 12
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Transfinite recursive definition

Definition (rank)
For each set x € V= WF, define rank x to be the least ordinal

a such that xe V,

Fact

If x € y, then rank x < rank y

IND 24 ‘j
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Transfinite recursive definition

Theorem (Transfinite recursive definition on V)

Gp : V— V be a function. Then there is a unique function

F,: V — Vsuch that

Fo(a) = Go(Fola) = Go({(b, Fo(b)) | be a))  Far o™V
HW) = Fo st (=06 (RM)
for any set a s A x gt yelx £d

F s qmF¢
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Transfinite recursive definition

Theorem (Transfinite recursive definition on

well-founded relation)

Let R be a well-founded set-like relation on X, G,: V— Vis a

function. There is then a function F, : X — V such that

Fp(a) = Gp (b’ Fp(b)) | bRaD’

forany ae X
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Proof:

FG): o =

g'F Lf(k) % A \-{’c,&wf’\#ek7 ;eJn?L
""’;’ffy):&cﬂ(t—txnkyb]
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Mostowski Collapse
Definition 4. &
A binary relation E on X is extensional if for all x,y € X

x=y& (Yze X)(zEx & zEy)

Fact

€ is extensional on any transitive class
e e ——
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Mostowski Collapse

Theorem (Mostowski Collapse)

Let E be a well-founded, set-like and extensional relation on X.
There is a transitive class M and a bijection 7 :X—> M such

that for any x,y € X

xEy & n(x) € n(y)

Ceollape

We call 7/(M, €)/M the srzmsitivextostire of (X, E)/E/ X
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Mostowski collapse theorem

e y) = ey lyz;x)

u
Q((-rwpl l,Ev )3
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Mostowski Collapse

Let X c OR. Then € is well-founded (ordered), set-like and
extensional on X. The Mostowski collapse 7 : X — @ of Let X
is unique and « is an ordinal. We define the order type of X

(written otp X) to be this a.
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Transfinite recursive definition

Lemma

For each set x there is a “smallest” transitive set y such that

X€Ey

Definition (transitive closure)

For each set x define the y in the above lemma to be the

transitive closure of x, written TC{x}



Next on Set Theory

m Cardinals

m Simple facts on cardinal arithmetic



Exercise
1. Given any formula ¢(x)/¥(x, y), prove in ZFC:

Fund,: 3xp(x) = Ix(¢(x) A Yy € x—¢(y))
Colly: VxAyy — YAIBYx € Ady € By



Exercise

2. Let (Wo, <o), (W1, <1) be well-ordering.
Define <= <y ® <; to be the relation on
Wo x {0} U Wy X {1} such that (x,/) < (y,j) iff i<j,ori=
and x<; y.
Define <= <y ® <; to be the relation on Wy x W; such
that (xo, Yo0) < (X1, y1) iff xo <o x1, or X0 = x1 and yo <1 1
Ordinal arithmetic: Use recursion theorem to define a + g3,
@ - B such that @ + 8 = otp(a ®B) and @ - B = otp(a@ ® B).

Define @ in the same way, and () try to make sense of it.



Exercise
3. Show that 4 and - are associative but not commutative
4. Ordinal division: Given @,y € OR and @ > 0. Show that

there exists a unique 8 and unique p such that

y=axp+p

5. Cantor normal form theorem: Given @ > 0. Show that
there are unique positive natural numbers k and ¢y, ... ¢

and ordinals 0 < 8; < ... < By such that

a/:a)ﬁk.ck_i_..._i_a)ﬁl.cl
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