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What set theory is about?



What set theory is about?
2

mlf XcYand YC Z then XC Z (&)y
B XNY=YNX

B (XUY)UZ=XU(YU2
B XN (YU2Z)=(XNnY)u(Xn2


Ruizhi Yang


Ruizhi Yang


Ruizhi Yang


Ruizhi Yang


Ruizhi Yang


Ruizhi Yang


Ruizhi Yang


Ruizhi Yang


Ruizhi Yang


Ruizhi Yang


Ruizhi Yang


Ruizhi Yang



What set theory is about?

mif XcYand YC Z then Xc Z
EXNY=YNnX

B (XUY)UZ=XU(YU2

B XN (YU2Z)=(XNnY)u(Xn2

You may think these are all what set theory is about.
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But these are more about logic rather than sets.

prove the laws of set theory using the laws of logic.



The birth of set theory

Figure: Georg Cantor (1845-1918)



The birth of set theory
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One-to-one correspondence

Let X an Y be arbitrary sets.

Define “the size of X is no bigger than Y” (written X < Y) if
there is an injection f: X > Y 12 theha &’_)ﬁiii" 7Yk
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Let X an Y be arbitrary sets. ‘\r s 7[‘“’"’/’ yé‘)’ Phoels ae) ot

Define “the size of X is no bigger than Y” (written X < Y) if
there is an injection f: X > Y TLM:j
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The birth of set theory

Fact

m the set of algebraic numbers <Q <Z? ~Z ~ N ~ N2

= R~ (0,1)



The birth of set theory

Theorem (Cantor)

N <R, but R £ N (written N < R)
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Theorem

N<R



The birth of set theory

Theorem (Cantor-Bernstein)

If X<Yand Y< X, then X~ Y



Theorem(Cantor-Bernstein)

If X< Yand Y< X, then X~ Y
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Theorem(Cantor-Bernstein)

If X< Yand Y< X, then X~ Y

Bet L]u)a)"f(w) J{» xe XeU X

‘S*'(x) ‘3/{’ ce Y.
s
LS
§3«o¢ \r\‘\ym‘hl\y_< [,LI\Y( one -1

ondl ‘/\?,Xt» "Y» , [f\hxe:\{, . I/‘")(o >\'/e, e ])M/MU‘ dh}h’“{

dn,\fm ln ts va)u‘l~'m

Powme Y & roaly

Lk x=9en
1 ﬂe\(», Tem ‘7"\(%/ Aen boe s
v/ <k +tp\)‘j/ A Va5 sy
Ui, tea hoys {70 >y

T~

X i

U %eKe, hon oY, Yoo 15 e Xo A fb1=y ou bty O
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Continuum Hypothesis (CH)

There is no set A such that

N<A<R

Cantor's Continuum Problem (1st Hilbert Problem):
Is CH true or false?

Some even say: set theory is about the sizes of sets of reals.



What is a number?



What is a number?

Caesar problem: Is the number of “the students in the

classroom” /R Julius Caesar?
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Frege:
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What a number is

Frege:
The number 0 is the set of all sets which has the same size as
{x| x#x}, ie.

0={X | X~ (x| x# x|

1={X | X~ x| x=0}

The number of R is
b | x-3)
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Frege's assumption:

Each concept ¢(x) has an extension, that is the set

x| (x)}

Russell: Consider the set

pe P

R={x|x¢x}
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Russell’'s Paradox

Frege's assumption:

Each concept ¢(x) has an extension, that is the set

x| (x)}

Russell: Consider the set

R={x|x¢x}



Zermelo-Fraenkel Set Theory

Figure: Ernst Zermelo (1871 - 1953)



Zermelo-Fraenkel Set Theory

The language of set theory: L
m variables: x,y,z,..., XY, Z,...a,b,c,...x1,%,...
m connectives: =, A,V —, &
m quantifiers: VYx,Vy,...,dx,dy,...
m relation sign: =, €

m parentheses: (,)



Zermelo-Fraenkel Set Theory

Axiom of existence

Axiom of extensionality

VXYYWz(ze X< zeY) 5 X=Y
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Zermelo-Fraenkel Set Theory

Definition

When we say “Xis a subset of Y (abbr. X Y'), we mean
Vz(ze X > z€Y)
“X is a proper subset of Y (abbr. X C Y') is defined to be

XCYANX#Y



Zermelo-Fraenkel Set Theory

Definition "’):_[\7 Yy LX

We write x = () for =yy-c>
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Zermelo-Fraenkel Set Theory

Axiom of foundation

VX(Xi(Z)—>3y(y€X/\VZ(z€X—> z¢y))

Definition
ze XN VYis abbr. forze XA zeY.

Vz(ze X > z¢y) o XNy=10



Zermelo-Fraenkel Set Theory

Axiom of foundation

VX(X#£0->Ay(ye XA Xny=0 )

Definition />\

ze XN VYis abbr. forze XA zeY.

Vz(ze X > z¢y) o XNy=10


Ruizhi Yang


Ruizhi Yang


Ruizhi Yang


Ruizhi Yang


Ruizhi Yang


Ruizhi Yang


Ruizhi Yang


Ruizhi Yang


Ruizhi Yang


Ruizhi Yang



Zermelo-Fraenkel Set Theory

Axiom of pair

VxVydZ Z = {x, y}

where z € {x, y} stands for z=xV z=y.



Zermelo-Fraenkel Set Theory

Axiom of pair

VxVydZ Z = {x, y}

where z € {x, y} stands for z=xV z=y.

Fact (Pair + Fundation)

xXé& x



Zermelo-Fraenkel Set Theory

Axiom of union

VXEIYy:UX

where z e [J X is abbr. for AY(Ye XA ze Y)



Zermelo-Fraenkel Set Theory

Axiom of union
vX3aYy = UX
where z e [J X is abbr. for AY(Ye XA ze Y)

Fact (Pair + Union)
VXYYAZ(Z = XU Y), where XU Y = (X, Y}



Exercise

1.

2%

Show that if X is a proper subset of Y, then there is some

ze€ Ybut z¢ X

Show that R ~ {0, 1} ~ N* if you know what it means.

. Write down the axiom of pairs with no abbreviationl.

Show that for each k€ N and sets ay, ..., ai, there is a
unique set {ai, ..., ax}. What do you presume in your

prove?
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