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ü�é�§Ýþ8õu�§'X§þ
�Ú?"��¯�¤õ��ÿ§Û�9u 1902 
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21~A°§Alfred North Whitehead £1861 - 1947¤§=IÜ6Æ[§óÆ["
22©�dÄ§Alfred Tarski £1901 - 1983¤§Å=Ú{IÜ6Æ[§êÆ["
23øpd§Jeff Paris£1944 - ¤§=IÜ6Æ[§êÆ["
24M(î§Leo Harrington £1946 - ¤§{IÜ6Æ[§êÆ["
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34k.�â§Bounded arithmetic"
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#��-Kß� 45 ",	S4�nØǑ´�.Ø¥��K§|^S4��.¥�½Â8�û�5�§�ê4�!¢ê�ÚÙ§êÆ(�¥éõ#�y���«Ñ5"�.Ø¥�kéõÙ§�ïÄ+�§X'u�æì�â�IO�.�ïÄ§�O�Å�ÆéX;��k��.Ø��"�.Øë�Ök [2]"8ÜØ ´3�Ê­VÔ�
�dx÷�Má�"�ÏïÄé�´8ÜÚáu'X§�r�a�¡¡Ǒy�8ÜØ�ïÄé�q��ǑT�"ÏǑ8Ü�Vg�~{üÚg,§�Ó�%�±£ãA�¤k�êÆy�§¤±l�m©§8ÜØ�êÆÄ:Ò´Ø�©��",
3�Ê­V"§<�uy
�þ�8Ük'��Ø"é�Ø��)r�ún8ÜØ�ïá"Ù�éêÆ¥,
Ä�¯K£XÀJúnÚëYÚb�¤�ïÄǑ��íÄ8ÜØ�u�"��­Vn�
�§x��Ú?
��¤8�a L ¿y²
ëYÚb��8ÜØún�ÆN5"x���y²¥�^
�þ�Ü6óä§d�8ÜØ�ïÄA�lØmÜ6"du L �±�´8ÜØún���4��.§x��ßÿ��ÄyëYÚb��ùI�,«4���."V\�«/�Äê0�±�ÀǑ�4�5����«ãå§Ïdx��JÑ
/�Äêj+0"Ǒ,F��(JL²�Äê¿�U��x��ýÏ�8�§��Äêj+�8ÜØ�Ñ
��#���"1963 
§��46u²
å½{¿y²
ëYÚb��Õá5"x��Ú���ó�éy��8ÜØïÄ�)
���KǑ"lx��� Lu�Ñ
ÉÜ 47 �°[(�48 nØ§Ú�5�¹�Äê�S�.nØ¶
35V©°0§Leopold Löwenheim £1878 - 1957¤§�IêÆ["
36d�Ô§Thoralf Skolem £1887 õ1963¤§é%êÆ["
37¢4�§real closed fields"
38M�d§James Ax (1937 õ 2006) Ú��§Simon Kochen £1934 -¤§Ñ´{IêÆ["
39���Å§Yuri Ershov£1940 - ¤, �ÛdÜ6Æ[§êÆ["
40CÉ§Emil Artin £1898 -1962¤§
/|Ú{IêÆ["
41#X§Michael Morley £1930 - ¤§{IÜ6Æ[§êÆ["
42­½5nØ§stability theory"
43©anØ§classification theory"
44â°�ÅdÄ§Ehud Hrushovski £1959 - ¤§±Ú�Ü6Æ[§êÆ["
45#��§Louis Mordell £1888 - 1972¤§=IêÆ[¶K§Serge Lang£1927 - 2005¤§{IêÆ["
46��§ Paul Joseph Cohen£1934 õ 2007¤§{IÜ6Æ[§êÆ["
47ÉÜ§Ronald Jensen £1936 - ¤§{IÜ6Æ[§êÆ["ó�u�I"
48°[(�§Fine structure"
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1�Ù Úóµ�o´ênÜ6º 1�! ênÜ6�A�­�©|
���å½{�5
�X�Õá5�(J"1970 
���dî 49 3¢â� 50 (J�Ä:þ§^å½{(½
ëYÚ¼ê3�KÄêþ�¤k�U��"�F�6 51 %y²
Ó���{Ø·^uÛÉÄê§¤¢ÛÉÄêb� 52 ¯Kî8E��)û"d	§±ê¶ 53!d0� 54 ÚÉ¶ 55§Ǒ�L�\²Æ�3û½5ún§�ÄêÚS�.�¡�ïÄþ�
�þó�§~X§ê¶Úd0��²
Ý�û½5ún�É¶Äê�'X"ëYÚb�ÚÙ§¯õ�Õá5�(Jw«ÑÏ~8ÜØún�Øv§Ǒr�<�Ïé#ún5û½�ëYÚb�ùag,����êÆ¯K"8ÜØÆ[Ǒ3Ïé/;��»0
56 ½/^É¶�{§ª4� L 57 ½ª4� V"gl��Má
å½{��§�«�r�å½únǑ¤Ǒ8ÜØïÄ�é�§â.â�Ü·å½ún58 ±9�5�ê¶4�zún59Ñ�8ÜØ�5éõk¿Â�¤J§�)ëYÚ�u ℵ2§±9ãõ��Û603 ω1 �|Ü5�þ��þ(J£Ù¥Qkb½�«å½ún�§ǑkØb½?Ûå½ún�(J¤"8ÜØ�ïÄ����)�²;êÆÚ48ØÑk��éX�£ã8ÜØ��"8ÜØ�óäǑ��þA^38ØÿÀ!�¡|ÜÚ�¼©Û�Ù§êÆ©|¥§Ù¥���J�´{.61�<C53�f�ê�¡�ó�"8ÜØë�Ök [5]¶½ [4]"48Ø å
u��­Vn�
�é��½5�ïÄ"du�*þ��{Vg�{÷vïÄ�I�§x��!£Û62Úã(63 �<©OlØÓ�ÆÝ�Ñ
�O�¼êa�°(½Â§ù
½Â�5�y²´�d�µ�*þ��O�¼ê�±½ÂǑÜ©48¼ê§Ǒ�±½ÂǑã(£Å¤�O�¼ê"48Ø=Ǒ48¼êØ�{¡"k
î���{½Â��§k��)
�1Ø��½5�(J§~X 1970 
���d!64 ÊAH!65 ÛUÖ 66 Úê0æl�Û 67 ¤õ/)û
F�ËA1�¯K§y²
Ø�3�½�Xê¿�ã�§´Äk�����{"48Ø�ÏAO���J�´ 1936 
ã(�²;©Ù§Ù¥ã(Å�VgC½
y�O�Å�Ä:§©Ù¥�JÑ
�é�O��Vg§�±éØ

49�dî§William Easton§{IÜ6Æ[§êÆ["
50¢â�§Robert Solovay £1938 - ¤§{IÜ6Æ[§êÆ["
51F�6§Jack Silver £1942 - ¤§{IÜ6Æ[§êÆ["
52ÛÉÄêb�§Singular Cardinal Hypothesis"
53ê¶§Donald A. Martin £1940 - ¤§{IÜ6Æ[§êÆ[§óÆ["
54d0�§John Steel£1948 - ¤§{IÜ6Æ[§êÆ["
55É¶§W. Hugh Woodin£1955 - ¤§{IÜ6Æ[§êÆ["
56;��»§canonical universe"
57ª4� L§ultimate L"
58Ü·å½ún§proper forcing axiom (PFA)"
59ê¶4�zún§Martin’s Maximum (MM)"
60ãõ��Û§Stevo Todorčević§l��æÚ\<�Ü6Æ[§êÆ["
61{.§Ilijas Farah§\<�Ü6Æ[§êÆ["
62£Û§ Alonzo Church£1903 õ 1995¤§{IÜ6Æ[§êÆ["
63ã(§Alan Turing £1912 - 1954¤§=IÜ6Æ[§êÆ["
64��d§Martin Davis£1928 - ¤{IÜ6Æ[§êÆ["
65ÊAH§Hilary Putnam£1926 - ¤§{IóÆ[§êÆ["
66ÛUÖ§Julia Robinson £1919 - 1985¤§{IêÆ["
67ê0æl�Û§Yuri Matiyasevich £1947 - ¤§�ÛdêÆ[§O�ÅÆ["
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1�! ênÜ6�A�­�©| 1�Ù Úóµ�o´ênÜ6º�O�8Ü�E,5?1'�§l
ÚÑ
8�ÚÝ�Vg"1954
��Z 68 ÚÅdA
69�'uØ�)Ý�©Ù�<�ý�m©
éÝ�ïÄ"d��ê�
§é�«8�ÚÝ�ïÄ��348Ø¥ÓÌ�/ §
Ù´édã(8�p�Ñ�ã(Ýù� S(��ïÄ§Ù¥q�©Ǒ�N(�Ú�«ÛÜ(�X48�qÞÝüÜ©"3�N(��¡§1977 
§"ÊÜ 70 y²
ã(Ý(��nØ����â�nØ´48Ó��¶��­V"§d4ù 71 ÚÉ¶|^?èÚ8ÜØ��{��
'uã(Ý�N(���X�(J§�)ã(Ý�õk�êõ�gÓ�Úz�gÓ�3 0

′′ �þÑ´ð�N�¶�� 72Úd4ùy²
�C�f73 ã(Ýþ´�½Â�"éÛÜ(��ïÄK�åu6X�Ë� 74 Ú;ÛZ� 75 3 1950 
�Má�`k�{"²LM(î
Ù´.�Ô 76 �<�U?§`k�{®²¤Ǒ48�qÞÝïÄ¥Ø�"��óä"M(îÚd4ùy²
48�qÞã(Ý�nØ����ânØ´48Ó��¶V�ù 77§¢� 78 �<3�i\79¯KþǑ��
�X�¤J"d	é48�qÞ8Üþ(� E Ú E∗ ¥gÓ�Ú;��ïÄǑ´48Ø���­���"±þJ��Ñáu�;48Ø�ïÄ��§=ïÄg,êþ8ÜÚ¼ê��O�5"y�48Ø��ÒK´ïÄ�½Â5"ÏǑ�½Â5��¡�)
�O�5§Ó�q�±rïÄ��g,/*��¢ê8Ü½Sê8Üþ¡"3ÿ2��Ø�þïÄ�O�5½�½Â5�©|¡Ǒ/p�48Ø080"l��­V8�
��8§i�d81 Ú¤¢�i�dÆ�3p�48Ø��þ�
�þ�ó�"C�
5§48Ø�Ù§�'+����Ǒ48Ø5\
#�¹å"
Ù´3�íêÆÚ�{�Å5��¡�ïÄ®¤Ǒ48Ø¥�9��K"d	48Ø�O�Å�Æ��k���éX§XÅìÆSÚgÄÅ�L«�(�nØ§�k��.Øk'�48�.Ø��"48Øë�Ök [8] ½ [9]"l·�þ¡���£ã5w§ênÜ6ºX
����2���§��©|L¡þwq�vk�õ�éX§§��¤±ÑáuênÜ6�ïÄ��§��¡´du{¤�Ï§�ÏÑuÓ
¶�­��´§��Æ�3g��{þkéõ�Ó:§~Xé�ó�'5§½ö�2�/`§éïÄ��ãÚ¯K�L��ª�'5¶qXé©a½©��­À§éE,5�­À��"F"ÏL��§Ú�Y�§§�[Uédk�õ�N¬§ǑéênÜ
68��Z§Stephen Kleene£1909 - 1994¤§{IÜ6Æ[§êÆ["
69ÅdA§Emil Post £1897 - 1954¤§{IÜ6Æ[§êÆ["
70"ÊÜ§Stephen Simpson§{IÜ6Æ[§êÆ["
71d4ù§Theodore Slaman£1954 - ¤§{IÜ6Æ[§êÆ["
72��§Richard Shore£1946 - ¤§{IÜ6Æ[§êÆ["
73�C�f§jump operator"
746X�Ë�§Richard Friedberg§{IÜ6Æ[§êÆ["
75;ÛZ�§Albert Muchnik £1934 - ¤§�ÛdÜ6Æ[§êÆ["
76.�Ô§Alistair Lachlan§\<�Ü6Æ[§êÆ["
77V�ù§Manuel Lerman£1943 - ¤§{IÜ6Æ[§êÆ["
78¢�§Robert Soare§{IÜ6Æ[§êÆ["
79�i\§lattice embedding"
80p�48Ø§higher recursion theory"
81i�d§Gerald Sacks £1933 - ¤§{IÜ6Æ[§êÆ["
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1�Ù Úóµ�o´ênÜ6º 1n! �§�j6k���
)"��`²�:§�+ênÜ6�{üy©ǑeZ�©|§�ù
y©´��<Ǒ�"·��Ø�x/ǑO§4ù
y©rÜ6������)"¯¢þ§Ø=Ü6¥��©|´�Ï�§Ü6�êÆ!Ü6�óÆǑ´�Ï�"
1n! �§�j1�Ü© ·KÜ63ù�Ü©§·�ò�¡?Øk'·KÜ6�SN"duA�¤k�Ü6¯K3·KÜ6¥Ñw��©��Ú{²§¤±ù�Ü©�±w����§SN�{²��§¤±é·KÜ6�ÆS´���§é��9�"Ì�SN�)µ·KÜ6�/ª�ó§ý���§/ª�ó��ÜÂ5§·Kë�
�p��½Â5§��·Kü��únXÚ§±9·KÜ6���5½n"1�Ü© ��Ü6��{lùpm©�ªÆS��Ü6�SN"Äk·��Ñ���ó��©ÎÒÚ/¤5K§,�?Øk'���ó��
­�Vg§ù�)fúª§gdÚ�åC�§�\ÚO�"·��¬ÆSXÛ^ù«/ª��ó�Èg,�ó¥��é§ùÌ�´5gêÆÚóÆ¥��
·K§ÏLöS·�¬uy§�
DÚþ(J
�
Ø��óÆ¯K3ù«�Èe¬�����EÛ",�·�3½Â�/ª�ó¥ïá��/ª�únXÚ"�¬0��«k[®ïá�g,íüXÚ§éuO�Å�µ½öU��úÌÂÜ6�Öö§ù��XÚ¬w��Ǒ/g,0"ÏLù
§Öö¬ÆSÚÝº/ªy²�VgÚE|"1nÜ© ���ó�(�Úý�nØù�Ü©?Ø©�dÄ�/ª�ó¥�ýVg"·�Äk½Â���ó�(�§,�)º/���ó�úª3��(�¥Ǒý0ù�­�Vg"¯¢þù�Vg´�.Øïá�Ä�"/Ïù�Vg·�¬?ØÜ6�«ù�Ü6Æ�Ø%Vg§±9k�ª!gñª!�÷v!Ø�÷v���Ü6�ÂÆ�Ø%SN",�·�ò?ØêÆ¥~��Ó�!�½Â5�Vg§ù
Vg8��ênÜ6�§¥¬�2�/�^"é�Æö½N�k���§�8�^��2�[�Ö"1oÜ© x����5½n�Ù¬y²��Ü6���5½nÚ��5½n§l
r�{Ú�Âü�¡éXå5"d	�¬ÆS;�5½n9Ù�
k��A^§l¥¬uy��Ü6��
Û�"
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1n! �§�j 1�Ù Úóµ�o´ênÜ6º�Ö�é�´éÜ6ÚêÆÄ:k,���Öö"�XÜ6���Ê9§�ø�[ÀJ�Ü6ÆÖ7Ǒ�5�õ"�duÍö�ÄÅØÓ§*d�ý­:Ǒg,ké��ØÓ"~X§¡�O�Å�Æ�ênÜ6�UrÜ6�ǑlÑêÆ��Ü©§�5­�§Sk'�Å�5KÚ/ªíü¶Ǒk���rÜ6�Ǒî�ínÔö��Ü©§Ï
Ǒr­:�3íüÜ©¶�kéõÖ7rÜ6�Ǒ������Ü©§Ï
l�ó�~fÑ;mêÆ��"�éu±þ�Ü6Ö§·��ùÂrÜ6��êÆë3�å¶�õ/0��ÂÜ©ÚrN�{�Â�Ú�"d	§�ùÂ,��­�8�´Ǒ
�U�§�O�§Ïd§�(´Ú�[\ênÜ6����Ø"F"ÖöÝº
��Ø�SN��§UYÆS��!�;�Ǒ�k¿g�SN§Xx��Ø��5½nÚëYÚb��Õá5��"duênÜ6®´�~¤Ù�Æ�§�ùÂ¥��Ü©SNÑ´ 1930 
��¤J"ùÂ�ö==�â�Æ²�§ò²;SNn^§±Ï~�ÓÆ�ÆS�{å
®"3��L§¥§�öl®k�¯õ�¥	��Ö¥É��f"Ù¥é�öKǑ���´S�î82�[3]§TÖ´�ö�Æ�À^�á�ÄÀ"¯¢þ§S�î�Ö�pYO´-y·����á�Äå��"3?�L§¥§�ËZ£þ°�Ï�Æ¤!B��£#\·Iá�Æ¤!!��£þ°�Ï�Æ¤!��z£�®���Æ¤!
H�£E��Æ¤!|<Á£#\·Iá�Æ¤Ú�û£H®�Æ¤�P�ÚÓÆé�vJÑ
�B�?U¿�§3dL«���a�"£½v�¬\\�õÖ¶ÚǑ�vJøU?¿��<¶"¤

82 S�î§Herbert Enderton £1936 - 2010¤§{IÜ6Æ[§êÆ["
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1�Ù ý��£
lÚó�±wÑ�ùÂ¬b½Öök�½�êÆÄ:"�´·�Ǒ5¿��þéÜ6a,��ÖöØ�½éXêÆk�or��,�"$�k
Öö¬ú��õ�êÆ�
¬�·��8�H��õ§¬rFy�/¹0�Ü6t��Å�±�á/k0"ù«~�´k�½�n�"·�¿Ø(¡êÆ�{½�2Â�n5�{´ïÄÜ6���å»"�·��rN§ù�:Öö3�©Ǒ¬w�§ênÜ6���­��A:Ò´§U�Ù/w�·��«£�)êÆ¤�{�Û�§l
m�J«·�â»Û���{ÚI�V\�óä"3�Ù¥·�Û��
ý��£§êÆÄ:��Öö�±ÑLù�Ù"

1�! y²�7�5êÆØÓu¢�5�Æ§XÔn½)·�Æ"é¢�5�Æ5`§­��´�O¿Ä��¢�§Â8êâ¶�â*	��¯¢§JÑnØ¿�Ñýÿ§2^¢�êâ5u�nØ��(5"êâ£Ä�¤¬Ü
§nØǑÒ¤õ
"k4�ê�A~¯KØ�"
êÆKØÓ"êÆ�Øy7L´/%YØ�0½´/����0�"Ø#Nk?Û~	"5¿3ù�:þêÆéØy���'gE5�Æ£�)óÆ¤Ǒ�p"·�wA�~f§`²�þ¯¢ØU�OêÆØy"~~~ 2.1.1. ·�¡����ê p Ǒ�� �ê§XJ p 6= 1 ¿� p �U� 1 Ú p �Ø"*	µ 31 ´���ê§331 ´���ê§3331 Ǒ´���ê§33331 Ú 333331 ǑÑ´�ê§·�U�Ñ(Øµ¤k/X 33 · · · 3331 ��êÑ´�êíº�Yµ ØU§~X 333333331 Ø´�ê"~~~ 2.1.2. ¤�ê13 1637 
5¿�µé?Û�ê n ≥ 3 �§ xn + yn = zn vk x, y Ú
z ���ê)"²LA�êÆ[�ãå§�� 1995 
§~�d2ây²
ù�(Ø"3

1¤�ê§Pierre de Fermat£1601£º¤ - 1665¤§{IêÆ["
2~�d§Andrew Wiles £1953 - ¤§=IêÆ["
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1�! y²�7�5 1�Ù ý��£~�d�
§<��y
A�<aO�4�S�¤k�ê§�9�êi�� 4,000,000 �
4,000,000 g�§�L
���»¥¤kÄ�âf�ê8§Ñvkuy~	"�ù
ÑØU¤ǑêÆy²"·�y3�	�
��Cq�·Kµ�§ x3 + y3 + z3 = w3 vk x, y, zÚ w ���ê)"�§ x4 + y4 + z4 = w4 qXÛQº�Yµ �§ x4 + y4 + z4 = w4 k) 958004 + 2175194 + 4145604 = 4224814"�§
x3 + y3 + z3 = w3 ´Äk��ê)3�Öö)�"5µÄk·�vk�$¢��Æ¥*	9ß��­�5"��ß�I��Ǒ�É	å§²~I� 5�)"Ùg§läN~fX�ïÄǑ´êÆ¥ÊH¢1��{"·��ØL�rN�þ��~¿Ø�¤êÆy²"3êÆïÄ¥§�~´�~­��"�Ø�ß�²~´��~í��"~X§3~
2.1.1 ¥ 333333331 Ò´���~"ù´
¡ 7 �~fØ­�
§·�ǑØI��õ��~"�êÆ¥N�y¢ß�Qº�{´�ÑêÆy²"�Nþ`§·�l�[ú��¯¢Ñu"ù
ú��¯¢�¡Ǒ/ún0"ún´êÆy²�å:"�e5·��ÚÚ/�Ñ�X��·K§z�ÚÑ´�âÜ65K�Ñ�"ù
Ü65K�yXJ\«�þ�Ú(Ø��(5§\Ò�½«�e�Ú(Ø��(5"3y²¥§®²�y²�¯¢Úún3?Û�ÿÑ�±�Ú^"ù�X�·K�ª:Ò´·��y¢�ß�"��ß��y²
§§Ò�¡Ǒ½n"êÆy²�8�´4Öö�&Ù�(5"Ïdy²Ï~Ñ´l{ü�E,�ìÜ65K�m"���'�SN�V�ï"ly²¥²~wØÑêÆ[�g�L§"ùǑ´êÆy²4�Æöa�(¾�/���"e¡�Ñü�²;y²�~f"§�´�F1êÆ�ü�²¾§Q{üq`ä"~~~ 2.1.3. y² √2 ´�nê"y²: b½ √2 ´knê§=�±�¤ü��ê a Ú b �' a

b
"·��±?�Úb½ a Ú

b vk�u 1 �úÏf" √
2 =

a

b
"ü>²�§2� b2§��

2b2 = a2"du�>´óê§m>7½Ǒ´§¤± a ´óê"- a = 2c ¿�\§��
b2 = 2c2"Ó��ndw�·� b Ǒ´óê"Ï
� a Ú b vk�u 1 �úÏfgñ"¤±Ø�3ù�� a Ú b§Ï
 √2 ´�nê"
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1�Ù ý��£ 1�! 8Ü~~~ 2.1.4. y²�3�¡õ��ê"y²: bX�kk¡õ��ê§'�` n �"r§���Ñ5µ p1, p2, · · · , pn"�	��#��ê
q = p1p2 · · · pn + 1"§ØU�?Û�ê�Ø"ù�?Û�êÑ�±�©)¤�ê�Èù�¯¢gñ"Ï
�ê´��õ�"±þü�y²Ǒ´¤¢/�y{0�;.~f"�y{´ùa�üØ�¡õ«�¹½���9�¡�y²�kåóä"
1�! 8Ü3¥Æ·�ÆL^ A = {a0, a1, · · · , an}L« A´��8Ü§a0, a1, . . . , an ´§���"�8Ü¿Øo´kk¡õ���§�¡�8Ü§~X�Ng,ê�8Ü§k�¬P�

N = {0, 1, 2, . . .}§�ù���{ØUL«Ø�ê�8Ü§~X�N¢ê�8Ü RÒØU±ù«�ªL«§Ïd��B�´^ A = {x : P (x)}L«��8Ü§Ù¥ P ´��A½�5�"~X§ {
x : x´ù�} L«¤kùÚ¯Ô|¤�8Ü"��^ x ∈ AL« x´ A���§Ö� xáu A§��^ x 6∈ AL« xØ´ A���"	ò�n 'u8Ü���­��5�´§§´��dÙ��û½�§
�Ù§�Ï�§X·�N�£ã8Üp���§vk'X"'X§{x ∈ R : é¤k�¢ê y Ñ÷v x + y = y} Ú {x ∈ R : é¤k�¢ê z Ñ÷v x × z = x} ´Ó��8Ü§ÏǑ§�Ñ��¹¢ê 0 ù����"¤±·�k¤¢ 	ò�nµA = B ��=� A Ú

B k�Ó���"��¡XJ A = B K7,k§�����Ó§ù¢SþÒ´4ÙZ℄�Ø�©E�n",��¡XJ8Ü A���Ñ´8Ü B ���§��8Ü B ���ǑÑ´8ÜA���§�·�Òä½A = B§ù´·�y²ü�8Ü���Ä��{"8Ü��!¿!� XJ A,B ´8Ü§KòA,B ¥��à83�å�¤#�8Ü§¡Ǒ A � B � ¿8§P� A ∪ B"¤± A ∪ B = {x : x ∈ A½ö x ∈ B}"aq�§Ó�Qáu A qáu B ����¤ A � B � �8§P� A ∩ B"w,§ A ∩ B =
{
x : x ∈ A¿� x ∈ B

}"��§A � B � �§A − B ��´áu A �´Øáu B ���§= A−B = {x : x ∈ A�´ x 6∈ B}"f8!�8Ú�8 XJ A´��8Ü§�o A¥��Ü©���±�¤��#�8Ü
B§¡Ǒ A���f8§PǑ B ⊂ A"Ïd§B´ A�f8��=�¤k B���Ñ´
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1�! 8Ü 1�Ù ý��£
A���"w,§z�8ÜÑ´gC�f8"XJ B ⊂ A¿� B 6= A§Ò¡ B ´ A�ýf8"XJI�AOL²§·�¬± B ( AL« B´ A�ýf8"

A�¤kf8|¤�8Ü¡Ǒ A��8§P� P(A) = {x : x ⊂ A}"k��AÏ�8Ü§§Ø�¹?Û��§¡Ǒ�8§��P� ∅"�8´?Û8Ü�f8§N�Øyù�:é�Æö´��é��öS"8Üx XJ8Ü�����Ǒ´8Ü§Kù��8Ü��¡Ǒ8Ü�x"~X§
F = {F0, F1, . . . , Fn−1}L« n�8Ü�x"éu8Üx§·��±½ÂÙþ���¿µ

⋃

F =
{
x : ���3�� F ∈ F , x ∈ F

}"XJ F 6= ∅§K��½Â§����
⋂

F =
{
x : éuz�� F ∈ F , x ∈ F

}"5¿µXJ F ´�8§K§���¿E,´�8§�´d�§����%vk½Â"3 AO/§
⋃

{A,B} = A ∪ B,
⋂

{A,B} = A ∩ B"Ǒ
�ÙL«8Üx§��I���eI8"Ǒ,nØþ?Û8ÜÑ�±^�eI8§��~^�eI8´�Ng,ê�8Ü N½ö§�f8"éÏdþ¡�8ÜxǑ�L«Ǒµ
F = {Fi : 0 ≤ i < n}"
���/§
F = {Fi : i ∈ N}L«���¡�8Üx"3ù«P{e§8Üx F = {F0, F1, . . . , Fn−1}����Ú��¿ǑL«Ǒµ

⋃

F =
n−1⋃

i=0

Fi,
⋂

F =
n−1⋂

i=0

Fi"aq/§
⋃

{Fi : i ∈ N} =
⋃

i∈N

Fi,
⋂

{Fi : i ∈ N} =
⋂

i∈N

Fi"
3du F ´�8¿�Xvk F ∈ F§Ïd·K/éuz�� F ∈ F , x ∈ F0é?Û xÒo´ý�§=¤k xÑáu⋂
F§�ù´Ø#N�§ÏǑ�¹¤ké��/8Ü0´��gñ�Vg"
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1�Ù ý��£ 1n! 'XSSSKKK 2.1.

(1) (a) �Ñ8Ü S = {a, b, {c, d}, 47} �¤kf8"
(b) £�e�¯Kµc ∈ Sº{c, d} ∈ Sº∅ ∈ SºS ∈ Sº
(c) £��õ¯Kµ{c, d} ⊂ Sº{{c, d}} ⊂ Sº{b, 47} ⊂ Sº{c, d, 47} ⊂ Sº ∅ ⊆ Sº

S ⊆ Sº
(2) �Ñe�8Ü���µ

(a) {1, 2, 3, {4, 5}, {6, {7, 8}}}"
(b) {x ∈ N : x2 = 3 ½ x2 = 4}"
(c) {x ∈ N : x2 = 3 ¿� x2 = 4}"

(3) éÑn�5� P (x) ��8Ü {x ∈ R : P (x)} Ǒ {1}¶éÑn�5� Q(x) ��8Ü
{x ∈ Z : Q(x)} = ∅"

(4) 3k�U��¹eéÑµ
(a) ü��¡8Ü A Ú B �� A ∩ B = {1} ¿� A ∪ B = Z"
(b) ü�8Ü C Ú D �� C ∪D = {t, h, i, c, k} ¿� C ∩D = {t, h, i, n}"5¿µXJ\�ǑØ�U�{§��Ñnd"

1n! 'X3êÆïÄ¥§<�'%�Ø==´8Ü§3�õ��ÿ§<�'%�´8Üþ�(�"^F~�ó5`§��8ÜÒ��æ<Þ§,Ï�Ù"·�Q�±rùæ<Þï¤�×p§q�±X��¢��"ùp�p½ö¢Ò´¤¢�(�"<Þ�´<Þ§
pÚ¢�ØÓ3u<�<�m�'XØÓ"êÆ(�Ǒ´��§Ï~´d��8Ü�þeZ'X½ö$�¤|¤�"'X§rg,ê8 N Úg,êþ���^S�3�å§·�Òk��g,�/S(�0 (N, <)§Ù¥µ
0 < 1 < 2 < 3 < · · ·3¤kg,ê�8Ü N þ·���±EÙ§�S§'X§e¡� ≺

· · · ≺ 6 ≺ 4 ≺ 2 ≺ 0 ≺ 1 ≺ 3 ≺ 5 ≺ 7 · · ·
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1n! 'X 1�Ù ý��£Ò�·�,	��S(� (N,≺)"�¤ùü�(��8ÜÑ´ N§��Ǒ(�§�´ØÓ�§'X1��(�k���§1��Kvk"3·�UY?Ø(��
§k�£��e'XÚ¼ê�Ä�Vg"�{ü�'X´��'X§§�w��«éA½ö2Â�N�"z�k1�����§·�oX�u1����"¤±§'X���´¤éÑy�é�§
�ùü�é�´k^S�§ùÒI�Ú\kSé�Vg"��^ (a, b)L«d a Ú b|¤�kSé"Ǒ,
{a, b} = {b, a}§�Ø� a = b§ÄK (a, b) 6= (b, a)"Ïd§kSé�/kS50Ò´µ?Ûü�kSé (a, b), (a′, b′)§ (a, b) = (a′, b′)��=� a = a′� b = b′"- X Ú Y Ǒ8Ü§K X Ú Y � k¼È 4 ½ÂǑµ

X × Y =
{
(x, y) | x ∈ X ¿� y ∈ Y

}"XJ X = Y §KòX ×X {PǑ X2"·�¡�8Ü RǑ8ÜX, Y�m��� ��'X§ R ⊆ X × Y"ù�§��'X R�¤k��Ñ´kSé§=§é?¿ z ∈ R�3 x ∈ X Ú y ∈ Y ÷v z = (x, y)"��/^ R(x, y)L« (x, y) ∈ R§¡ xÚ yk'X R"k�S./�� xRy"r'XÀǑkSé�8Ü§�Æö�UØS.§ÏǑ§¿vk��w�·�ù�'X´�o"·��¤±ù�½Â§�ÏÚ
¡J��8Ü�	ò�n´���µ·�¿Ø'%·�N�£ã R"ü�ØÓ�£ã§��§��Ñ�kSé´���§§�Ò´Ó��'X"'X
R1 = {(x, y) ∈ N2 : y + 1 = x} Ú R2 = {(x, y) ∈ N2 : x2 = y2 + 2y + 1} ´g,êþ�Ó��'X§�+·�é§��£ãØÓ"~~~ 2.3.1.

(1) ·�`���ê m �Ø ,���ê n XJ�3�ê k �� n = m × k"·�^
m | n L« m �Ø n"�Ø´�êm���'Xµ

R = {(m,n) ∈ Z× Z : m | n}"~X§·�k (2, 4) ∈ R �´ (3, 4) 6∈ R"
(2) Ø
�	g,�'X�	§Ñu�«I�§·�²~<Ǒ/�O�
'X�~f"'X§- A = {1, 2, 3, 4}§ B = {1, a, b, c} ¿� R = {(1, 1), (1, a), (2, b), (3, 1)}"ùp R ⊆ A×B§¤± R ´8Ü A � B �m���'X"·�k 1R1, 1Ra, 2Rb Ú

3R1§� 1R/b§2R/1"
4k¼È§Cartesian product§Ï(k�
�¶"(k�§René Descartes £1596 - 1650¤§{IóÆ[§êÆ["
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1�Ù ý��£ 1n! 'X±eÛ��'Xk'��
½Â"
• R�½Â�½ÂǑµ domR =

{
x | �3 y�� R(x, y)

}"
• R���½ÂǑµ ranR =

{
y | �3 x�� R(x, y)

}"
• XJ R ⊂ X2§K¡ R´X ¥���'X"
• 8ÜX 3'X Re��½ÂǑµ

R[X] =
{
y ∈ ranR | �3 x ∈ X�� R(x, y)

}"
• 8Ü Y 3'X Re�_�½ÂǑµ

R−1[Y ] =
{
x ∈ domR | �3 y ∈ Y �� R(x, y)

}"
• ��'X R�_½ÂǑµ

R−1 = {(x, y) | (y, x) ∈ R}"
• ��'X RÚ S�EÜ½ÂǑµ

S ◦ R =
{
(x, z) | �3 y�� ((x, y) ∈ R¿� (y, z) ∈ S)

}"~~~ 2.3.2.

(1) - R = {(x, y) | x = y}Ǒ R¥���'X§K R−1 = R� R ◦R = R"
(2) XJ R = {(x, y) ∈ R2 | y =

√
x}§K R−1 = {(x, y) | y = x2 ∧ x ≥ 0}"

(3) /�u�u0'XÚ/�u�u0'X�EÜ ≤ ◦ ≥�u R× R
 ≤ ◦ ≤=≤"
(4) 3
¡Þ� A = {1, 2, 3, 4}§B = {1, a, b, c} ¿� R = {(1, 1), (1, a), (2, b), (3, 1)} �~f¥§ domR = {1, 2, 3} ⊆ A¶ranR = {1, a, b} ⊆ B¶R �_ R−1 Ǒ B ×A ���f8, R−1 = {(1, 1), (a, 1), (b, 2), (1, 3)}"
(5) - R ⊆ A ×B Ú S ⊆ B × C ǑXe'X§Ù¥ A = {1, 2, 3, 4}§B = {a, b, c, d, e}§

C = {x, y, z, w}§¿�
R = {(1, a), (1, c), (2, b), (4, a)},
S = {(a, y), (b, x), (a, w), (c, w), (d, z), (e, z)}"K S ◦R = {(1, y), (1, w), (2, x), (4, y), (4, w)}"
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1n! 'X 1�Ù ý��£
(6) b½ a, b ∈ Z ¿� n Ǒ��ê"·�¡ a Ó{u b � n§PǑ a ≡ b (mod n)§XJ n | (a − b)"·�¡ a ØÓ{u b � n§PǑ a 6≡ b (mod n)§XJ n Ø�Ø (a − b)"�¶gÂ a ≡ b (mod n) ��=�^ n ©O�Ø a Ú b ¤��{ê�Ó"d	 a ≡ 0 (mod n) ��=� n | a"Ó{´�êm���~��'X"~X§

87 ≡ 12 (mod 15)¶83 6≡ 5 (mod 11) ��"k¼ÈÚ��'X�±í2"Äk§½Ân�kS|
(x1, x2, x3) =df ((x1, x2), x3),
o�S|

(x1, x2, x3, x4) =df ((x1, x2, x3), x4)"��/§é��ê n > 2§b� (x1, . . . , xn−1)®k½Â§K n�S|½ÂǑµ
(x1, . . . , xn) =df ((x1, . . . , xn−1), xn)"ù´·�
¡^L�/48½Â0½/8B½Â0�ª"

n�8Ü�k¼È½ÂǑµ
X1 × · · · ×Xn = {(x1, · · · , xn) | x1 ∈ X1 ∧ . . . ∧ xn ∈ Xn}"Ó�§

Xn = X × · · · ×X
︸ ︷︷ ︸

ng" "é?¿8Ü R§XJ R ⊆ X1 × . . .×Xn§K¡ RǑ�� n�'X"XJ R ⊂ Xn§K¡
R´X þ� n�'X"¿�Ï~ò (x1, · · · , xn) ∈ R�� R(x1, · · · , xn)"XJ R´ X þ� n�'X§
 Y ´ X�f8§K R′ = R ∩ Y n´ Y þ� n�'X"��¡ R′´ R��§R´ R′*Ü"k¼È�½Â��±?�Ú�í2��¡õ�8Üþ¡§�·�3�±�2ù"SSSKKK 2.2.

(1) �ye�'u�Ø'X�·K§Ù¥¤ki1Ñ�L�ê"
(a) XJ a | b§Ké?Û c Ñk a | bc¶
(b) XJ a | b ¿� b | c§K a | c¶
(c) XJ a | b ¿� a | c§Ké?Û s Ú t Ñk a | (sb+ tc)¶

22



1�Ù ý��£ 1o! ¼ê
(d) XJ a | b ¿� b | a§K a = ±b¶
(e) XJ a | b ¿� a, b > 0§K a ≤ b¶
(f) XJ m 6= 0 K (a | b ��=� ma | mb)"

(2) b½ a, b, c, n ∈ Z � n > 0"y²Ó{'X�e�5�µ
(a) £g�5¤ a ≡ a (mod n)"
(b) £é¡5¤XJ a ≡ b (mod n)§K b ≡ a (mod n)"
(c) £D45¤XJ a ≡ b (mod n) � b ≡ c (mod n)§K a ≡ c (mod n)"

(3) �äe�·K´Äé¤k8Ü A,B,C Ú D ¤á§¿�Ñnd"
(a) A× (B ∪ C) = (A×B) ∪ (A× C)"
(b) (A×B) ∩ (C ×D) = (A ∩ C)× (B ∩D)"
(c) (A×B) ∪ (C ×D) = (A ∪ C)× (B ∪D)"

1o! ¼ê¼ê´�aAÏ�'X"é�����'X R§R½Â�¥ x�±éAÙ��¥�õ���"~X3¢ê Rþ�'X ≤¥§ 0ÒéAu¤k�u�u 0�¢ê"ù«/�éõ0��/3éõ�¹e7LüØ"���e§XJ>M����¶4ÑÑ�m´�éõ�{§ǑÒ´`§�\1�gve/a0��§¶4ÑÑ/a0§
eg%�U´/b0"ù��>M�½¬-<u»"����'X f XJ÷v:XJ (x, y) ∈ f ¿� (x, z) ∈ f §�o y = z§Ò¡ f ´��¼ê"XJ (x, y) ∈ f §·�~�� f(x) = y§½ö f : x 7→ y! fx = y�§¿r y¡Ǒ f 3 x?��"XJ domf = X §ranf ⊂ Y §Ò¡ f ´ X � Y �¼ê§PǑµ f : X → Y "~~~ 2.4.1. (1) 3·�¤Þ�'X�~f¥§ {(x, y) | x = y}Ú {(x, y) | y =
√
x}Ñ´¼ê¶
 Rþ� ≤'XØ´¼ê"
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1o! ¼ê 1�Ù ý��£
(2) ±eÑ´g,ê8Ü Nþ�¼êµ

S1(n) = 1 + 2 + · · ·+ n =
n(n + 1)

2
,

S2(n) = 12 + 22 + · · ·+ n2 =
n(n+ 1)(2n+ 1)

6
,

S3(n) = 13 + 23 + · · ·+ n3 =
n2(n+ 1)2

2
"

(3) é?¿8Ü X ½Â idX : X → X Ǒ idX(x) = x§K idX ´ X þ�¼ê§¡Ǒ�Ó¼ê"½½½nnn 2.4.1. ¼ê f, g����=� domf = domg¿�é?¿ x ∈ domf§ f(x) = g(x)"y²: öS"�â½Âz��¼êÑ´��'X§¤±·�
¡½Â�'X�½Â�!��!�!_��Vg3ùpE,·^"¿�§�'Xaq§¼ê�±í2� n���/"��5`§XJ¼ê�½Â�´�� n�kS|�8Ü§K¡Ǒ n�¼ê"5¿� n�¼ê´�� n+ 1�'X"~X f : An → A´ Aþ� n�¼ê§ù��¼ê²~¡Ǒ Aþ n�$�"g,êþ�\{´����$��~f"du·��±ò n�S|w���é�§Ïd±eé¼ê�?Ø�±��3��¼ê��/"½½½nnn 2.4.2. XJ f Ú g´¼ê§K§��EÜ g◦f Ǒ´¼ê"§�½Â�Ǒ dom(g◦f) =
domf ∩ f−1[domg]"¿�§é¤k x ∈ dom(g ◦ f)§(g ◦ f)(x) = g(f(x))"y²: £Äk5¿·�3½Â f ´¼ê�§�I� f ´kSé£'X A × B¤�f8§¿÷v/ÑÑ��50¶·�¿vk²(�Ñ f �½Â�"3�K¥XJ·����

f : A→ B� g : B → C§���¯KÒ{üõ
"·�r�K��kSé�öS�
"¤� (x, z1), (x, z2) ∈ (g ◦ f)§�â½Â§�3 y1, y2§ (x, y1) ∈ f§(y1, z1) ∈ g �
(x, y2) ∈ f§ (y2, z2) ∈ g"d f ´¼ê§�� y1 = y2§2d g´¼ê§ z1 = z2"¤± g ◦ f´¼ê"�u1��·K§�â½Â��½Â§·�k x ∈ dom(g ◦ f) ��=��3 z �� (x, z) ∈ g ◦ f¶2�âEÜ�½Â§·�k x ∈ dom(g ◦ f) ��=��3 z Ú y�� (x, y) ∈ f � (y, z) ∈ g"Ïd§��¡§XJ x ∈ dom(g ◦ f) K x ∈ dom(f) �
f(x) ∈ dom(g)§ǑÒk x ∈ dom(f)� x ∈ f−1[dom(g)]",��¡§XJ x ∈ dom(f)�
x ∈ f−1[dom(g)]§·�k ∃y(x, y) ∈ f � y ∈ dom(g)§ǑÒk z Ú y �� (x, y) ∈ f �
(y, z) ∈ g§¤± x ∈ dom(g ◦ f)"��§� x ∈ dom(g ◦ f)§�(g ◦ f)(x) = z"�âEÜ�½Â§�3 y§f(x) = y�
g(y) = z§Ïd g(f(x)) = g(y) = z = (g ◦ f)(x)"
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1�Ù ý��£ 1o! ¼ê¼ê f : X → Y ¡Ǒ���½ü� §XJé¤k� x1, x2 ∈ X Ñk x1 6= x2 %º
f(x1) 6= f(x2)§¼ê f : X → Y ¡Ǒ÷� §XJ ran(f) = Y¶Q´ü�q´÷��¼ê¡Ǒ V� §½¡ f Ǒ X Ú Y �m��� ��éA"XJ f : X → Y ´¼ê§ A´ X �f8§K f � Aþ���§P� f ↾ A§´d A� Y �¼ê§¿�éuz� x ∈ A§Ñk f ↾ A(x) = f(x)"XJ g ´ f �����§K¡ f ´ g��� *�"SSSKKK 2.3.

(1) ée�8Ü A Ú B éÑ¤kl A � B �¼ê"
(a) A = {x} and B = {0, 1}"
(b) A = {x, y} and B = {2}"
(c) A = {x, y} and B = {0, 1}"
(d) A = {x, y} and B = {0, 1, 2}"XJ8Ü A Ú B ©O¹k n Ú m ���§kõ��l A � B �¼ê?

(2) - f Ú g Ǒl {1, 2, 3} � {2, 3, 4} �¼ê©O½ÂǑ f(x) = −x + 5 Ú g(x) =

−x3 + 6x2 − 12x+ 11"y² f = g"
(3) - f : R→ R Ú g : Z→ Z Ǒ

f(x) = 4x− 1,

g(n) = 4n− 1"y² f ǑV�¶g Ǒü��Ø´÷�"
(4) �	¼ê f : X → Y"�äe�·K�é�"

(a) f ´÷���=�?Û�� Y p���Ñ´,� X p����"
(b) f ´÷���=�?Û�� X p���Ñk,� Y p��Ǒ§��"
(c) f ÷���=�é?Û y ∈ Y Ñ�3 x ∈ X �� f(x) = y"
(d) f ÷���=�é?Û x ∈ X Ñ�3 y ∈ Y �� f(x) = y"
(e) f ÷���=��3 y ∈ Y ��é?¿ x ∈ X Ñk f(x) = y"

25



1o! ¼ê 1�Ù ý��£
(f) f ÷���=� f ����u Y"

(5) - f Ú g Ǒl R � R �¼ê"�äe�·K�é�¿�Ñnd"
(a) {x ∈ R | f(x) = 0} ∩ {x ∈ R | g(x) = 0} = {x ∈ R | f 2(x) + g2(x) = 0}"
(b) {x ∈ R | f(x) = 0} = {x ∈ R | f 2(x) = 0}"
(c) XJ f Ú g Ñ´V�§K f + g Ǒ´V�"£ùp¼ê f + g : R→ R �½Â´

(f + g)(x) = f(x) + g(x)"¤
(6) éÑ N Ú Z �m�����éA"
(7) b½ a, b, c, d Ǒ¢ê¿� a < b Ú c < d"- f : (a, b)→ (c, d) ½ÂǑ

f(x) =
d− c
b− a(x− a) + c"y² f ´��V�"£ùp (a, b) L«8Ü {x ∈ R : a < x < b}§~�¡Ǒ�� m«m"¤

(8) éÑm«m (0, 1) Ú R �m�����éA"
(9) (a) y²é?Û¼ê f, g : R→ R XJ f ◦ g ´ü�§K g ´ü�"

(b) éÑ¼ê f, g : R→ R �� f ◦ g ´ü�§� f Ø´ü�"
(10) �½��¼ê f : X → Y§½Âü�#��8m�¼êXeµ

F : P (X)→ P (Y ) Ú G : P (Y )→ P (X)

F (A) = {f(a) : a ∈ A} Ú G(B) = {a ∈ X : f(a) ∈ B}Ù¥ A ⊆ X ¿� B ⊆ Y"�äe�·K´Ä�(¿�Ñy²½�~"
(a) XJ f ´ü�§K F Ǒ´ü�"
(b) XJ f ´÷�§K G ´÷�"

(11) - a, d ∈ Z§q ∈ R ¿� n ∈ N"
(a) éÑ��ê� a, a+ d, a+ 2d, · · · , a+ nd ��Úúª B(n) ¿^8B{�y"
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1�Ù ý��£ 1Ê! �d'X�y©
(b) éÑ�'ê� a, aq, aq2, · · · , aqn ��Úúª C(n) ¿^8B{�y"

(12) �	¼ê f : N× N→ N ½ÂǑ
f(m,n) = n+

(m+ n)(m + n+ 1)

2
"

(a) - m1, n1,m2, n2 Ǒg,ê"y²XJ m1 + n1 < m2 + n2§K f(m1, n1) <

f(m2, n2)"
(b) y²é?¿ y ∈ N§Ñ�3��� x ∈ N ��

x(x+ 1)

2
≤ y <

(x+ 1)(x+ 2)

2
"

(c) y² f ´V�"
1Ê! �d'X�y©XJk�aÔN§�+§��Ø�Ó§�Ò·�'%�5�5`§§��Ly´���§K·�ég,/r§��Óå5§Ø\«©"'X§g,ê 7 Ú 4 Ø��§�XJ·��'%� 3 ��â�{§7 Ú 4 �5�����§ÏǑ 7 ≡ 4 (mod 3)"Ïd·����±r 7 Ú 4 �¤��ê5?n"þ¡��{g,Ú�·��	�d'XÚ�da"½½½ÂÂÂ 2.5.1. - R ⊂ X2Ǒ��'X§K·�¡

(1) R´ g�� XJé¤k� x ∈ X§R(x, x)¶
(2) R´ é¡� XJé¤k� x, y ∈ X§XJ R(x, y)K R(y, x)¶
(3) R´D4� XJé¤k� x, y, z ∈ X§XJ R(x, y)§� R(y, z)§K R(x, z)¶
(4) R´���d'X XJ R´g�!é¡!D4�"S.þ^ ∼L«�d'X¶XJ ∼ Ǒ X þ����d'X§¿� x ∼ y§K·�¡

x � y �d"~~~ 2.5.1.
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1Ê! �d'X�y© 1�Ù ý��£
(1) XJ P �L¤k<�8Ü§Xe½Â P þ���'Xµ

D =
{
(x, y) | x´ y���}

; (2.1)

B =
{
(x, y) |��k�� x�ykǑ´ y�yk}

; (2.2)

S = {(x, y) | x�I1´ y�I1}" (2.3)

D Ø´g��§ǑØ´é¡�§�´D4�¶ B ´g��§é¡�§%Ø´D4�¶��§ S ´�d'X"
(2) ?¿8Ü X þ� =´�d'X¶²¡þ?¿���²1'X´�d'X¶
(3) - A�L¤k/¥<�8Ü"�Ä Aþ�'X E �� xEy ��=� x Ú y k�ÓI7"4·��ÑV­I7��/§K E ´ A þ����d'X"
(4) - A = Z§½Â x ≡3 y ��=� x ≡ y (mod 3)"
¡SK¥y²
 ≡3 ´���d'X"½½½ÂÂÂ 2.5.2. - ∼´ X þ��d'X§ x ∈ X" x'u ∼� �da ´8Üµ

[x]∼ = {t ∈ X | t ∼ x}"��d'X ∼ �Ù��ÿ§·�~r [x]∼ {PǑ [x]"~X§3þ~¥�ÓI7�'Xe§�¹�²��daÒ´�N¥I<�8Ü"
3
≡3 �'Xe§[0] = {3k : k ∈ Z}¶¿� [7] = [4]"ÚÚÚnnn 2.5.1. - ∼ǑX þ��d'X§Ké?¿ x, y ∈ X § [x]∼ = [y]∼½ö [x]∼ ∩ [y]∼ =

∅"y²: XJ [x]∼ ∩ [y]∼ 6= ∅§K- eáu§���"Ïd e ∼ x� e ∼ y§dé¡5ÚD45§x ∼ y"é?¿ w ∈ X§w ∈ [x]∼ ��=� w ∼ x§��=� w ∼ y§��=�
w ∈ [y]∼§¤± [x]∼ = [y]∼"�d'X�Vg~~�y©éX3�å"·�kw��äN�~fµ�	�d'X
≡3§{üO�w�·� [0] = {3k | k ∈ Z}§[1] = {3k + 1 | k ∈ Z}§Ú [2] = {3k + 2 | k ∈
Z}"ùn��da�¿8´¤k�ê8 Z§¿�d*	½^Ún 2.5.1 �±�Ñ§�*dØ��"½½½ÂÂÂ 2.5.3. - X Ǒ�8Ü§ S ⊂ P(X)"XJ S ÷v
(1) é¤k� a, b ∈ S§XJ a 6= b§K a ∩ b = ∅¶
(2)

⋃
S = X"
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1�Ù ý��£ 1Ê! �d'X�y©K¡ S ´ X ��� y©"½½½ÂÂÂ 2.5.4. - ∼Ǒ X þ��d'X§K X/ ∼= {[x]∼ | x ∈ X}¡Ǒ X � û8"E±
¡J���ÓI7'X E Ǒ~§û8 A/E ¥���Ǒ,��½I[��NI¬"
3 ≡3 �'Xe§û8 Z/ ≡3= {[0], [1], [2]}"û8�Vg3êÆ¥´é~��"'X�ê¥kû+§ÿÀ¥kû�m��§ù
VgÑ´ïá3û8�Ä:þ�"≡3 �~fJ«·�?Û���d'XÑp�Ñ��y©"½½½nnn 2.5.1. - ∼Ǒ X þ��d'X§K X/ ∼´ X ���y©"y²: Äk§dÚn 2.5.1§XJ [x]∼ 6= [y]∼§K [x]∼∩ [y]∼ = ∅"Ùg§dué?¿ x ∈ XÑk x ∈ [x]∼§¤± ⋃
(X/ ∼) = X"dd§ X/ ∼´X þ�y©"�L5§·��±d��8Ü�y©5½ÂÙþ��d'X"½½½nnn 2.5.2. - S Ǒ X �y©§½Â X þ���'X

∼S= {(x, y) ∈ X ×X | ∃c ∈ S(x ∈ c ∧ y ∈ c)}"K ∼S ´�d'X"½½½nnn 2.5.3.

(a) XJ S Ǒ X �y©§K X/ ∼S= S ¶
(b) XJ ∼´ X þ��d'X� S = X/ ∼§K ∼S=∼"±þü�½n�y²·�3�SK"SSSKKK 2.4.

(1) �äe�'X R ´ÄǑ (i) g��¶(ii) é¡�¶Ú (iii) D4�"
(a) R Ǒ8Ü {a, b, c} þ�'X R = {(a, b), (b, a), (a, a)}"
(b) R Ǒ Z þ�'X§½ÂǑ aRb ��=� a > b"
(c) - X Ǒ���8§A ´ X ���f8�8Ü§R ´ A þ�'X½ÂǑ URV��=� U ∩ V 6= ∅"
(d) R ´ R þ�'X§�� aRb ��=� ab ≥ 0"
(e) R ´ R þ�'X§�� aRb ��=� | a− b |≤ 2"
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1Ê! �d'X�y© 1�Ù ý��£
(2) - T = {0, 1, 2, 3, . . . , 12}"½Â T þ���'X ∼ Xeµé?¿ a§b ∈ T§a ∼ b��e�^���¤áµ

(a) a§b Ñ´óê"
(b) a§b Ñ´�u 2 ��ê"
(c) a§b ∈ {1, 9} ¿� a = b"y² ∼ ´�� T þ��d'X¿éÑ¤k��da"

(3) - Z∗ = Z− {0} Ǒ�"�ê8§¿� A = Z× Z∗"3 A þ½ÂXe'X Rµ
R = {((a, b), (c, d)) ∈ A× A | ad = bc}"y² R ´���d'X"éÑ�da [(0, 1)] Ú [(2, 4)]"

(4) - R Ǒ N× N þ�Xe'Xµ
(a, b)R(c, d) ��=� (∃k ∈ Z)[a+ b = c+ d+ 3k]"y² R ´���d'X¿�éÑ R �¤k�da"

(5) - A Ǒ����8¿� R ´ A þ�����'X"y² R ´���d'X��=�eãü^�¤áµ
(a) é¤k x ∈ A xRx ¤á"
(b) é¤k x, y, z ∈ A§XJ xRy ¿� yRz§K zRx"

(6) - k Ǒ���½���ê"½Â Z þ�'X E �� xEy ��=� x ≡ y(mod k)"·�®²�� E ´ Z þ����d'X"é?¿�ê i, j ∈ Z§éÑ��l�da
[i]E ��da [j]E ���V�§¿�y§�(´��V�"

(7) é?¿8Ü X§XJ I ⊂ P(X)§¿�÷vµ
A ⊂ B ∈ I → A ∈ I � A,B ∈ I → A ∪ B ∈ I,Ò¡ I ´X þ��� n�"y²µXJ I ´n�§KÙþ���'Xµ

R = {(A,B) | (A△B) ∈ I}´�d'X"
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1�Ù ý��£ 18! S
(8) �	�êm�'X E§½ÂǑ xEy ��=� | x |=| y |"�y E ´���d'X¿éÑû8 Z/E"
(9) y²½n 2.5.2 Ú½n 2.5.3"

18! S�¶gÂ§8Ü X þ����SÒ´���m���
�'X R"�âù�'X§8Ü X �/G��^�§=?Ûü���3ù�'XeÑkk��©"r§^êÆ�ó�Ñ5Ò´µéu?¿�� x, y ∈ X§½ö xRy ½ö yRx"�==ù�^�Ø
§ÏǑ§¿vküØÌ�§~X§X = {a, b, c, d} ¿� aRb, bRc, cRd, dRa§Kwþ�´���§
Ø´�^�"N�üØÌ�Qº
[��§·��±V\�é¡5£�e©¤5üØ�Ý´ 2 ��¶2^D45r�� ¤��5üØK"Ïd·�k½½½ÂÂÂ 2.6.1. - RǑ X þ���'X§XJ R÷vµ
(1) R´�é¡�§é¤k� x, y ∈ X §XJ xRy� yRx§K x = y¶
(2) R´D4�§é¤k� x, y, z ∈ X §XJ xRy§ yRz§K xRz¶
(3) é¤k� x, y ∈ X § xRy½ yRx"Ò¡ R´ X þ��� �S ½ �S"5¿§£3¤w�·�é¤k� x ∈ X§Ñk xRx"~~~ 2.6.1.

(1) 8Ü N!Z!Q Ú R þ�g,��'XÑ´Ñ´�S"
(2) 2w��<Ǒ�~f"- X = {1, 2, 3} Ú

R = {(1, 1), (2, 2), (3, 3), (1, 3), (3, 2), (1, 2)}"K R ´ X þ����S"ã�Ǒ 1 < 3 < 2"�S�Vg�±í2¤¤¢/ S0�Vg§<�~^ ≤ 5�LS"½½½ÂÂÂ 2.6.2. - ≤Ǒ X þ���'X§XJ ≤÷vµ
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1Ô! (��~f 1�Ù ý��£
(1) ≤´g��§=é¤k� x ∈ X § x ≤ x¶
(2) ≤´�é¡�§=é¤k� x, y ∈ X §XJ x ≤ y� y ≤ x§K x = y¶
(3) ≤´D4�§=é¤k� x, y, z ∈ X §XJ x ≤ y§ y ≤ z§K x ≤ zÒ¡ ≤´ X þ���  S ½ S"·�^ (X,≤)L« ≤´ X þ� S§d�¡ X Ǒ S8¶XJ (X,≤)´ S8§K^ x ≥ yL« x ≤−1 y¶^ x < yL« x ≤ y� x 6= y¶^ x > yL« x ≥ y¿� x 6= y"~~~ 2.6.2.

(1) 8Ü N!Z!Q Ú R þ�g,��'XÑ´S'X£Ó�Ǒ´�S'X¤¶
(2) é?¿8Ü X§⊂´ P(X)þ�S'X§�Ø´�S¶
(3) ½Â n | mǑ/n�Øm”§K |´8Ü {2, 3, 4, · · · }þ� S'X§ǑØ´�S"SSSKKK 2.5.

(1) y²z��k¡� SÑ�±òÿ¤���S"
1Ô! (��~fþ¡��S'X½ S'XÑ´(��~f"Ǒ´¤¢^ún5/½Â0(��~f"·�2wA�êÆp~��(��~f"XJ·��'%¤¢/�â$�0§=\~�Ø§·��±ïÄ/�0ù«(�"½½½ÂÂÂ 2.7.1. �� � ´��8Ü F§Ù��mkü�$�§©OP�\{ + Ú�{ ·§�÷vµ

(1) é?¿ a, b, c ∈ F§a+ (b+ c) = (a+ b) + c"
(2) é?¿ a, b ∈ F§a+ b = b+ a"
(3) �3����§P� 0§÷vµé?¿ a ∈ F§a+ 0 = a"
(4) é?¿ a ∈ F �3 b ∈ F§�� a+ b = 0"
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1�Ù ý��£ 1Ô! (��~f
(5) é?¿ a, b, c ∈ F§ a · (b · c) = (a · b) · c"
(6) é?¿ a, b ∈ F§a · b = b · a"
(7) �3����§P� 1§÷vµé?¿ a ∈ F§a · 1 = a"
(8) é?¿ a ∈ F§a 6= 0, �3 b ∈ F§�� a · b = 1"
(9) é?¿ a, b, c ∈ F , a · (b+ c) = a · b+ a · c ¿� (a+ b) · c = a · c+ b · c"5¿µǑ,3½Â¥�J�
\{Ú�{ü�$�§� (4) Ú (8) ¢Sþ©O½Â
§��_$�§=~{ÚØ{"��;.~fkµknê Q!¢ê R!Eê C ��"�,�kÙ§Ø�~��~f§·�=Þ�~§Ù§�·�^���ÿ20�"~~~ 2.7.1. - p Ǒ���ê§K {0, 1, · · · , p− 1} 3� p �$�e§/¤���"ù´ k�� ���;.~f"÷v 1 + 1 + · · ·+ 1

︸ ︷︷ ︸

p-g = 0 �é?Û q < p§1 + 1 + · · ·+ 1
︸ ︷︷ ︸

q-g 6= 0 ��¡ǑAÆǑ p ¶XJé?Û�ê p§1 + 1 + · · ·+ 1
︸ ︷︷ ︸

p-g 6= 0§K¡T� AÆǑ 0"k
(�'u\~�{Ñké��5�§�ØU�Ø{§ù��(�¡Ǒ/�0"��±�w¤´AÏ��§3õê�êÖþÑ´k½Â�2½Â�"�3F~¹Ä¥§��(��ǑÊH§¤±·�âæ�ù��^S£
�6�Ø!Ø+¤"��°(½ÂXeµ½½½ÂÂÂ 2.7.2. �� � ´��8Ü R§Ù��mkü�$�§©OP�\{ + Ú�{ ·§�÷vµ
(1) é?¿ a, b, c ∈ F§a+ (b+ c) = (a+ b) + c"
(2) é?¿ a, b ∈ F§a+ b = b+ a"
(3) �3����§P� 0§÷vµé?¿ a ∈ F§a+ 0 = a"
(4) é?¿ a ∈ F �3 b ∈ F§�� a+ b = 0"
(5) é?¿ a, b, c ∈ F§ a · (b · c) = (a · b) · c"
(6) é?¿ a, b, c ∈ F , a · (b+ c) = a · b+ a · c ¿� (a+ b) · c = a · c+ b · c"5¿µé�5`§·�Ø��§÷v�{��Æ§ǑØ��§k�{ü � 1"��;.~fkµ�ê Z§£¢êþ�¤Ý
§£�Xê¤õ�ª��"Ý
�´�£�{¤����;.~f"
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1Ô! (��~f 1�Ù ý��£(��Ù§~fkµãØ¥ïÄ�ã¶�êÚÙ��ê¶+Ø¥ïÄ�+��"��·�wg,ê"·�'5�´\{Ú�{"k
\{Ú�{§�Ü©���êØÑ�)3ïÄ���S
"3�Y�§¥§�·�!�x��Ø��½n�§·�¬AO?Øg,ê��."g,ê�únz��´d¿�|êÆ[�æì�¤�"·�3�!£ã�æì���"�±�·�é��Ü6k
�½��£��§·�2�âI�é�æì����7��?U"�æìún¥¤æ^��Ä�¼ê´¤¢�U¼ê S : N→ N"k��AÏ~ê 0"¤¢ n ��UÒ´ n �¡���ê" [o%�<Ǒ�±` S(n) Ò´
n+ 1"�3�æì��¥\{´d�U¼ê½Â�§Ïd^ n+ 1 5)º S(n) ´ØT��" ]�æì�<���únXe µ
(P1) 0 ´��g,ê"
(P2) ?Ûg,ê n Ñk��g,ê S(n) �Ǒ§��U"
(P3) 0 Ø´?Ûg,ê��U"
(P4) �U¼ê´ü��§=§XJ S(m) = S(n) K m = n"
(P5) £8B�n¤- Q Ǒ��'ug,ê�5�"XJ (1) 0 äk5� Q¶¿�£2¤XJg,ê n äk5� Q§K S(n) Ǒäk5� Q¶�o¤kg,ê n Ñk5� Q"3d�þ§\{�8B/½Â¤é?Ûg,ê n Ú mµ

n+ 0 = n ¿� n+ S(m) = S(n+m)"aq/§�{�8B/½Â¤é?Ûg,ê n Ú mµ
n× 0 = 0 ¿� n× S(m) = (n×m) + n"SSSKKK 2.6.

(1) �yµXJ p ´�ê§K {0, 1, · · · , p− 1} 3� p �$�e÷v��¤kún"
(2) y²z��"�g,êÑ´,�g,ê��U"
(3) y²ÄT�K£½¡|��n 5¤µXJg,ê n > m§KØ�3l {0, 1, · · · , n−1}� {0, 1, · · · ,m− 1} �ü�"
5|��n§Pigeonhole Principle§QãǑµXJr n �|f�\�u n �|�p§K��k��|�p¡kØ���|f"
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1�Ù ý��£ 1Ô! (��~f
(4) y²e�·K�dµ

(a) �æìún¥�8B�n"
(b) ��ê�nµg,ê�?¿��f8Ñk���"
(c) r8B�nµé?Û��g,ê�5� P§XJl¤k m < n§P (m) ¤áUíÑ P (n) ¤á§Ké¤kg,ê n§P (n) Ñ¤á"
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1Ô! (��~f 1�Ù ý��£
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1nÙ ·KÜ6
1�! ÚóÏ~¿Âe�·K´�kýb���é"��E,�·K�±©)¤eZ{ü��f·K"ù
�f·K�EÜ·K�'X§Ò´·KÜ6ïÄ���"é�Æö5`§��ég,�¯K´�·�ïÄÜ6�·�^�´�oÜ6ºXJ·�^Ü6��5ïÄÜ6§�Ø´Ì�ØyíºùÒÚÑÜ6ÆS¥«©�Ü6Úé�Ü6�­�5"��'�5`§·���ïÄ<M�,
õU§�gC��ïÄgC´é(J�"·�u´E��Åì<£½^,�O�Å§S5�[¤§éÅì<·��±ïÄ���ÙÙ"Ǒ,Åì<�·���é�§�XJ·�a,��õU´O�½eÚ��§�oÅì<½N�±éCq/�[<M§Ïd·��±m�/ÏLïÄÅì<5
)<M�ù�Ü©õU"ù�'�¥�<M��u·��/�Ü60§
Åì<K��u/é�Ü60"Q,O�ÅÆ[3ïÄÅì<���Ø7¯·�<M´N�$��§·�3ïÄé�Ü6�Ǒ�±6�Ø^�Ä·�^�´�oÜ6"�k3·�r�
�õUïÄ�Ù��§·�25g�N�4Åì<��C<M"aq�«©�kéõ§~X�·�^¥©5ïÄ�óÆ½O�Å�óÆ§¥©Ò´/��ó0
�ïÄ��ó½O�Å�óK´/é��ó0"�é�Ü6�5���Ü6�§üö�«O�5��"
·KÜ6ÏÙ{ü§'�N´l�Ü6¥©OÑ5§~Xvk<¬�Ǒg,ê�5�X8B{´·KÜ6p¡�§¤±Bu�Æö©��Ü6Úé�Ü6§ù�3ÆS��Ü6��±~��
(6"ù´�Ù���­�8�"ênÜ6���­��¡´ïÄ�ã�Û�"0B·��§���¥%¯K´µ´Äý�·KÑ�y"/ý0´·��8�§
/y²0´·���ã"·���ãU��8�íº��£�ù�¯K§·�Äk�t�Ù/ý0´�o¿g§/y²0q´�o"ùü�­�Vg¥§/ý0áu�Â�Æ§
/y²0áu�{�Æ"3ÆSL§¥§·�~r/�{0�/�Â0©m?Ø§�ù´6��§XÓN�¹Ä¥©)Ä���"�ªüö´Ø�©�"�{�>4<��Åì§5K§�{¶�ÂK4<��<£M¤§¿Â§ýb��"¯¢þ§��Ü6¥/´Äý�·KÑ�y0ù�¯K´·�ý��£��"�Ǒ
©ÑÆSJ:§·�3áÆSüþ§A¿4·KÜ6���Ü6÷�q�Ì�u�§Ñ�¹�{Ü©§5½��ó§ïÄíüXÚÚy²¶Ǒ�¹�ÂÜ©§?Øý�nØ"��
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1�! ·KÜ6��ó 1nÙ ·KÜ6±��5Ú��5½nr�{Ú�ÂéXå5"�u�Æk �ÇQùµÆS�L§Ò´Øä­E§ØÓ�gþ�­E"F"·���§�OU
kÏuÖöéênÜ6�n)"
1�! ·KÜ6��ó�;·KÜ6��ó �)±enÜ©:

(1) �êõ� ·KÎÒ : A0, A1, A2, · · ·

(2) Ê� é
 : Ä½ÎÒ ¬!Ü�ÎÒ ∧!Û�ÎÒ ∨!%ºÎÒ → ÚV%ºÎÒ
↔"

(3) )Ò: �)Ò “(”, Úm)Ò “)”"5:

1. ùp/�ê0´��êÆ;^â�§�¿ǑÓg,ê��õ"3���¹e§��kv
£k�¤õ�·KÎÒÒ
^
"
,��¡§<�Ǒ�±ïÄkØ�êõ�·KÎÒ�Ü6"
2. ùÊ�é
�+�F~�ók'§�3êÆ©z¥�Ǒ~�"
3. 3�!¥·�rN�´�{"Ïd�+·��ùÊ�é
�
þã�¶i§¿²~r§�Ö¤/�0§/¿�0§/½0§/XJ · · · �o · · ·0§Ú/��=�0§��´·�e�!?Ø�Â�?Ö"�!¥§·�Ar§�ÀǑ��vk¿Â�iÎ§¤±þ¡·�A/rN/ÎÒ0�i"
4. ¬ ´��é
"Ù§o�´��é
"ùo���é
3?Ø�{�«OØ�§·�~^ÎÒ ⋆ 5L«§�¥?Û��é
"
5. )Ò�´Ǒ
Bu�Ö§±�£SK 3.3¤·�¬w�§)Ò¢Sþ´�k���"'XéO�Å�ó5`§vk)Ò�Ǒ{ö"5½�Ä�ÎÒ��§·�Ò�±/¤�ǑE,��é"Äk·�¡?Û��ÎÒGǑ�� L�ª§~X (¬A1) ½ö ((A1∨ Ñ´L�ª"L�ª�±´?¿�§��Ø^�ÄÙ´Äk/¿Â0"�,·�a,��´�
/Ü��{5K0�L�ª"·�¡§�Ǒ Üªúª ½{¡Ǒ úª"(�½ÂXeµ½½½ÂÂÂ 3.2.1.
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1nÙ ·KÜ6 1�! ·KÜ6��ó
(a) z�·KÎÒ Ai Ñ´Üªúª"
(b) XJ α Ú β Ñ´Üªúª§K (¬α)§(α ∧ β)§(α ∨ β)§ (α→ β) Ú (α↔ β) Ǒ´Üªúª"
(c) O�Ù§"5:

1. ½Â¥�¥©=´/��ó0§
�!�m©½Â�·KÜ6�óǑ/é��ó0"äN/`§·�^
/z�0ù�þ
§Ǒ�^
 α§β �ÎÒ�ǑC��Lù��ó¥?¿úª"�ùp�þ
ÚÎÒC�Ñ´��ó¥�§w,Øáu·��3?Ø�·KÜ6�ó"
2. Ǒ,·�IO�·KÎÒǑ A0, A1, A2, · · ·§3¢Só�¥·�²~^ A!B!P!Ú Q �ÎÒ5L«?¿�·KÎÒ"þã½Â¥ (a)§(b)ØJn)§(c)k
�
"du·�¬�þ�^ùa/ª�½Â§4·�s�
�Ì)º�e"ÙGÄ��ê�Öö¬wÑù¢Sþ´,«/4�0§½´/d · · · )¤�8Ü0"3êÆþkü«�d��ªòÙî�zµ/gþ
e0½/ge
þ0"ü«�ª��d5·�3�SK"/gþ
e0�½ÂòÜªúª8�Ǒ���N½ÂÑ5"4·���/r��÷v5� (b) �L�ª8 X ¡Ǒ µ4�§=§é¤k X ¥�úª α Ú β§L�ª (¬α) Ú

(α ⋆ β) Ǒ3 X ¥£Ù¥ ⋆ �Lo���é
¥�?Û��¤"�NÜªúª�8Ü�±/gþ
e0/½ÂǑµ����¹¤k·KÎÒ�µ4�L�ª8§=
{Üªúª} = ⋂

{X :¤k� Ai Ñáu X ¿� X ´µ4�}"5¿µ^� (c) Ny3/��0p¡§�ÎÒ ⋂ °(/L�Ñ5"/gþ
e0�½Â¿vkw�·�z��äN�Üªúª´�o�f�"ù�Øv�/ge
þ0�½Â¤�Ö
"/ge
þ0�½Â�Ñ
úª α ����EL§"�e¡��,´·KÎÒ§§���u¢F�1�?��"Õ3ù�?þ§·��±�Ee�?�úª§X(¬A1)§(A1 ∨ A2)¶Õ3/1�?0þ§·�Ò�±�E/1n?0�úª§X((¬A1)→ A2)"Xd�?
þ§Ò¬��?¿/pÝ0�úª"O(/`§·�¡��L�ª�k¡S�
(ϕ0, ϕ1, . . . , ϕn)Ǒ α ��� �ES�§XJ���� ϕn Ǒ α ¿�éz�� i ≤ n§½ö ϕi ´��·KÎÒ§½ö�3 j, k < i �� ϕi Ǒ (¬ϕj) ½ (ϕj ⋆ ϕk)"·�¡��L�ª α Ǒ�� Üªúª XJ�3 α����ES�"5¿�ES�¿Ø��§¯¢þz��ÜªúªÑk�¡õ�ØÓ��ES�"
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1�! ·KÜ6��ó 1nÙ ·KÜ6Q,z��úªÑ´�ÚÚ/�EÑ5�§·�Òk�UrÏ~3g,êþ�êÆ8B{=z¤/éúª�8B{0§äN�=zL§·�3�SK"Xe/ª�8B�n�~k^§|^§·��±��?Øúª�5�§
Ø^zgÑ7£�g,êþ��8B"½½½nnn 3.2.1 (8B�n). - P (α) Ǒ��'uÜªúª�5�"b�
(1) é¤k�·KÎÒ Ai, 5� P (Ai) ¤á; ¿�
(2) é¤k�Üªúª α Ú β, XJ P (α) Ú P (β) ¤á§K P ((¬α)) Ú P ((α ⋆ β)) Ǒ¤á"�o P (α) é¤k�Üªúª α Ñ¤á"·�^e¡�Ún5`²8B�n�^{"3±�·�¬^TÚn5y²úª����Ö5"ÚÚÚnnn 3.2.1. z�Üªúª¥�m)Ò�ê8�Ó"
�z�Üªúª�ý
ã¥�)Òõum)Ò"ÏdÜªúª�ý
ã�½Ø´Üªúª"y²: ·��y²1��·K§1��·K�y²��aq"- P (α) L«3 α ¥�m)Òê8�Ó"·�é P (α) �18B{"�©�/µé¤k�·KÎÒ Ai, 5� P (Ai) w,¤á§ÏǑ�m)Ò�ê8Ñ´""8B�/µb� P (α) Ú P (β) ¤á§=3 α Ú β¥�m)Ò�ê8Ñ�Ó"du (¬α)Ú (α⋆β)Ñ==V\
�	à��é)Ò§§�¥��m)Ò�ê8�Î�±�Ó§= P ((¬α)) Ú P ((α ⋆ β)) ¤á"�â8B�n§P (α)é¤kúªÑ¤á"SSSKKK 3.1.

(1) b½ E ´��8Ü§B ´ E ���f8§g : E → E Ú f : E × E → E ©OǑ Eþ�����Ú��¼ê"½Â
C∗ =

⋂

{X : B ⊆ X ¿�é¤k x, y (x, y ∈ X %º g(x), f(x, y) ∈ X)}"·�¡ C∗ Ǒ B 3 E ¥'u g Ú f � 4�§½ö¡ C∗ Ǒ E ¥d B ² g Ú f )¤ �8Ü"�e5½Â8ÜS� (Cn : n ∈ N) Xeµ
C0 = B;

Cn+1 = Cn ∪ {g(x) : x ∈ Cn} ∪ {f(x, y) : x, y ∈ Cn}"¿�-
C∗ =

⋃

n∈N

Cn"y² C∗ = C∗"
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1nÙ ·KÜ6 1n! ý���
(2) ·�¡ α ´���úª§XJ α ¥Ø
 A3§A17§¬ Ú → 	vkO�·KÎÒÚé
"�Ñ�úª�/gþ
e0Ú/ge
þ0�½Â"
(3) y²8B�n§=�©¥½n 3.2.1"
(4) y²vk�ÝǑ 2, 3 ½ 6 �Üªúª, �Ù§�Ý�k�U"
(5) ®�úª α ¥��é
 ¬ Ñy�gêǑ m§Ù§o���é
Ñy�ogêǑ n"éÑ α ��Ý"
(6) 3úª α ¥§- c L«��é
 (∧,∨,→,↔) 3 α ¥Ñy�gê¶s �L·KÎÒÑy�gê"£~X§� α Ǒ (A→ (¬A)) �§c = 1 ¿� s = 2"¤^8B�ny²

s = c+ 1"
(7) b½úª ϕ ��ÝǑ n§y² ϕ k���ÝØ�L n ��ES�"
(8) �½úª ϕ ����ES�§Ù¥ ϕ Ø�¹·KÎÒ A4"3d�ES�¥íØ¤k�¹ A4 ��§y²íØ��S�E´ ϕ ����ES�"
(9) �*þ`§β ´úª α ��� fúª XJ β ��´��úª¿�´ α ��Ü©"

(a) �Ñ β ´úª α ���fúª�î�½Â"
(b) ^ (a) �½Ây²µXJ β ´ α ���fúª§γ ´ β ���fúª§K γǑ´ α ���fúª"
(c) y²3 α ��á��ES�¥Ñy�Ñ´ α �fúª"

1n! ý���·�m©&?�Â"Äk5½ ýb� 8ÜǑ {T, F}§Ù¥ T �L/ý0§ F �L/b0¶éõë�ÖǑ^ {1, 0} 5�L"- S Ǒ��·KÎÒ�8Ü"S þ��� ý��� v Ò´l S �ýb����N�
v : S → {T, F}"
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1n! ý��� 1nÙ ·KÜ6- S Ǒ�¹k S ¥�·KÎÒ�úª8"êÆþ�O(�`{AT´ù�µz��é
ÑéAu��L�ªþ�¼ê§~X§¬ éAu f¬ : {L�ª} → {L�ª}§f¬(α) =
(¬α)§Ó�/§z����é
 ⋆ÒéAu f⋆ : {L�ª}×{L�ª}§f⋆(α, β) = (α⋆β)"
S Ò´L�ª¥d S ²ùÊ�¼ê)¤�8Ü£�SK 3.1¤"·�rý��� v *Ü�
S þ��#¼ê vµ

v : S → {T, F}÷v
(0) é?¿ A ∈ S§v(A) = v(A)"
(1)

v((¬α)) =
{

T, XJ v(α) = F ;

F, Ù§"
(2)

v((α ∧ β)) =
{

T, XJ v(α) = T ¿� v(β) = T ;

F, Ù§"
(3)

v((α ∨ β)) =
{

T, XJ v(α) = T ½ö v(β) = T ;

F, Ù§"
(4)

v((α→ β)) =

{

F, XJ v(α) = T ¿� v(β) = F ;

T, Ù§"
(5)

v((α↔ β)) =

{

T, XJ v(α) = v(β);

F, Ù§"·�Ǒ�±^ ý�L 5L« vµ
α β (¬α) (α ∧ β) (α ∨ β) (α→ β) (α↔ β)

T T F T T T T

T F F F T F F

F T T F T T F

F F T F F T T5µ±þ�ý�LǑ,2g,ØL§�%´·KÜ6�Â����Ü©"Äk5¿§3·��	·KÜ6�ó�§é
Ñ�ÀǑ�¿Â�ÎÒ¶úªǑ�´U5Kü��Î
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1nÙ ·KÜ6 1n! ý���ÒG"��y3§·�âÏL½Â v 5Nyé
�¿ÂÚ5½úª�ýb�"Ó�5¿µ·�é·Kúªý��½Â´Äu��ó�Ñ�§=§�k3ý��� v (½±�§úª�ý�âk¿Â"�u`§~X v Ǒ�o4 A3 Ǒb§
4 A4 Ǒý��Ø´·��Ä���",«¿Âþ5`§Ü6Æ'%�Ø´/�f¯¢0�ýb§
´N�?ndÜ6ÎÒ)¤�EÜ·K�ýb"·�8�¬w�§ù�:3��Ü6�ý�nØ¥Ly��Ǒ²w"é�Æö5`§Ø
é%ºª�5½	§Ù§�Ñ�n)"�,§·��±{ü/`µ3êÆ¥%ºÒ´ù�5½�"�·��´�ÑA«)º§F"U`Ñ�Æöù��5½´k�n�"3;����Ü6�§¥é%º�¿Â  ¬k�õ�?Ø"1�«)ºµ�	µ/XJ¥Iv¥èö)§·Òr·&f¯
0"b�·3w¥��*l`
ù��{§
'm(Jý�´¥Ièö)£
�Ǒý¤§�*lýék�|��·rgC�&f¯
§ÏǑÄK·Ò`
b{£��Ǒb§¤±��·KǑb§�ý�L�1�118�"¤§�¡8Õ3ù��þ"�´§�Ǒ�U�´¥Ièvkö)£
�Ǒb§3·�PÁ¥§ù�·Ko´b"¤§�*lÒvk�|��·¯&f
§ÏǑ�ØXÛ§·Ñ`
ý{£Q,
�Ǒb§�Ø��´ÄǑý§��·KÑý"�ý�L�1n11o1§18�"¤"1�«)ºµ�	 (A ∧ B)→ B"3ù�~f¥§��/�¹03
�¥"�·��½

��§�,�½
�ǑÙ�Ü©���§¤±�*þù�·K�ØXÛÑ´ý�"�	ý�L�(JǑ´��§Ø+
A§B �Û�§��úª�½Ǒ T"y3�ÄXeü«�¹µ£1¤A Ǒb
 B Ǒý§K·����´ F → T¶£2¤B Ǒb§ù�
�Ú��Ñ´b�§·��� F → F"��â±þ�?Ø§��·K�,Ǒý"¤± F → T Ú F → F �ý�ÑA�Ǒ T"1n«)ºµ·�g1�O·�ú�÷¿�ý�Lµ

α β (α→ β)

T T T

T F F

F T X

F F YÄk§�[é
ü1ATvkÉÆ"�e�´ÀJ X Ú Y ��"·�À
 X =

Y = T �[Ø÷¿"y3\�5À"�kn«�U§�[¬uyÑØÜ·"1�«�Uµ
X = T§Y = F§ù�1���1n����Ó§= A→ B � A �ýb��'X"1�«�UµX = F§Y = T§ù� A↔ B �Ó"1n«�UµX = Y = F§ù� A ∧ B �Ó"
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1n! ý��� 1nÙ ·KÜ6~~~ 3.3.1. - α Ǒe�Üªúª
(((B → (A→ C))↔ ((B ∧ A)→ C)))"b½ v(A) = v(B) = T ¿� v(C) = F"éÑ v(α) ��"�Yµv(α) = T"£� v �½Â"5¿3½Â¥ v 3½ÂÚ�½Â�Ü©Ó�Ñy"ù��½Â�{´48½Â���~f"48½Â3êÆþé~�§'X§��¼ê n! Ò�±48½Â¤ 0! = 1 ¿�é¤kg,ê n, (n+1)! = (n+1)×n!¶q'X�Å�ê1S� fn �±48½ÂǑ f0 = f1 = 1 ¿�é¤kg,ê n, fn+2 = fn + fn+1"�*þéN´�Éeã½nµ½½½nnn 3.3.1. é?¿ S þ�ý��� v Ñk�����*Ü v : S → {T, F} ÷v
ã^�

(0) – (5)"½n 3.3.1 �y²��þ´�y48½Â�Ün5§=48½Â¿vk�Ì�½Â��Ø"3éõ8ÜØ���ÖSÑk48½ÂÜn5�y²§k,��Öö�±ë�§·�ùpÒ�Ñ
"·�¡��ý��� v ÷v ��úª ϕ XJ v(ϕ) = T"½½½ÂÂÂ 3.3.1. ·�¡��úª8 Σ ­ó%º úª τ§PǑ Σ |= τ§XJz��÷v Σ ¥¤kúª�ý���Ñ÷v τ"
Σ |= τ Ǒ�Ö� τ ´ Σ � �Â�«"XJ·�r§�½Â^êÆ�ó�m§Ò¬uy§�9Ø���þ
"Σ |= τ ��=�/é¤k�ý��� v [XJ£é¤k�úª

σ ∈ Σ§v(σ) = T¤K v(τ ) = T ]0"~~~ 3.3.2.

(1) �y {(α ∧ β)} |= α"
(2) úª8 {A, (¬A)} ­ó%º B íº�Yµ´"·�¡��úª τ Ǒ�� ­óª £P� |= τ¤XJ ∅ |= τ"ù�Ï~�/­óª3¤ký���eǑý0½/­óª�¤ký���÷v0�`{´���"�Ï´¤k�ý��� v Ñ÷v/�8¥z���0"Ø,�{§�8¥Ò¬k����4 v Ø÷v§§
ùw,´Ø�U�"XJ Σ = {σ} �¹k��úª§·�k�¬r {σ} |= τ {�¤ σ |= τ"XJ σ |= τÚ τ |= σ Ñ¤á§K·�` σ Ú τ ­ó�d"­óªÞ~
1�Å�ê§Fibonacci£� 1170 - � 1250¤§¿�|êÆ[
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1nÙ ·KÜ6 1n! ý���
(1) (ÜÆµ

((A ∨ (B ∨ C)) ↔ ((A ∨ B) ∨ C))"
((A ∧ (B ∧ C)) ↔ ((A ∧ B) ∧ C))"

(2) ��Æµ
((A ∨ B) ↔ (B ∨A))"
((A ∧ B) ↔ (B ∧A))"

(3) ©�Æµ
((A ∧ (B ∨ C)) ↔ ((A ∧ B) ∨ (A ∧ C)))"
((A ∨ (B ∧ C)) ↔ ((A ∨ B) ∧ (A ∨ C)))"

(4) V­Ä½µ
((¬(¬A))↔ A)"

(5) ���2½Æ µ
((¬(A ∨ B)) ↔ ((¬A) ∧ (¬B)))"
((¬(A ∧ B)) ↔ ((¬A) ∨ (¬B)))"

(6) Ù§µ ü¥Æµ (A ∨ (¬A))"gñÆµ (¬(A ∧ (¬A)))"_Ä·Kµ ((A→ B)↔ ((¬B)→ (¬A)))"SSSKKK 3.2.

(1) y²e�üúªpØ­ó%ºµ
(A↔ (B ↔ C)), ((A ∧ (B ∧ C)) ∨ ((¬A) ∧ ((¬B) ∧ (¬C))))"£�K`²3Qã/A ��=� B ��=� C0�§·���%"¤

(2) (a) úª (((P → Q)→ P )→ P ) ´­óªí?

2���§Augustus De Morgan £1806 - 1871¤§=IÜ6Æ[§êÆ["
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1n! ý��� 1nÙ ·KÜ6
(b) 48/½Â σk Xeµ σ0 = (P → Q) ¿� σk+1 = (σk → P )"éÑ¤k� σkǑ­óª� k"

(3) �ye�úªǑ­óªµ
(a) (((¬P ) ∨Q)↔ (P → Q))"
(b) (P → (Q→ P ))"
(c) ((P → (Q→ R))→ ((P → Q)→ (P → R)))"
(d) ((¬Q→ ¬P )→ ((¬Q→ P )→ Q))"
(e) ((P → (Q→ R))↔ ((P ∧Q)→ R))"

(4) y²e�·K�dµ
(a) α |= β"
(b) |= (α→ β)"
(c) α � (α ∧ β) ­ó�d"
(d) β � (α ∨ β) ­ó�d"

(5) y² Σ ∪ {α} |= β ��=� Σ |= (α→ β)"
(6) b½ Σ |= (α→ β)"y² Σ |= ((γ → α)→ (γ → β))"
(7) y²½Äy£±��~��ª¤e�äó:

(a) XJ Σ |= α ½ Σ |= β, K Σ |= (α ∨ β);
(b) XJ Σ |= (α ∨ β), K Σ |= α ½ Σ |= β"

(8) éÑ¤k {A1, A2, . . . , An} þ�©O÷ve�úª�ý���µ
(a) α = ((A1 → A2) ∧ (A2 → A3) ∧ · · · ∧ (An−1 → An))?

(b) β = (α ∧ (An → A1))?

(c) γ =
∧{(Ai → (¬Aj)) : 1 ≤ i, j ≤ n ¿� i 6= j}?

[5¿: (c) ¥ γ ��{ØIO§�ATØ�NéK¿�n)" ]
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1nÙ ·KÜ6 1o! ���Ö5
(9) y²��ý��� v ÷vúª

((. . . (A1 ↔ A2)↔ A3) · · · ↔ An)��=�3 1 ≤ i ≤ n ¥éóêõ� i§v(Ai) = F"
(10) �½��úªS� α1, α2, · · ·"3z�úª ϕ §é¤k� n ò·KÎÒ An ÑO�¤ αn§¿r¤���úªP� ϕ∗"~X§� ϕ Ǒ ((A2 ∨ A1) → A2) �§ϕ∗ Ò´

((α2 ∨ α1)→ α2)"
(a) - v Ǒ��ý���"½Âý��� uǑ u(An) = v(αn)"y² u(ϕ) = v(ϕ∗)"
(b) y²XJ ϕ ´­óª§K ϕ∗ Ǒ´"

1o! ���Ö5ù�!·�­£��{ïÄ§ØyUì1�!¥5K)¤�ÜªúªvkÜÂ"ùp�/ÜÂ0��Â�'§��´�ØX5r��úª©)¤fúª§Ù/(J0Ñ´���"½Nl�¡n)N´�:"� A→ B ↔ C ½ A∧B ∨C ù��L�ªÒk/ÜÂ0§ÏǑvkL��Ù´k?n A Ú B �m�$�Q§�´ B Ú C �m�"ù�!��¡�SN'XØ�§Ø
����
�½	§Ù§SN�±6�aL"½½½nnn 3.4.1 (���Ö5). é?¿úª α§e��ãk�=k�^·^µ
(1) α ´��·KÎÒ"
(2) α /Ǒ (¬α0) Ù¥ α0 Ǒ�Üªúª"
(3) α /Ǒ (α1 ⋆ α2) Ù¥ α1 Ú α2 ǑÜªúª§⋆ Ǒ,���é
"Ø=Xd§3�/ (2) Ú (3) ¥§úª α0§α1 Ú α2 �k��é
 ⋆ Ñ´���"y²: Äk§- P (α) L«5�/(1) ½ (2) ½ (3) é α ·^0"é P (α) ^8BéN´y²n^¥��k�^·^",�4·�üØ­U��/"�/ (1) ��/ (2) Ú (3) Ñvk­U§ÏǑ (1) ¥1��ÎÒ´·KÎÒ§
 (2) Ú (3) ¥1��ÎÒÑ´�)Ò¶5¿·�y3?Ø�{§

α ´�ǑiÎG5�Ä�§ü�iÎG����=�§��Ý�Ó§¿�z��i!þ�ÎÒÑ�Ó"Ó�§ÏL'�1��i!§N´wÑ�/ (2) Ú (3) Ǒ�­U"
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1Ê! Ù§é
 1nÙ ·KÜ6��·�u��/ (2) Ú (3) ¥���5"·��w�/ (3)§ÏǑ�/ (2) �{ü"b� α = (α1 ⋆1 α2) = (β1 ⋆2 β2) £5¿µùp = ´��ǑiÎG��¤"Kí�1���)Ò�§�E��§α1 ⋆1 α2) = β1 ⋆2 β2)"�âÚn 3.2.1§·�k α1 = β1§Ø,�{§��¬´,	���ý
ã"UYí��Óã α1 Ú β1§�� ⋆1α2) = ⋆2β2)"¤±
⋆1 = ⋆2"aq/§α2 = β2"'u)Ò�Ñ��
�½��·���N�;�ÜÂ§·�Ò�±�t�:"P4µ.�´��k�Æ§·�Ò£���§î��Å5KÒ�
"
(1) �	�)Òo�Ñ�"
(2) Ä½
�/+`��0��Uá"~X ¬A ∨ B ��´ ((¬A) ∨ B))"
(3) Ó�é
�EÑy�§±mǑk"~X§α→ β → γ ��´ ((α→ (β → γ))"SSSKKK 3.3.

(1) �Ñ���{�¤Xe�äé?ÖµÑ\?ÛL�ª α§T�{U
�½ α ´Ä´��Üªúª§¿�3´��¹eÑÑ α ���)¤S�"
(2) 3½Â 3.2.1 ¥ò¤k�m)ÒÑ�ÑK"~X§�5� ((A∧ (¬B))∨ (C → D))ÒC¤
 ((A ∧ (¬B ∨ (C → D"y²�Ñ�Ek���Ö5"
(3) b½�)ÒÚm)ÒC���
§~X§�5� (α∨ (β ∧ γ)) C¤
 | α∨ | β ∧ γ ||§���Ö5�kíº
(4) ò½Â 3.2.1 ¥� (b) UÄ¤

(b’) XJ α Ú β Ñ´Üªúª§K ¬α§ ∧αβ§∨αβ§→ αβ Ú ↔ αβ Ǒ´"~X§�5� ((A∧ (¬B))∨ (C → D)) ÒC¤
 ∨∧A¬B → CD"y²UÄ�Ek���Ö5"£ù«L«{�¡ǑÅ=P{"¤
1Ê! Ù§é
4·�2£��Â§ïÄé
�5�"·�`L§·��¤±ÀJ�Ê�é
´ÏǑ§�3êÆ©z¥�Ǒ~�"ég,�¯K´§�
Ø
^ºUØUL�Ù§¤k�é
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1nÙ ·KÜ6 1Ê! Ù§é

º,��¡w§§�kvkõ{º3£�ù
¯K�
§k�rÙ¥�9�Vgt�Ù"Äk§�o´��?¿�é
ºi¡þw§é
Ò´r{üéÜ¤EÜé��ª"�Âþw§z�é
Ñ��(½
l{üé�ýb��EÜéýb����5K"`x
§Ò´��ý�L"·��§��#�¶i§¡ǑÙ�¼ê§=§·�¡��l {T, F}k N� {T, F} �¼ê B Ǒ�� k-�Ù�¼ê"~X§- α Ǒ��=�9·KÎÒ A1, A2, · · · , An ���úª"�o α Ò½Â
�� n-�Ù�¼ê Bn
αµ

Bn
α(X1, . . . , Xn) = � A1, · · · , An �D�ýb� X1, · · · , Xn �úª α ¤��ýb�"ù�z�úª α Ñ L� 
�� n-�é
§½ n-�Ù�¼ê Bn

α"k
ë�Öþ¬J� 0-�é
 ⊤ Ú ⊥ § ⊤ �Lðý§⊥ �Lðb"XJ�[ú�
0-�é
�VgØ�n)§·��±��«�ª5)º"4·�3�ó¥V\ü�~êÎÒ ⊤ Ú ⊥ ¿�?UÜªúª�½ÂXeµ¤k�·KÎÒÚ ⊤ �k ⊥ Ñ´Üªúª¶XJ α Ú β Ñ´Üªúª§K (¬α) Ú (α ⋆ β) Ǒ´¶O�Ù§"~X§(A ∨ ⊥) Ò´#�óþ���Üªúª"3#�óþý��� v g,*�Ǒ v(⊤) = T Ú v(⊥) = F"~~~ 3.5.1. ��é
ko�µØ
��þ´ 0-�é
�ðýÚðb	§�kðÓÚÄ½"~~~ 3.5.2. ��é
k 16 �"·�©A|?Ø£�ÖögC�ý�L¤"1�|´��þ´ 0-�é
�ðýÚðb"1�|´��þ´ 1-�é
�/� A ðÓ0§/� A0§/� B ðÓ0§Ú/� B0ùo�é
"1n|´·�®²À� ∨§∧§→§Ú ↔"�k ←"1o|´/A ↓ B0£Ǒ�¡Ǒ��¬3�Þ¤½ÂǑ ¬(A∨B) Ú/A | B0£Ǒ�¡Ǒ�64ç¤½ÂǑ ¬(A ∧ B)"1Ê|´/A < B0§/A > B0§Ú/A + B0"A:´XJr F, T ©Ow¤ 0, 1§Kùn�é
����/�u0/�u0��äÚ\{(J��£�, 1 + 1 = 0¤"eã½nw�·�z� n-�Ù�¼êÑ�±d,�úª5L�§l
`²·�À�é
´
^�"3y²���/�
§kw��;.~f"~~~ 3.5.3. ½ÂM(A,B,C) = A,B,C ¥�õê§~XM(T, F, T ) = T �M(F, F, T ) = F"éÑL� M �úª"�Yµ(A ∧ B ∧ C) ∨ (¬A ∧ B ∧ C) ∨ (A ∧ ¬B ∧ C) ∨ (A ∧ B ∧ ¬C)"

3��¬§Charles Sanders Peirce £1839 - 1914¤§{IÜ6Æ[§óÆ["
4�6§Henry M. Sheffer £1882 - 1964¤§{IÜ6Æ["

49



1Ê! Ù§é
 1nÙ ·KÜ6½½½nnn 3.5.1. é?¿� n-�Ù�¼ê G§Ù¥ n ≥ 1§·�Ñ�±é���Üªúª α �� α L�¼ê G§= G = Bn
α"y²: �/ 1µ ¼ê G ���Ǒ {F}§= G �ý�L¥�"���´ F"3d�/e§��- α = (A ∧ ¬A) =�"�/ 2µ �/ 1 Ø¤á"b½G 3 k � n-�|þ��Ǒ T§=ý�L¥k k 1(�´ T§Ù¥ k ≥ 1"r§��Ü�Ñ5µ
X1 = (X11, X12, . . . , X1n),

X2 = (X21, X22, . . . , X2n),
...

...

Xk = (Xk1, Xk2, . . . , Xkn)"-
βij =







Aj , XJ Xij = T ;

¬Aj , Ù§"�k
γi = βi1 ∧ βi2 ∧ · · · ∧ βin,
α = γ1 ∨ γ2 ∨ · · · ∨ γk"·��y G = Bn

α"N´wÑé?Û 1 ≤ i ≤ k§Bn
α(X i) = T = G(X i)",��¡§

{A1, A2, · · · , An} þ�k����� X i U÷v γi§¤±XJ�� Y ØÓu¤k� X i§K�½Ø÷v¤k� γi§u´ǑØ÷v α"¤± Bn
α(Y ) = F = G(Y )"·�¡��úª α Ǒ Û��ª XJ α = γ1 ∨ γ2 ∨ · · · ∨ γk§Ù¥z� γi = βi1 ∧ βi2 ∧

· · · ∧ βini
¿�z� βij ½ö´·KÎÒ½ö´·KÎÒ�Ä½"íííØØØ 3.5.1. z��Üªúª ϕ Ñk���Ù­ó�d�Û��ª"·�¡��é
�8Ü C Ǒ õU���§XJ?Û��Ù�¼êÑ�±^==�9

C ¥é
�úª5L�"~X§þãíØL²8Ü {¬,∨,∧} ´õU���"íííØØØ 3.5.2. é
8Ü {¬,∧} Ú {¬,∨} Ñ´õU���"y²: £g´¤�E�^���½Æ"
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1nÙ ·KÜ6 1Ê! Ù§é
~~~ 3.5.4. {∧,→} Ø´õU���"y²�
k�
`²µ�´XÛØy��é
8 C õU´Ø���"~^�{´Øy C ½öØUL� ¬, ½öØUL� ∨,∧,→ ¥���§ÏǑ C �´r§�ÑUL�§CÒõU��
"�.ØUL�=��KI��úå§*	� C �"�"�´µbX��Øy C ØUL� ¬§��Øy?Û��d��·KÎÒ A Ú C ¥é
/¤�úªÑØ­ó�d ¬A =�§ǑÒ´`§·�Ø7ú%O�·KÎÒ£X B¤�±�Ï·�L�
¬A"�Ï´µXJ£'�`¤f(A,B) � ¬A ­ó�d§K f(A,A) Ǒ� ¬A ­ó�d"y²: 5¿Xe¯¢µ- α Ǒ��^� ∧ Ú → �úª§XJò α ¥Ñy�·KÎÒÑD�ý� T§K α 7½�� T"Ïd α Ø� ¬A ­ó�d"£XJ��î��{§�±^8B�ny²µXJ α =^�·KÎÒ A Úé
 ∧ Ú →§K A |= α"¤SSSKKK 3.4.

(1) - G Ǒe� 3-�Ù�¼êµ
G(F, F, F ) = T G(T, F, F ) = T

G(F, F, T ) = T G(T, F, T ) = F

G(F, T, F ) = T G(T, T, F ) = F

G(F, T, T ) = F G(T, T, T ) = F

(a) �Ñ��L� G �=�9é
 ∧,∨ Ú ¬ �Üªúª"
(b) ­� (a)§��úª¥é
ÑygêØ�L 5 g"

(2) y² | Ú ↓ ´=k�ü�g�´õU�����é
"
(3) y² {⊤,⊥,¬,↔,+} Ø´õU���" J«µy²^ù
é
Ú·KÎÒ A Ú B/¤�úª α 3 v(α) �o«�U��p¡okóê� T"
(4) - 11 Ǒ��n�é
÷v 11αβγ �� T ��=� α, β, γ ¥k�=k��D�Ǒ T"y²Ø�3��é
 ◦ Ú △ �� 11αβγ �du (α ◦ β)△γ"
(5) ·�¡úª α ´ Ü��ª XJ§/Ǒ

α = γ1 ∧ γ2 ∧ · · · ∧ γkÙ¥z� γi Ñ/Ǒ
γi = βi1 ∨ βi2 ∨ · · · ∨ βin¿� βij ½´��·KÎÒ§½´·KÎÒ�Ä½"
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18! ·KÜ6���íüXÚ 1nÙ ·KÜ6
(a) éÑ� A↔ B ↔ C ­ó�d�Ü��ª"
(b) y²z�úªÑk�Ù­ó�d�Ü��ª"

(6) (a) b½ α Ǒ��úªÙ¥=�¹é
 →"y² A↔ B Ø­ó�du α"
(b) b½ β Ǒ��úªÙ¥=�¹é
 ↔"y² A→ B Ø­ó�du β"

(7) ·�òýb� F Ú T ©Ow¤Ǒ 0 Ú 1§¿5½ 0 ≤ 1"� n > 0 �§·�¡��
n-�Ù�¼ê f Ǒ üN�§XJé?Û i = 1, · · · , n,

f(x1, · · · , xi−1, 0, xi+1, · · · , xn) ≤ f(x1, · · · , xi−1, 1, xi+1, · · · , xn)"y²� n-�Ù�¼ê f ´üN���=�§�±�=^é
 {∧,∨,⊤,⊥} �úª¤L�"
(8) ·�¡��é
�8Ü C Ǒ 4�Ø���§XJ C Ø´õU���§�é?¿ CL�Ø
�Ù�¼ê g§é
8 C ∪ {g} Ñ´õU���"y²é
8 {∧,∨,⊤,⊥}Ǒ4�Ø���"

18! ·KÜ6���íüXÚêÆ¥�/y²0´F~^�/ín0�î�z"3�!¥·�òî�½Â/y²0ù�Vg"k7�íºvky²�½Â§AZ
5êÆØ´Ǒu�����íºØ�§vky²�½Â§·�E�±y²�þêÆ½n§�´��`�o´Ø�y�ÒJ
"·�`L§ênÜ6���­��¡´ïÄ�ã�Û�5§�)y²�Û�"Ïd�Ñî��½Â´�~7��"·�£��eêÆ¥y²�A���"/�/`§y²´lb��(Ø���Ü6ó^"Äk§ù�ó^7L´k���"Ùg§y²l���e��Ñ�k�â§ù��â�±´5gb�§Ǒ�±5gÜ6ún§Ǒ�±dÜ65Kl
��/í0�e��"Ïd·��íüXÚ Ǒk��úª8 Λ ¡Ǒ/ún80 ¶Ǒk��/ín5K0w�·�N�U1/l®k�úª��#�úª"£ùp/U1/0´rN5KAT´{ü§Å��"¤ù�§�½��úª8 Γ �Ǒ/b�80 §Γ UíÑ�(Ø§= Γ �/½n80Ò�)�
l Γ ∪ Λ Ñu²Lk¡gA^ín5K¤U����
úª"XJ ϕ ´
Γ ���½n§KP¹��íüL§�úªS�Ò�¡Ǒl Γ � ϕ ���/y²0"5¿µùp�[�©���óÚé��ó�«O§ÏǑ·�¬k'u£é��ó�¤½n�
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1nÙ ·KÜ6 18! ·KÜ6���íüXÚ£��ó¤�½n¶Ǒk'u£é��ó�¤y²�£��ó¤�y²"3�!¥§Ǒ
rN§·�ré��ó�½n¤Ǒ S½n"F��[ÙG
§·�2�K/S0i"¤±��íüXÚdúnÚ5KüÜ©û½"únÚ5K�À�ké��gdÝ"·��!¥æ��´¤¢/F�ËAª0�XÚ§ÙA:´kéõún§��k��5K¶¿�íüǑ´�5�"�¡·�¬0�/[®ª0�g,íüXÚ§A:´é�£~X§�^$�vk¤ún§éõ5K§íü´äG�"�Ø+únXÚN�À�§n��XÚÑ´Q��q��"��ù�n��XÚÑ´/�d�0§ÏǑ§�lÓ��b�8¤�Ñ�½n8´�����"ù3�¡¬Æ�"·�Ú?·KÜ6���íüXÚ L"Ǒ{üå�§·�b½�ó¥�kü�é

¬Ú→§
r α∧β§α∨β Ú α↔ β ©OÀǑ ¬(α→ ¬β)§¬α→ β Ú (α→ β)∧(β → α)� �"XÚ L S�ún8 Λ Ǒµ
(A1) α→ (β → α)¶
(A2) (α→ (β → γ))→ ((α→ β)→ (α→ γ))¶
(A3) (¬β → ¬α)→ ((¬β → α)→ β)"Ù¥ α§β Ú γ ǑÜªúª"XÚ L ¥�k�^ín5K§¡Ǒ ©l5K5µl α Ú α→ β �±íÑ β"½½½ÂÂÂ 3.6.1. lúª8 Γ �úª ϕ ��� íü £½�� y² ¤´��k¡�úªS�

(α0, α1, · · · , αn),÷v αn = ϕ ¿�é¤k i ≤ n ½ö
(a) αi áu Γ ∪ Λ¶½ö
(b) �3 j, k < i, αi ´l αj Ú αk ¥d©l5K���£= αk = αj → αi¤"·�¡ ϕ Ǒ Γ ��� S½n £½ ½n ¤§PǑ Γ ⊢ ϕ§XJ�3��l Γ � ϕ ���íü"·�Qã�
'uy²�¯¢§±\�n)"F"Öög1Öþnd"
1. XJ Γ ⊆ ∆ ¿� Γ ⊢ α§K ∆ ⊢ α"
5©l5K§modus ponens§~{PǑ MP"
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18! ·KÜ6���íüXÚ 1nÙ ·KÜ6
2. Γ ⊢ α ��=��3 Γ ���k¡f8 Γ0 �� Γ0 ⊢ α"
3. XJ ∆ ⊢ α ¿�éz� β ∈ ∆§Γ ⊢ β§K Γ ⊢ α"ÚÚÚnnn 3.6.1. é¤k�Üªúª α§Ñk ⊢ α→ α"y²: ·��Ñe�íüS�§�ÖöÖþz�Ú��â"
1. (α→ (α→ α)→ α)→ (α→ (α→ α))→ (α→ α)

2. α→ (α→ α)→ α

3. (α→ (α→ α))→ (α→ α)

4. α→ (α→ α)

5. α→ α"½½½nnn 3.6.1 (üÌ½n). b½ Γ Ǒ��úª8§α Ú β Ǒúª"K Γ ∪ {α} ⊢ β ��=�
Γ ⊢ α→ β"AO/§{α} ⊢ β ��=� ⊢ α→ β"y²: £⇒¤b½ (β1, β2 · · · , βn) Ǒl Γ∪ {α} � β ���íüS�§Ù¥ βn = β"·�é i �18B5y²é¤k� 1 ≤ i ≤ n§Ñk Γ ⊢ α→ βi"� i = 1 �§β1 ½öáu Γ!½ö´Ü6ún!½ö´ α ��"ÏǑ β1 → (α→ β1)áuún (A1)§¤±3
ü��/¥^©l5K=��� Γ ⊢ α → β1"3�����/¥§·�|^Ún 3.6.1"b½é¤k� k < i ·�®k Γ ⊢ α → βk"�	 βi§§E´½öáu Γ ½ö´�^ún½ö´ α ��§2õ�«�Uµβi ´l βj Ú βl = βj → βi (j, l < i) ^©l5K���"
n«�/Ó i = 1 ��?n§r 1 �¤ i =�"3�����/¥§�â8Bb�§·�k Γ ⊢ α→ βj Ú Γ ⊢ α→ (βj → βi)"ÏǑ

(α→ (βj → βi))→ (α→ βj)→ (α→ βi)áuún (A2)§�^üg©l5K=�� Γ ⊢ α→ βi"£⇐¤��l©l5K��"íííØØØ 3.6.1.

1. {α→ β, β → γ} ⊢ α→ γ"
2. {α→ (β → γ), β} ⊢ α→ γ"SSSKKK 3.5.
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1nÙ ·KÜ6 1Ô! ·KÜ6�g,íü
(1) y²e�úªǑ L ¥�S½n§Ù¥ α Ú β ǑÜªúª" [5¿µù´���{�öS§�Ø��^?Ûk'�Â�(J§�,ǑÒØU^�¡���5½n" ]

(a) ¬¬β → β"
(b) β → ¬¬β"
(c) ¬α→ (α→ β)"
(d) (α→ β)→ (¬α→ β)→ β"
(e) α→ ¬β → ¬(α→ β)"

1Ô! ·KÜ6�g,íü31 8 !§·�Ú?
��íüXÚ"5¿/��0ù�
w�·�§§�´¯õíüXÚ��"3�!·�0�,��~��XÚ – g,íü£½g,ín¤XÚ"§��´d�IêÆ[[®Ú?�"·�e¡0��XÚ´²L�<U?�§Ì�´�A6��z"ù�XÚ�`:´���Ý/|^ ∨ Ú ∧ �éó5§
�U~�ín5K��ê"��d´�þ�^�²;Ü6¥����½Æ§l
é�úÌÂÜ6Ø2·^"XJ�[éÙ§���g,íüXÚk,�§'����©zk [10]§�,Ǒ�ëìy²Ø�¡�ë�Ö"·��!Ì�8�kü�"�´Jø�[��w¯K�ØÓÆÝ§��
¡�/F�ËAª0�XÚ�'�"�´3��Ü6Úy²Ø�©z¥§Ï~¬æ^g,íüXÚ§ÏǑg,íükéõ��5�§Xfúª5��§ù3�Y�§¥¬ù�"du·��8��´0�§e¡�Qã¬{Ñ�
"Äk·�­#5½�ó§#��ó�)µ
(1) ·KÎÒµA0, A0, A1, A1, · · · 5¿µéz�� i§Ai Ú Ai Ñ¤éÑy"
(2) Ü6ÎÒµ∨§∧¶
(3) )Òµ/(0Ú/)0"5¿µ¬ Ú → Ø2´�©ÎÒ"¬α �½ÂXeµé?¿�·KÎÒ A§½Â
¬A = A§ ¬A = A¶½Â ¬(α ∨ β) = ¬α ∧ ¬β Ú ¬(α ∧ β) = ¬α ∨ ¬β" α → β ½ÂǑ
¬α ∨ β"

6�A§William W. Tait £1929 - ¤{IÜ6Æ[§óÆ["
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1Ô! ·KÜ6�g,íü 1nÙ ·KÜ6·�r8Ily²ü�úª*�¤y²��k¡úª8 Γ = {α1, α2, · · · , αn}§=§y² α1 ∨ α2 ∨ · · ·αn"·�^ Γ, α L«8Ü Γ ∪ {α}"ín5KXe§Ù¥ Γ Ú ∆ Ǒ?¿�k¡úª8§î�L²Ùe¡�úª8�dÙþ¡�íÑµúnµ
Γ, Ai, Ai5K (∨):

Γ, αi

Γ, (α0 ∨ α1)
i = 0, 15K (∧):

Γ, α0 Γ, α1

Γ, (α0 ∧ α1)��5K:
Γ, α Γ,¬α

Γ·�Ø���Ñíü�°(½Â§
��Ñe�£ãÚ�
~f"��l£�±´�¡�¤úª8 ∆ �k¡úª8 Γ ���g,íü´��k¡�
ä§ä�Ǒúª8 Γ§ä�¥�úªÑ5g ∆§
ä¥z�!:Ñ´,�ín5K�A^"4·�E^ ∆ ⊢ ΓL«�3��l ∆ � Γ ���g,íü"du·�ég,íü�?Ø==´�Ǒéy²XÚ���Ö¿§·��?Ø ⊢ Γ ù«f/ª§�u ∆ ⊢ Γ ù����/ª§·�6Ø?Ø"e¡ÞA�íü�~f"~~~ 3.7.1. ^g,íüy²µé¤k�k¡úª8 Γ Úúª α§·�k ⊢ Γ,¬α, α"8�·�¬r§¡Ǒ£ún′¤½����ún5^"y²: �½ Γ§·�éúª α �18BµXJ α Ǒ·KÎÒ Ai§K ¬α Ǒ Ai"¤± Γ,¬α, α ´ún" α Ǒ Ai ��/aq"XJ α /X α0 ∨ α1§K ¬α /X ¬α0 ∧ ¬α1"�â8Bb½§é i = 0, 1 ©O�3
Γ,¬αi, αi �g,íü Di"·�k

D0....
Γ, α0,¬α0

Γ, α0 ∨ α1,¬α0

D1....
Γ, α1,¬α1

Γ, α0 ∨ α1,¬α1

Γ, α0 ∨ α1,¬α0 ∧ ¬α1

α Ǒ α0 ∧ α1 �y²aq"
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1nÙ ·KÜ6 1Ô! ·KÜ6�g,íü~~~ 3.7.2. ·�k
Γ, α0, α1

Γ, α0 ∨ α1£8�·�¬r§¡Ǒ£∨′¤½����5K5^"¤y²: �â5K (∨)§·�k
Γ, α0, α1

Γ, α0, α0 ∨ α1

Γ, α0 ∨ α1, α0 ∨ α1��Ǒ8Ü§Γ, α0 ∨ α1, α0 ∨ α1 �u Γ, α0 ∨ α1§Ñ�u Γ ∪ {α0 ∨ α1}§¤±(Ø¤á"4·�2õw��~f"5¿§3y²L§¥Ñu�«I�§·�¬²~UCÓ��8Ü�L�/ª§X§r {a, b, c} =�¤ {a, b}, c ½ {a}, b, c"��·��y�
Γ = {α1, α2, · · · , αn} ��´ α1 ∨ α2 ∨ · · · ∨ αn§Ïd¯KØ�",	§�+=�Ø´ín5K§Ǒ
Öö�B§·�r=��¤

{a, b, c}
{a, b}, c (rw)"~~~ 3.7.3. ^g,íüy²µ

⊢ ((α→ β) ∧ (β → γ))→ (α→ γ)"y²: Äk·��r p→ q ^ ¬p ∨ q �O§¿�^ ¬ �½Âr ¬ í��p�"·��y�´µ
⊢ ((α ∧ ¬β) ∨ (β ∧ ¬γ)) ∨ (¬α ∨ γ)"íüäXeµ

{γ, β}, α,¬α
{γ, β,¬α}, α (rw)

{¬α, γ},¬β, β
{γ, β,¬α},¬β (rw)

{γ,¬α, β}, α ∧ ¬β (∧)

{γ,¬α, α ∧ ¬β}, β (rw)
{¬α, α ∧ ¬β}, γ,¬γ
{γ,¬α, α ∧ ¬β},¬γ (rw)

{γ,¬α, α ∧ ¬β}, β ∧ ¬γ (∧)

(α ∧ ¬β), (β ∧ ¬γ),¬α, γ (rw)

((α ∧ ¬β) ∨ (β ∧ ¬γ)), (¬α ∨ γ) (∨′)

((α ∧ ¬β) ∨ (β ∧ ¬γ)) ∨ (¬α ∨ γ) (∨′)
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1l! ·KÜ6���5Ú��5½n 1nÙ ·KÜ6é·KÜ6�g,íü·�k6�0��d§3��Ü6¥·�¬UYù�{K"duín5K�
§3XÚC�°õ�Ó�§Öö�U¬ú�éäNúª�y²�
Ø�o/g,0
"ØLØ�;§3�¡ù���Ü6�g,íüXÚ���5½n�§·�¬�ÑÏéy²�XÚ�{"���[ÒUN¬g,íüg,3=p
"SSSKKK 3.6.

(1) ^g,íüy²±
�ún (A1)§(A2) Ú (A3)"
(2) ^g,íüy²SK 3.5 ¥�úª"

1l! ·KÜ6���5Ú��5½n·�®²©OïÄ
/M1�ü¡0§=�{Ú�Â"y3·�ò§�Ú�5w§ïÄüö�m�éX"½½½nnn 3.8.1 (��5½n). - Σ Ǒ��úª8§¿� τ Ǒ��úª"XJ Σ ⊢ τ K
Σ |= τ"AO/§XJ ⊢ τ K |= τ§�ó�§L �z��S½nÑ´­óª"y²: Äk�Öög1�yz�� (A1)§(A2)§Ú (A3) ¥�únÑ´­óª"b½ Σ ⊢ τ§�½��l Σ � τ ���íüS� (β1, β2 · · · , βn)§Ù¥ βn = τ"- vǑ��?¿�÷v Σ S¤kúª�ý���"·�é i 8B5y²µé?Û 1 ≤ i ≤ n§
v Ñ÷v βi"� i = 1 �§β1 ½ö´Ü6ún½ö´ Σ ¥��
§XJ β1 ´Ü6ún§K´­óª¶XJ β1 ´ Σ ¥��
§K^é v �b�¶�Ø=«�/§v Ñ÷v β1"b� v ÷v¤k� βk (k < i)§·�y² v ÷v βi"XJ βi ´Ü6ún½´ Σ ¥��
§K� β1 �Øy�Ó"XJ βi ´l βj Ú βk = βj → βi ²©l5K���§Ù¥
j, k < i§K�â8Bb�§v ÷v βj Ú βk§Ï
 v Ǒ÷v βi"�â8B{§v ÷v βn§= v ÷v τ"��5½n�_·K�¡Ǒ��5½n§Ùy²�E,�õ"l
¡�öSp�[ǑkN¬§�ÏéÜ·�y²¿Ø´�oN´"½½½nnn 3.8.2 (��5½n). XJ Σ |= τ K Σ ⊢ τ .
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1nÙ ·KÜ6 1l! ·KÜ6���5Ú��5½n·�kÚ\��5Ú�÷v5�Vg§,�^§��Ñ��5½n����d/ª"��·�y²��5½n�ù��d/ª"5¿µ�¡é��Ü6��5½n�y²Ǒ|^
aq��{"½½½ÂÂÂ 3.8.1. ·�¡��úª8 Σ ´ Ø��� £½ gñ� ¤XJ�3,�úª α ��
Σ ⊢ α ¿� Σ ⊢ ¬α"·�¡ Σ ´ ��� XJ§Ø´Ø���"ÚÚÚnnn 3.8.1. úª8 Σ ´Ø�����=�é¤k�úª β§Σ ⊢ β"y²: �SK 3.7"ÚÚÚnnn 3.8.2. Σ ⊢ τ ��=� Σ ∪ {¬τ} Ø��"y²: (⇒) XJ Σ ⊢ τ§KVþ?Ûúª£~X ¬τ¤��,k Σ ∪ {¬τ} ⊢ τ",��¡§w,k Σ ∪ {¬τ} ⊢ ¬τ"¤± Σ ∪ {¬τ} Ø��"

(⇐) b� Σ ∪ {¬τ} Ø��§K�âÚn 3.8.1§Σ ∪ {¬τ} ⊢ τ"¤±§ Σ ⊢ ¬τ → τ"2âún (A3)µ
⊢ (¬τ → ¬τ )→ (¬τ → τ )→ τ=��Ñ Σ ⊢ τ"½½½ÂÂÂ 3.8.2. ·�¡úª8 Σ Ǒ �÷v� XJ�3��ý���÷v Σ ¥�¤kúª¶¡ Σ Ǒ Ø�÷v� XJ Σ Ø´�÷v�"k
ù
Vg��§·��±�Ñ��5½n����dQã"ÚÚÚnnn 3.8.3. e�·K�d:

(a) XJ Σ ��§K Σ �÷v"
(b) XJ Σ |= τ K Σ ⊢ τ"y²: “(a)⇒ (b)” b½ (a) ¤á§¿�
J Σ |= τ Ǒ¤á§·�^�y{y Σ ⊢ τ"XJ

Σ 6⊢ τ§K�âÚn 3.8.2§Σ∪ {¬τ}´���"d (a) §Ò�÷v§'X�ý��� v ¤÷v"��¡§·�k v(¬τ ) = T¶
,��¡§qk v(τ ) = T ÏǑ Σ |= τ ¿� v ÷v
Σ S¤k�úª"gñ"

“(b) ⇒ (a)” b½ (b) ¤á§¿�
J Σ ��Ǒ¤á§·�^�y{y Σ ´�÷v�"XJ Σ Ø�÷v§Ké?¿úª τ Ñk Σ |= τ £Ǒ�oº¤"�â (b)§Òké¤kúª τ§Σ ⊢ τ§`² Σ Ø��§gñ"ù�·�Òré��5½n�y²=zǑéÙ�d·K (a) �y²"·�¡��úª8 ∆Ǒ4����XJ ∆��¿�é?ÛØ3 ∆¥�úª α, ∆∪{α}Ñ´Ø���"
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1l! ·KÜ6���5Ú��5½n 1nÙ ·KÜ6ÚÚÚnnn 3.8.4 (��
07). z�����úª8 Σ Ñ�±*Ü¤��4���8 ∆"y²: £Ä�g´´3�±��5�
Je§r�NúªL�H§U\�Ñ\?�"¤�½���Núª�qÞ α1, α2, · · ·"48/½Â��úª8�S� {∆n}n∈N Xeµ
∆0 = Σ,

∆n+1 =







∆n ∪ {αn+1}, XJ ∆n ∪ {αn+1} ��;

∆n ∪ {¬αn+1}, XJ ∆n ∪ {αn+1} Ø��"Kéz�� n§úª8 ∆n Ñ�� (�öS)"- ∆ Ǒ ⋃

n∈N∆n"ØJ�y Σ ⊆ ∆§∆Ǒ�� (�g1�y)¶¿� ∆ Ǒ4����§�Ï´é?¿úª α ½ö α ∈ ∆ ½ö
¬α ∈ ∆"¤±§∆ Ò´·�¤��"��·�l�{�£��Â"ÚÚÚnnn 3.8.5. ?Û4���8 ∆ Ñ´�÷v�"¯¢þ§½Âý��� v �� v(A) = T��=� A ∈ ∆§K v ÷v ∆ ¥�¤kúª"y²: é α �18B5y² v(α) = T ��=� α ∈ ∆ £�SK 3.7¤"òÚn 3.8.5 ���
0Ún(Üå5§·�Òkµ?Û��8Ñ´�÷v�"ùÒ�¤
é��5½n�y²"lþãy²¥§·��{wÑ�Â£=ý�L¤Ú�{£=y²¤���éX"·�e¡­#y²��5½n���f/ªµXJ |= α K ⊢ α"ù�y²kü:�?"�´k�r��E5§�Kþ�±��lr­óª�ý�L=z¤y²¶�´m�Jø�
ún℄À�&E"é�Æö5`§Ǒ�oÀ (A1)§(A2) Ú (A3) �ún´ â"�ù� â��¿vk�õ��µ·�À�ún�8�´����5"ù�#y²w�·�=
úª´y²��5¥I��"k
ù���¿�v±y²��5�úª����§Ò�±?�Ú/GØP{�úª§½^�{ö�úª5O���§l¥À�·����ún8"·�kÛ�A�y²¥¬^��¯¢µ
(1) XJ Γ ⊢ α Ké?Ûúª β§Ñk Γ ⊢ β → α"£ÏǑ α→ β → α ´ún"¤
(2) ⊢ ¬α→ (α→ β)"£�SK 3.5¤
(3) XJ Σ ⊢ α ¿� Σ ⊢ ¬β K Σ ⊢ ¬(α→ β)"£|^SK 3.5¤
7��
0§Adolf Lindenbaum£1904 - 1941¤§Å=Ü6Æ[§êÆ["
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1nÙ ·KÜ6 1l! ·KÜ6���5Ú��5½nÚÚÚnnn 3.8.6. b� α Ǒ=�¹·KÎÒ A1, · · · , Ak ���úª§v ´ A1, · · · , Ak ���ý���"- A′
i Ǒ Ai �ì v ���C/µXJ v(Ai) = T K A′

i Ǒ Ai¶Ø,KǑ ¬Ai"Ó��½ α �ì v ���C/ α′ XeµXJ v(α) = T K α′ Ǒ α¶Ø,KǑ ¬α"K·�kµ
{A′

1, · · · , A′

k} ⊢ α′"y²: - P (α) L«·��y²�5�"·�^8B�ny² P (α) é¤k α Ñ¤á"Ǒ{üå�§·�ò {A′
1, · · · , A′

k} 6�{PǑ Σ§¿^ v �O v"N´wÑ§é?¿·KÎÒ Ai§P (Ai) ¤á"b½ P (α) ¤á"�	 β = ¬α§·��y P (β) Ǒ¤á"- v Ǒ��ý���"�/ 1µ v(β) = T"K v(α) = F§¤±C/ α′ Ǒ ¬α"�â8Bb�§Σ ⊢ α′"u´k§Σ ⊢ β′ ÏǑ β′ = β = ¬α = α′"�/ 2µ v(β) = F"K v(α) = T§¤±C/ α′ Ǒ α"�â8Bb�§Σ ⊢ α"q�âSK§·�k ⊢ α→ ¬¬α"¤± Σ ⊢ β′§ÏǑ β′ = ¬¬α"b½ P (α) Ú P (β) ¤á"�	 γ = α → β§·��y P (γ) Ǒ¤á"- v Ǒ��ý���"·�k±en«�/"�/ 1µv(α) = F"K v(γ) = T"�â8Bb�§Σ ⊢ ¬α ÏǑ α′ Ǒ ¬α"�âÛ��¯¢ (2) Ú©l5K§·�k Σ ⊢ α→ β§¤± Σ ⊢ γ′"�/ 2µv(β) = T"K v(γ) = T"�â8Bb�§Σ ⊢ β ÏǑ β′ Ǒ β"�âÛ��¯¢ (1)§·�k Σ ⊢ α→ β§= Σ ⊢ γ′"�/ 3µv(α) = T ¿� v(β) = F"K v(γ) = F"�â8Bb�§Σ ⊢ α¿� Σ ⊢ ¬β"�âÛ��¯¢ (3)§·�k Σ ⊢ ¬(α→ β)§= Σ ⊢ γ′"½½½nnn 3.8.3 (��5½n�f/ª). XJ |= α§K ⊢ α¶�ó�§z��­óªÑ´ L ¥�S½n"y²: £V�¤b½ α ´��­óª¿� A1, A2, · · · , Ak ´ α ¥Ñy�·KÎÒ"�âÚn 3.8.6§é?¿�ý���§·�Ñk {A′
1, A

′
2, · · · , A′

k} ⊢ α £ÏǑ α ´­óª§¤± α′ o´ α¤"¤± {A′
1, A

′
2, · · · , A′

k−1, Ak} ⊢ α �k {A′
1, A

′
2, · · · , A′

k−1,¬Ak} ⊢ α"düÌ½n§·��� {A′
1, A

′
2, · · · , A′

k−1} ⊢ Ak → α Ú {A′
1, A

′
2, · · · , A′

k−1} ⊢ ¬Ak → α"�âSK 3.5§
⊢ (Ak → α)→ (¬Ak → α)→ α"�^üg©l5K§Òk {A′
1, A

′
2, · · · , A′

k−1} ⊢ α"�Eþ¡�Øy§·��±r·KÎÒ�����§�ª�� ⊢ α"
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1l! ·KÜ6���5Ú��5½n 1nÙ ·KÜ6��k
��5½n§·�éN´�Ñe¡�;�5½n";�5´ÿÀÆ¥���Vg"e¡�;�5½n�±w¤ÿÀ¥;�5½n���AÏ�/"�[!�Ñ·��ùÂ��"3�¡���Ü6¥§Ǒk;�5½n§¿�¬�·��5Nõ­��íØ"3�!¥·�:�Ǒ�"½½½nnn 3.8.4 (;�5½n). úª8 Σ ´�÷v���=� Σ �z��k¡f8Ñ´�÷v�"y²: £⇒¤w,"ÏǑm>´�>A~"£⇐¤b½ Σ �z��k¡f8Ñ´�÷v�§·�^�y{y² Σ Ǒ´�÷v�"XJ Σ Ø�÷v§K�â��5½n§Σ ǑØ��"¤±§Σ ⊢ A ∧ ¬A"duz�y²�ÝÑ´k��§�3 Σ ���k¡f8 Σ0 �� Σ0 ⊢ A ∧ ¬A"�â��5½n§
Σ0 |= A ∧ ¬A§Ï
 Σ0 Ø�÷v§ùÒ´·���gñ";�5½nkNõ­��A^§·�3��Ü6��'Ü©¬k�õ?Ø"ùp·�=Þ��Ø�­��~f"~~~ 3.8.1. y²?Û8ÜÑ�±��Sz§=é?Û��8Ü M§Ñ�3 M þ�����'X R ÷v�g�5§D45§¿�é M ¥�?Ûü��� x Ú y§xRy!x = y!
yRx nök�=k��¤á"y²: �½8Ü M§�½·KÎÒ8 S Ǒ {pab : a, b ∈ M} Ù�IǑ M ¥�kSé"�	 S �e�úª8 Γµ

Γ = {¬paa : a ∈M} ∪ {pab → pbc → pac : a, b, c ∈M}
∪ {pab ∨ pba : a, b ∈M, a 6= b}"K Γ �?¿k¡f8Ñ�÷v£�Öög1�y¤"�â;�5½n Γ Ǒ�÷v"?Û��÷v Γ �ý���¥Ñ�Ñ M þ����S£g1�y¤"(å�;·KÜ6�
§4·��ÑXeA:µ

• �â��5½n§únXÚ L ¤Uy²�Ñ´­óª§l
y²
XÚ L ���5"w,��5�y²��Ñ´3XÚ L 	?1�§'X§êÆ8B{�g,ê�5�Ñ´·KÜ6¥vk�"ùÒ�·���é��/^êÆ�{ïÄÜ60Ú/^�Ü65ïÄé�Ü60�~f"
• ·KÜ6�½n8´��½�§=�3���{£½O�Å§S¤U
w�·���úª α ´Ä´ L ¥���½n"ù��{Ò´�ý�L5w α ´ÄǑ­óª"ù���{é��Ü6XÚØ�3§=§��Ü6�Ø��½5"ù´·KÜ6Ú��Ü6���­�«O"
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1nÙ ·KÜ6 1l! ·KÜ6���5Ú��5½n
• �+k�{5�½��·KÜ6�úª α ´Ä´­óª§½´Ä�÷v§��ý�L��{�Çé$§´¤¢�ê�m�{"O�Å�Æp¡���­��ÿ�)û�¯K´¤¢/P ´Ä�u NP0�¯K§=kvkõ�ª�m�{5�½��úª��÷v5§�

http://www.claymath.org/millennium/P_vs_NP/SSSKKK 3.7.

(1) y²Ún 3.8.1§=µúª8 Σ ´Ø�����=�é¤k�úª β§Σ ⊢ β"
(2) b½úª8 Σ ��§y²é?¿úª α§Σ ∪ {α} � Σ ∪ {¬α} ¥k����"£ù´��
0Úny²��Ü©"¤
(3) b½ ∆ Ǒ��4���8"½Âý��� v Xeµé?¿·KÎÒ A§

v(A) =

{

T, XJ A ∈ ∆;

F, XJ A 6∈ ∆"y²é?¿úª ϕ§v(ϕ) = T ��=� ϕ ∈ ∆"£ù´Ún 3.8.5§Ï
Ǒ´��5½ny²��Ü©"¤
(4) y²l��5Ú��5½n�f/ª£=§|= α ��=� ⊢ α¤Ú;�5½n§·��±y²��5Ú��5½n���/ª£=§Γ |= α ��=� Γ ⊢ α¤"
(5) £Õá5y²¤ y²,
ún (A1) �¢~ØUdún (A2) Ú (A3) �Ñ" [J«µ�ÄeLµ

A ¬A A B A→ B

0 1 0 0 0

1 1 1 0 2

2 0 2 0 0

0 1 2

1 1 2

2 1 0

0 2 2

1 2 0

2 2 0
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1Ê! ��Ü6{0 1nÙ ·KÜ6y²¤k (A2) Ú (A3) �Ü6íØÑ[��� 0" ]

(5) α→ α �±=^ún (A2) Ú (A3) y²í?

(6) y²��¬½Æ
(((p→ q)→ p)→ p)ØUlún| (A1) Ú (A2) ¥�Ñ"

(7) - L1 Ǒ=�¹é
 → �·KÜ6�ó¶¿� L1 ´�ó L1 þ���y²XÚ§
L1 �únǑ (A1), (A2)Ú��¬½Æ§ín5KE�k�^©l5K"·�^ ⊢1 ϕL« ϕ ´XÚ L1 ���S½n"y²µ⊢1 ´���§=XJ L1 ¥�úª ψ ´­óª§K ⊢1 ψ"J«µ\�±½Â/4���80�Vg¿���½n 3.8.2 �y²"�?�Ú§¡��8Ü Y Ǒ ϕ-4��XJ Y 6⊢1 ϕ �é¤k� α 6∈ Y , Y ∪ {α} ⊢1 ϕ"\�±ky²z�� ϕ-4��8ÜÑ´/4���0�"

1Ê! ��Ü6{0�;·KÜ6¥ïÄ�é
�±`´lêÆ©z¥JõÑ5�"Ǒ
��/�NïÄF~�ó�´L5§<�  3Ü6¥ǑV\éÄ
?1?»�¤©§X/7L0§/�U0§/AT0§/l
0§/ò50��"ùÒr·�Ú����Ü6£�)��Ü6¤��Æ"é��Ü6�ïÄ��Ǒ�±J��æp¬õ�"�é��/ªXÚ�ïÄ�ù�8õu4´d8"du��Ü6����2�
§·�e¡=!Ø��Ü6¥·KÜ6�é��Ü©§�±`´{
q{{0"·�ù�!�8�kü�§�´��Ü6�´L5��§¤ǑóÆÜ6�9�+�§��·�s�
�m=ù´oÑ/w�e"�´0��U­.�ÂÆ§§´ 1959 
d�pÊ�9Ú?�§���
= 19 �"�U­.�ÂÆØ=·^u��Ü6§
�Ǒ·^u�úÌÂÜ6�Ù§Ü6"ù�!�SN��¡��Ü6´Õá�§=��[6�ÑL§ǑØ¬KǑ�¡�ÆS"3�!¥§��Ü6��Ñ´·K��Ü6"��Ü6��ó'�;·KÜ6��ó£�1�!¤==õ����é
 �§Ǒ¡Ǒ ���f"Ǒ
{üå�§·�b½é
�k ¬,→ Ú �"Üªúª�/¤5KǑ´3
¡�5K¥Vþe¡ù^µ
84´d§Clarence Irving Lewis£1883 - 1964¤§{IÜ6Æ[§óÆ["
9�pÊ�§Saul Kripke£1940 - ¤§{IÜ6Æ[§óÆ["
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1nÙ ·KÜ6 1Ê! ��Ü6{0
• XJ α ´��Üªúª§K (�α) Ǒ´"·�éN´kaq����Ö5½n§Ǒ÷^
¡'u)Ò�Ñ��½"Ò � 
ó§·�b½§�/+`��0Ǒ´��Uá"Þ~5`§ �p→ �q ��´ ((�p)→ (�q))"�e5§·�Ú?��é
 ♦ �Ǒ � �éóµé?¿úª α ½Â

♦α = ¬�¬α,¿��½§�+`��Ǒ´��Uá"é
 � Ú ♦ Ï~�©O)º¤/7,0Ú/�U0"�ǑkÙ§�õ)º§=Þü~µ
(1) ·��±r � Ú ♦ ©O)º¤/®²��0Ú/Ø�8
¤�gñ0"
(2) ·�Ǒ�±r � Ú ♦ ©O)º¤�Âþ�/AT0Ú/#N0"g,/§é���f � �)ºØÓ§¬��·�é��úª�ýb�äÚ��ín5K�À��ØÓ"Ï
ÒkØÓ����ÂÚínXÚ"·��0��pÊ��ÂÚínXÚ K"§��±`´�{ü�·^���2��ÂÚ�{XÚ"�pÊ���U­.�ÂÆ½½½ÂÂÂ 3.9.1. (a) ·�¡����| F = (W,R) Ǒ�� µe§XJ W Ǒ����8Ü¿� R Ǒ W þ�����'X"
(b) ·�¡��l·KÎÒ�8Ü� W ��8���N� V Ǒ�� D�"
(c) ·�¡��dµeÚD�/¤���| M = (F, V ) Ǒ�� £�pÊ�¤�."�. M Ǒ~��� M = (W,R, V )"÷Q�pÊ��<�)º§<�S.þ¡ W ¥���Ǒ�� �U­. ½ ­.¶¿�¡ xRy Ǒ l x �±�� y£$��±�LkV«5/Ö�/y ´ x ���ò5­.0§�+ù«V«k§�¡¡5¤¶éz�·KÎÒ A§D� V ��� A �8Ü V (A) Ò´�
 A 3Ù¥¤á��U­.�8Ü"3¢SA^¥§XJ·��'%�9�·KÎÒ£'�`¤A,B,C ���úª§�·��I�ÄD� V 3 A,B,C þ�½ÂÒ�±
§ù�:´ég,�"½½½ÂÂÂ 3.9.2. ·�8B/½Â����úª α 3 �. M ¥�­. w ¥Ǒý§P�

(M,w) |= α§Xeµ
(1) é·KÎÒ Ai§(M,w) |= Ai ��=� w ∈ V (Ai)¶
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1Ê! ��Ü6{0 1nÙ ·KÜ6
(2) (M,w) |= (¬β) ��=� (M,w) 6|= β £=§(M,w) |= β Ø¤á¤¶
(3) (M,w) |= (β → γ) ��=� (M,w) 6|= β ½ö (M,w) |= γ¶
(4) (M,w) |= (�β) ��=�é?¿� w′ ∈ W§XJ Rww′ K (M,w′) |= β"g,/§XJ (M,w) 6|= α§K¡ α 3�. M ¥�­. w ¥Ǒ b"½½½ÂÂÂ 3.9.3. ·�¡ α 3 �. M = (W,R, V ) ¥Ǒý§P� M |= α§XJé¤k�

w ∈W Ñk (M,w) |= α"~~~ 3.9.1. �Äµe F = (W,R)§Ù¥ W = {u, v, w} ¿� R = {(u, v), (u, w)}µ
u

v w

ã 3.1: µe F = (W,R) «¿ã½ÂD� V : {A,B} → P(W ) ǑµV (A) = {u, v} Ú V (B) = {v}¶=§A 3­.
u, v ¥¤á§� B =3­. v ¥¤á"K (M,u) |= �(A → B) � (M,u) 6|= A → �B£Ǒ�oº¤"½½½ÂÂÂ 3.9.4. ·�¡ α ǑÊHk��§P� |= α§XJé¤k��. M§Ñk M |= α"~~~ 3.9.2. y²µ|= �(α→ β)→ (�α→ �β)"y²: �½�. M = (W,R, V ) Ú­. w ∈ W§·�5�y

(M,w) |= �(α→ β)→ (�α→ �β)"XJ (M,w) 6|= �(α → β)§KÚ^½Â 3.9.2 ¥£3¤=�"£ù�:��;·KÜ6�Ó"¤Ïd·��±b½ (M,w) |= �(α→ β) 5y² (M,w) |= �α→ �β"Ón§�I3
(M,w) |= �(α→ β) � (M,w) |= �α �b½e§y² (M,w) |= �β =�"·��y½Â 3.9.2 ¥�£4¤µ�½?¿÷v wRw′ �­. w′§�âb½§·�k
(M,w′) |= α→ β Ú (M,w′) |= α§¤± (M,w′) |= β"Ïd (M,w) |= �β"��Ü6���ínXÚ K·�ò1 8 !Ú\��;·KÜ6�ínXÚ?1Xe�*Ü"Äk§3 (A1)§
(A2)§(A3) n|ún�þ#Vún

K : �(α→ β)→ (�α→ �β)"
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1nÙ ·KÜ6 1Ê! ��Ü6{05¿µ·�Ø=3 K ¥§
�3 (A1)§(A2)§(A3) ¥§Ñ#Nò α, β, γ �?Û� ��úªO�"Ùg§3�k�©l5K�þ#V 7,z5K RN 10µl α �±�� �α"·�r
α ´XÚ K ¥�S½n£P� ⊢K α¤�½Â3�Öö"g,/§·�Ǒ�±aq/½Â
Γ ⊢K α"~~~ 3.9.3. y²µ⊢K (α→ β)→ (�α→ �β)"y²: Äk5¿�;·KÜ6�üÌ½nE,k�§ÏǑüÌ½n�y²�^�
(A1)Ú (A2)"¤±·��Iy²

{α→ β,�α} ⊢K �β"·�òÅ��ÑínS�§
òz�Ú�nd3�Ööµ
1. α→ β

2. �(α→ β)

3. �(α→ β)→ (�α→ �β)

4. �α→ �β

5. �α

6. �β"
du K ´�;·KÜ6íüXÚ L ���*Ü§Ïd K g,�±y²¤k�­óª"�·�I�©�3���ó¥­óª�Vg"Äkr¤k�·KÎÒÚ/X (�α) ���úª�Ü�Ñ5µβ1, β2, ·§¿��§�¥�z��Ñ����#�·KÎÒ§~X§^ Bi �L βi"ù�§z���úªÑ¤Ǒ'u·KÎÒ Bi ��;úª"~X§b½ A3Ú ��(A1 → �A2) ©O´ B5 Ú B29§K��úª A3 → (¬A3) → ��(A1 → �A2) Ò´

B5 → ¬B5 → B29"·�¡����úªǑ��£���¤ ­óª XJ²LþãC������'u Bi �úª´�;¿Âe�­óª"e¡�¯¢¬�·��5é���BµÚÚÚnnn 3.9.1. XJ α ´�����­óª§K ⊢K α"y²: £Vã¤- α′ Ǒ α ²þãC��¤����;úª"Äk�â�;·KÜ6���5§·�k�±3�;·KÜ6¥y² α′"��ò�;y²S�¥z�� Bi 2��Ǒ
βi =�"

107,z5K§Rule of Necessitation"
67



1Ê! ��Ü6{0 1nÙ ·KÜ6ÚÚÚnnn 3.9.2. XJ {α : �α ∈ Γ} ⊢K β§K Γ ⊢K �β"y²: öS"�ì�;·KÜ6¥��{§·�½Â Γ ´�� K-4���8 XJ Γ ´ K-���£½Â3�Öö¤§�éu?¿��úª α§½ö α ∈ Γ ½ö ¬α ∈ Γ"5¿Ó�;Ü6��§ K-4���8 Γ é K ¥�ín´µ4�§=XJ Γ ⊢K α K α ∈ Γ"
���Ü6
K Ǒk�A���
0Únµ?Û�� K-���úª8Ñ�±*Ü¤�� K-4���8"e¡�½n3�¡y²��5��ÿå
'���^"½½½nnn 3.9.1. b½ Γ Ǒ�� K-4���8"K �β ∈ Γ ��=�éz�÷v {α : �α ∈
Γ} ⊆ ∆ � K-4���8 ∆, β Ñáu ∆"y²: £⇒¤b½ �β ∈ Γ"�	8Ü Σ = {α : �α ∈ Γ}"�âΣ �½Â§w, β ∈ Σ"¤±éu?Û�¹ Σ �8Ü ∆£�Ø´Ø´ K-4���8¤§β Ñáu ∆"£⇐¤�½ β Ú Γ"·�EÎ�	8Ü Σ = {α : �α ∈ Γ}"äóµΣ ⊢K β"Ø,�{§= Σ 6⊢K β¶K Σ ∪ {¬β} ´ K-���"�â��
0Ún§·��±ò Σ ∪ {¬β} *Ü¤�� K-4���8 ∆"
�âb�§β ∈ ∆§ù� ∆� K-��5gñ"Ïdäó¤á"y3§A^Ún 3.9.2§·�k Γ ⊢K �β§
�Ǒ K-4���8§Γ é K ¥�ínµ4"¤± �β ∈ Γ"XÚ K ���5Ú��5du´{0§·��?Ø��5Ú��5�f/ª"½½½nnn 3.9.2 (��Ü6 K ���5½n). XJ ⊢K α§K α ´ÊHk��"y²: öS"½½½nnn 3.9.3 (��Ü6 K ���5½n). XJ |= α§K ⊢K α"·�EÎ���;·KÜ6¥��{§Áãy²µXJ 6⊢K α§Ké����. MÚ­. w§�� (M,w) 6|= α"�3��Ü6¥§·��±k�r�(Øµ·��±é����. M = (W,R, V )§��é?¿ α§XJ 6⊢K α§K�3��­. w ∈ W§��
(M,w) 6|= α"ù�U
�¤k��½nJø/�~0��.¡Ǒ ;��."½½½ÂÂÂ 3.9.5. ·�½Â��Ü6 K � ;��. M = (W,R, V ) ǑµW = {Γ : Γ ´��
K-4���8}¶(Γ,Γ′) ∈ R ��=� {α : �α ∈ Γ} ⊆ Γ′¶V (Ai) = {Γ ∈W : Ai ∈ Γ}"ÚÚÚnnn 3.9.3. - M = (W,R, V ) Ǒ��Ü6 K �;��."Ké?¿���úª α§é?¿� Γ ∈ W§·�k (M,Γ) |= α ��=� α ∈ Γ"

68



1nÙ ·KÜ6 1Ê! ��Ü6{0y²: ·�é��úª α ?18B"·�kw α Ǒ·KÎÒ Ai ��©�/µ�â½Â 3.9.2§(M,Γ) |= Ai ��=�
Γ ∈ V (Ai)"2�â V �½Â§Γ ∈ V (Ai) ��=� Ai ∈ Γ"Ún¤á"2w8B�/"�/ 1µα Ǒ ¬β"�â½Â 3.9.2§(M,Γ) |= ¬β ��=� (M,Γ) 6|= β"�â8Bb�§�ö¤á��=� β 6∈ Γ§2�â K-4���5§Ò��Ún¤��(Ø"�/ 2µα Ǒ β → γ"·�ù�^��y3�Öö"�/ 3µα Ǒ �β"b½ (M,Γ) |= �β"�â½Â 3.9.2§é?¿� ∆ ∈ W§XJ
(Γ,∆) ∈ R K (M,∆) |= β¶éβ Ú ∆ �^8Bb½§·�k β ∈ ∆"2ò (Γ,∆) ∈ R U
R �½Â�m§·�kµé?¿� ∆ ∈ W§XJ {α : �α ∈ Γ} ⊆ ∆ K β ∈ ∆"d½n
3.9.1§�β ∈ Γ"�L5§bX �β ∈ Γ§Kd½n 3.9.1 Ú R �½Â§·�kµé?¿�
∆ ∈ W§XJ (Γ,∆) ∈ R K β ∈ ∆"d8Bb½§(M,∆) |= β"¤± (M,Γ) |= �β"ùÒ�¤
éÚn�y²"��·�5y²½n 3.9.3"bX 6⊢K α§K {¬α} ´ K-���"òÙ*Ü¤��
K-4���8 Γ"�	;��. M = (W,R, V ) ¥�­. Γ"w, α 6∈ Γ"�âÚn
3.9.3§ (M,Γ) 6|= α"ù� α �ÊHk�5gñ"SSSKKK 3.8.

(1) �Ñ���. M = (W,R, V ) Ú­. u ∈ W �� (M,u) |= A → �B � (M,u) 6|=
�(A→ B)"

(2) �äe��ã��(5¿�Ñndµ
(a) (M,w) 6|= α ��=� (M,w) |= ¬α"
(b) M 6|= α ��=� M |= ¬α"

(3) 3 K ¥y²e�úªµ
(a) �(α ∧ β)→ (�α ∧�β)"
(b) (♦α ∨ ♦β)→ ♦(α ∨ β)"5¿µǑ,·�vk�ªÚ\ ∧ Ú ∨§��âÚn 3.9.1 \�±�^?Û'u ∧ Ú
∨ ��;­óª"

(4) y²e�úªØ´ÊHk��µ
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1Ê! ��Ü6{0 1nÙ ·KÜ6
(a) �(α ∨ β)→ (�α ∨�β)"
(b) (♦α ∧ ♦β)→ ♦(α ∧ β)"

(5) y²Ún 3.9.2"
(6) y²XÚ K ���5½n"
(7) y²�. M = (W,R, V ) ÷v �α → α ��=�'X R ´g��" [5µ�K�´��Ü6¥�þ�aqéA¥���" ]
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1oÙ ��Ü6��ó
1�! ��Ü6��ó�½ÂÚ~fÆ�
·KÜ6§·�é�«é
k
¿©�
)§Ï
�±édé
é(�EÜ�é?1°(�©Û"�·KÜ6�ó�/��ü 0´·KÎÒ§·��{�\�ü�·K�p¡5?1�[�ïÄ§XéÌ�§¢��©Û��"·�e¡?Ø����óU�·��Ñù�"�"�[ò¬w�§���ó�·�Ï~^�êÆ�ó$�g,�ó�~��C"��Ü6´·���§�¥%SN"

4.1.1 ���ó�½Â��Ü6��ó L �)
(0) )Òµ/(0Ú/)0¶
(1) ·Ké
µ ¬ Ú →¶
(2) £�¡¤þ
ÎÒµ ∀¶
(3) C�µ v1, v2, · · ·¶
(4) ~êÎÒµeZ£�±vk§Ǒ�±k�¡õ�¤ÎÒ¶
(5) ¼êÎÒµéz�g,ê n§ÑkeZ£�±vk§Ǒ�±k�¡õ�¤ÎÒ§¡Ǒ n-�¼êÎÒ¶
(6) ¢
ÎÒµéz�g,ê n§ÑkeZ£�±vk§Ǒ�±k�¡õ�¤ÎÒ§¡Ǒ n-�¢
ÎÒ¶
(7) �
ÎÒ £�±vk¤µ ≈"5µ�·KÜ6¥é
�À�aq§��Ü6�ó¥�ÎÒǑ�êÆk���'X"·�Å�)º�eÎÒÀ��ÄÅ"£�Ø�#P§·��!?Ø�´�{§Ïd6�E��Ǒ¤k�ÎÒÑ´vk¿Â�"¤
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1�! ��Ü6��ó�½ÂÚ~f 1oÙ ��Ü6��ó�ó¥� (0) � (3) �¡ǑÜ6ÎÒ")Ò�´Ǒ
�Ö�B"é
·�Ǒ
°õ�℄ü�§�·��� {¬,→} ´õU���§Ø¬Ïd
�K��5"þ
ÚC�´��Ü6�­�|¤Ü©§k
§�§·��±�°[/?ØêÆé��m�'X��§3·KÜ6¥K�Ø�ù�:"d	§þ
�/����0ÚC��Cz��Ǒ´Ü6Æ¤'5�"¤¢/��0Ü6§��Ò´C�=�L/�N0§þ
¤���Ǒ´/�N0"3�U�§¥·�¬w���Ü6§Ù¥Òkü«ØÓ�þ
ÚC�§�«!Ø/�N0£=���Ü6�Ó¤§,�«!Ø/£d�N|¤�¤8Ü0½/£�N�m¤�'X0£=��Ü©¤"�+��Ü6��ó�´L§���Ü63Ü6Æ¥�Ì�/ E´Ø�Ä~�§�Ï��´��Ü6k��5§
��Ü6Kvk"�ó¥� (4) � (7) �¡Ǒ�Ü6ÎÒ§�±`´lêÆ¥JõÑ5�"'X§�<�?Øg,ê�5��§�½;���ÎÒ�Lêi"§�½;��$�ÎÒ5�L\{Ú�{´�~g,�"q'X§�<�ïÄãØ�§�½ÎÒ�L/>0ù�º:�m���'X£=��¢
¤Ǒ´^n¤Ù�"d	§·�k¿r�
�¤��§^5«OêÆ¥��Ò ="�,XJÖöU
©�é��óÚ��ó¥ÎÒ�«O§K���±æ^Ó��ÎÒ"��·�r�
 (7) Ó (6) ¥���¢
ÎÒ©m§´ÏǑ£��©¤�
7L)º¤�Ò§
���¢
K#NkØÓ�)º"·�wA�~f"3?Ø���ó�§·�Ï~��Ñ�Ü6ÎÒ§
%�Ü6ÎÒ®²�¹3Ù¥
"3õê?ØêÆ�|Ü§·��%��¹�
 ≈"~~~ 4.1.1.

(1) ún8ÜØ��ó lSet = {≈,∈}§Ù¥ ∈ Ǒ����¢
ÎÒ"
(2) ��êØ��óǑ L = {≈, <, 0, S,+, ·}§Ù¥ < Ǒ����¢
ÎÒ§0 Ǒ��~êÎÒ§S Ǒ����¼êÎÒ§+ Ú · Ǒü���¼êÎÒ"
(3) S'X��óǑ L = {R}§Ù¥ R Ǒ����¢
ÎÒ§Ǒ�±À� L = {R,≈}"5½��ó��§·�Ò�±½Âúª"��
·�k�½Â/�0ù�Vg"�*þ`§�3úª¥�ü¶
3éf�ü�ÆÚ"½½½ÂÂÂ 4.1.1. - L Ǒ�����ó"½Â L ¥¤k � �8ÜǑ÷ve�^�����L�ª�8Üµ
(1) z�C� vi Ñ´���¶
(2) z�~êÎÒÑ´���¶
(3) XJ t1, t2 · · · , tn ´�¿� f Ǒ�� n �¼êÎÒ§K ft1, t2, · · · , tn Ǒ´���"5¿µùq´/gþ
e0�½Â�ª"
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1oÙ ��Ü6��ó 1�! ��Ü6��ó�½ÂÚ~f~~~ 4.1.2. S0§+v1SSS0 Ú ×S0 + 0SSS0 Ñ´��êØp��"½½½ÂÂÂ 4.1.2. - L Ǒ�����ó"½Â L ¥¤k Üªúª£{¡ úª¤�8ÜǑ÷ve�^�����L�ª�8Üµ
(1) XJ t1, · · · , tn Ǒ L ¥��§¿� P Ǒ�� n �¢
ÎÒ§K Pt1, · · · , tn ´��Üªúª"·�¡ù��úªǑ �fúª"AO/§≈ t1t2 ´���fúª"
(2) XJ α Ú β ´Üªúª§K (¬α) Ú (α→ β) Ǒ´¶
(3) XJ α ´Üªúª§K ∀vi α Ǒ´"5µ
(1) ·�Ú?ÎÒ ∨§∧ Ú ↔ ©O�Ǒ ((¬α) → β)§ (¬(α → (¬β)))§Ú ((α →

β) ∧ (β → α)) �{�"
(2) ·�^ ∃xα �Ǒ (¬∀x(¬α)) �{�§¿¡ ∃ Ǒ �3þ
"
(3) ·�^ u ≈ t �Ǒ ≈ ut �{�§éÙ§��¢
ǑÓ�?n¶¿�^ u 6≈ t �Ǒ

(¬ ≈ ut) �{�"ù���8�´O\�Ö5"
(4) Ó·KÜ6��§��Ü6�ÜªúªǑk���Ö5"y²lÑ"
(5) Ó·KÜ6aq§3ØÚå·Ï��¹e§·�Ǒ�ÑKP{�)Ò"Ø
1�Ù1o!��½	§Ö¿þ/þ
 ∀ Ú ∃ �+`����Uá0ù�^"~X§
∀viα→ β ��´ (∀viα)→ β 
Ø´ ∀vi(α→ β)"

(6) ·�Ï~¬^���=©i1§X P§Q, R ��L«¢
ÎÒ¶��i1§X
x, y, z L«C�¶^ f, g, h L«¼êÎÒ¶a, b, c L«~êÎÒ¶t L«�¶��F1i1§X α§β§ϕ§σ§τ ��L«úª¶^��F1i1§X Γ§∆§Σ L«úª8"Ǒ,·��Ø���vk~	§�rPÒ�½e5´����S."

4.1.2 ���óúª�~f·�e¡�Ñ�
^���óúª�~f"ù
~f`²��Ü6��óäkér�L�å"¯¢þ§A�¤kêÆ·K��3,«���ó¥L�"¯¢þ§A�¤k����é£êÆ�Ú�êÆ�¤Ñ��ÈǑ��/ª����ó��é"ù«�ÈÙ¢��¡!���Â�¡£X�½Â5¤'X���"�ÏǑù´ÆSÜ6Æ�Æ)I�Ýº�EU§£\þÞ~�7�5¤·�Ǒr§�3�!��{?Ø�¥"I�5¿�´µ�+·�3r����é A �È¤��úª α �§Ï" α L��Ò´ A¶�±�·�¬w
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1�! ��Ü6��ó�½ÂÚ~f 1oÙ ��Ü6��ó�§�È¤ α ��§§==´��iÎG
®§Ø
��¤ A �	§·��{;� α ��UkÙ§�)º"ù3ù�Â�2�[!"óÆ�ó du©ÛóÆ��Ï§éõóÆ[U�^���ó­ã�
óÆ·K"ù
·KÑ´g,�óL��§
g,�ó�¢
Ú¼ê¿���²(��L§¤±·�Ø�Ur^uóÆ8�����ó�¤k�Ü6ÎÒÑ�Ñ5"�Ø+N�§g,�ó�¢
Ú¼ê´k¡�§¤±·�� l �ÎÒo´
^"3Ó��¸e§·�o´�±r¢
Ú¼êÎÒ?þÒ±««O"
1. �8�{II�´áf"

∀x(P 1
1 (x)→ P 1

2 (x))"ùp P 1
1 �þI 1L« P 1

1 ´����¢
§eI`²§�L1��£3·��?Ò^Se¤¢
"·�r P 1
1 Ú P 1

2 �ÀJ3��["5¿§�È�(J�UØ��"
2. 7ìØ�3"

¬∃x(P 1
3 (x) ∧ P 1

4 (x))"
3. �(=3("

∀x(P 1
5 (x)→ ∀y(P 1

6 (y)→ x ≈ y))"���â�ó L = {≈, <, 0, S,+, ·}

1. 0 Ø´?Ûg,ê��U"
∀x(Sx 6≈ 0)"

2. ü�g,ê��U����=�ùü�g,ê��"
∀x∀y(x ≈ y ↔ Sx ≈ Sy)"XJØ�^�Ñ�/ª§K±þ·KAT��µ

∀x∀y(¬((x ≈ y → Sx ≈ Sy)→ ¬(Sx ≈ Sy → x ≈ y))))"
3. �½?¿úª ϕ(v1)§êÆ8B�n�±L«Ǒ±eúªµ

(ϕ(0) ∧ ∀x(ϕ(x)→ ϕ(Sx)))→ ∀x(ϕ(x))"
4. x ´�ê"Äk§ù�·K�±n)Ǒµ

x > 1¿� xvkØg�Ú 1 �	�Ïf"ù�·���Xeúªµ
S0 < x ∧ ∀y∀z((y < x ∧ z < x)→ y · z 6≈ x)"
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1oÙ ��Ü6��ó 1�! ��Ü6��ó�½ÂÚ~f8ÜØ�ó lSet = {≈,∈}

1. ü�8Ü����=�§�k�Ó���"
∀x∀y(x ≈ y ↔ ∀z(z ∈ x↔ z ∈ y))"

2. x ´ y �f8"
∀z(z ∈ x→ z ∈ y)"

3. x ´ y ��8"
∀z(z ∈ x↔ ∀u(u ∈ z → u ∈ y))"

4. 8Ü z ´�8"
∀x(x 6∈ z)"

5. ÀJún ÀJúnkéõ«�d�Lã§·�é��'�N´Qã�µ
∀X((X 6= ∅ ∧ ∅ 6∈ X)→
∃C(∀u ∈ X(∃a(a ∈ u ∧ a ∈ C)
∧∀a(∀b(a ∈ u ∧ a ∈ C ∧ b ∈ u ∧ b ∈ C)→ a = b))))"5¿�Ù¥ ∅ Ø´·��ó lSet ¥�~êÎÒ§·��|^§�½Â5O�§"äN�{´ò1�1�¤µ
∀X(∀z(∀x(x 6∈ z)→ (X 6= z ∧ z 6∈ X))→Ù{ØC"��2Þü��ê¥�~fµ+Ø�ó lg = {e,+}+�ún�±L�Xeµ

1. +�$�÷v(ÜÆ"
∀a∀b∀c(a+ (b+ c)) ≈ (a+ b) + c)"

2. e ´ü �"
∀a(e+ a ≈ a)"
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1�! gdÑyÚ�åÑy 1oÙ ��Ü6��ó
3. z���Ñk_�"

∀a(∃b(a+ b ≈ e))"
4. XJ+�$��÷v��Æ§=

∀a∀b(a+ b ≈ b+ a)"Kù��+¡Ǒ��+½C��+"���ó é+��ó*Ü���Ø�ólR ≈ {e,+, ·}"Ø
±þo^ún	§�Ø�ún��)µ
5. �{(ÜÆ"

∀a∀b∀c(a · (b · c)) ≈ (a · b) · c)"
6. �{é\{�©�Æ"

∀a∀b∀c(a · (b+ c) ≈ a · b+ a · c)"
1�! gdÑyÚ�åÑy�e5·�?Ø�{¥,��y�µC��gdÑyÚ�åÑy"3êÆ¥§��L�ª~~¹küaØÓ�C�§~X§ ∫ 1

0
f(x, t)dt§∑n

i=1
ai �"3È©�~f¥§C�

x Ú t ¤å��^´ØÓ�¶3�Ú�~f¥§C� n Ú i ��^ǑØÓ"C� t Ú i Ì�å�´Ó ��^§Ǒk<+§��/å�0"å��±�O�¤?¿/#�0C�
ØKǑúª�¿Â§'X ∑n
i=1

ai Ú ∑n
j=1

aj ¿Â���Ó"
~¥C� x Ú n KØU��BO�"Ü6¥§�åC�Ò�å�aq"�*þ`§��C�´gd�XJvk?Ûþ
/+0X§"�O(/`§·�48/½Â/C� x 3úª α ¥ gdÑy0 Xeµ
1. XJ α ´���fúª§K x 3 α ¥gdÑy��=� x 3 α ¥Ñy"
2. XJ α Ǒ (¬β)§K x 3 α ¥gdÑy��=� x 3 β ¥gdÑy"
3. XJ α Ǒ (β → γ)§K x 3 α ¥gdÑy��=� x 3 β ¥gdÑy½3 γ ¥gdÑy"
4. XJ α Ǒ ∀viβ§K x 3 α ¥gdÑy��=� x 3 β ¥gdÑy¿� x 6= vi"
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1oÙ ��Ü6��ó 1�! gdÑyÚ�åÑy3 α ¥Ñy�C�XJØ´gdÑy§K�¡Ǒ �åÑy 1"XJ3úª α ¥vkC�gdÑy§K¡ α Ǒ�� 4�é ½ �é"©�ÙgdC���åC���§·�Ú?��'uO��L�ª§ù3�¡¬²~^�"·�^ αx
t £Ǒk�Ö^ α(x | t) �ØÓPÒ¤L«3úª α ¥òC� x 3ÙgdÑy�/�^� t O�����úª"αx

t Ǒ�±^48��{½ÂXeµ
(1) XJ α ´�fúª§K αx

t ò α ¥¤k� x ^ t O�¤��L�ª"
(2) (¬α)xt = (¬αx

t )"
(3) (α→ β)xt = (αx

t → βx
t )"

(4) (∀yα)xt is

{

∀y(αx
t ), XJ x 6= y¶

∀yα, XJ x = y"SSSKKK 4.1.

(0) ÀJ��Ü6�ó§¿òe��é=�¤���é"\�Ǒínk�ØíºǑ�oº
(a) XJ�3�3X�<§K<�3"
(b) �3X�<�,�3"
(c) <�3"

(1) b½·�����ó¥k��¢
ÎÒ N Ú I§©O^5L«/´��ê0Ú/�
�0¶��¢
ÎÒ <L«/�u0¶�k~êÎÒ 0 L«êi""òe�¥©�é=�¤T���ó�úª"\�U¬��ØÓ�(J§ÏǑ�é�U¬kÜÂ"
(a) "�u¤k�ê"
(b) �´kê�
�{§"Ò�
"
(c) vk�u"�ê"
(d) �´��Ø�
�ê÷v¤k'§��êÑ�
ù^5�§K§��Ǒ�
"
(e) Ø�3¤kêÑ'§��ê"
(f) Ø�3vkêØ'§��ê"

1�åÑy§bounded occurrence§Ǒ�È�/É4Ñy0
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1�! gdÑyÚ�åÑy 1oÙ ��Ü6��ó
(2) ÷^þK����ó§òe����é=�¤F~�¥©"

∀x(Nx→ Ix→ ¬∀y(Ny → Iy → ¬x < y)).5¿µǑ,·��{½Â/F~¥©0�/é¤k� x, XJ Nx K . . .0ýéØáuF~¥©"
(3) b½·�����ó¥k��¼êÎÒ + Ú ·§©O^5L«/\{0Ú/�{0¶~êÎÒ 1, 2, 3, 4 ©OL«êi�!�!n!o"2b½C�Ñ�L�ê"

(a) òe����ó�úª=�¤¥©�é:

(∀x)[(∃m)[x ≈ 2 ·m+ 1]→ (∃n)[x · x ≈ 2 · n+ 1]]"
(b) òe�¥©�é=�¤T���ó�úªµ/vk/X 4k + 3 ��ê´²�Ú0"

(4) £e¡�öSî�`��!vk'X§��[��êÆöS5�"¤
(a) 3êÆ©Û¥§4��½ÂXeµlim

x→a
f(x) = l ��=�

(∀ǫ ∈ R+)(∃δ ∈ R+)(∀x ∈ R)[0 <| x− a |< δ →| f(x)− l |< ǫ]"�Ñ lim
x→a

f(x) 6= l �½Â"
(b) 3�5�ê¥§·�`�þ| ~x1, ~x2, · · · , ~xn ´�5�'�§XJ

(∃c1 ∈ R)(∃c2 ∈ R) · · · (∃cn ∈ R)[(Ø�Ǒ") ∧ c1~x1 + c2~x2 + · · ·+ cn~xn = ~0]"�Ñ�þ| ~x1, ~x2, · · · , ~xn Ǒ�5�'�½Â"
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1ÊÙ /ªy²
1�! ��Ü6���únXÚ·�£Á�e3·KÜ6¥ÆL��£"- Λ Ǒ��ún8§¿� ΓǑ��úª8"��l Γ � ϕ ���y²½íü´��úªS�

(α0, α1, · · · , αn)�� αn = ϕ ¿�é¤k� i ≤ n§úª αi ½öáu Γ ∪ Λ§½ö�3 j, k < i§αi ´|^©l5Kl αj Ú αk ���£= αk = αj → αi¤"XJ�3��l Γ � ϕ ���íü§K¡ ϕ Ǒ Γ ���½n§PǑ Γ ⊢ ϕ"þã�'uy²�½Âé��Ü6E,·^"¤ØÓ�==´·��ún8ÜC��E,
"ín5K�,�k©l5K"·�y3£ã����Ü6�íüXÚ�ún8 Λ"§��©¤ 6 |"Äk·�¡úª ϕ ´úª ψ ��� �¡V) ½ V) XJ�3g,ê n ≥ 0 ÚC� x1, x2, · · · , xn��
ϕ = ∀x1∀x2 · · · ∀xnψ"5¿µ� n = 0 �§ψ ��¡V) ϕ Ò´ ψ ��"��Ü6�ún8´d/Xe�úª�V)¤|¤�§Ù¥ x Ú y ǑC�¿� α Ú β Ǒúªµ

1. /X·KÜ6ún¥ (A1), (A2), (A3) ���úª¶
2. ∀xα→ αx

t§Ù¥� t �±3 α ¥O� x"
3. ∀x(α→ β)→ (∀xα→ ∀xβ)¶
4. α→ ∀xα§Ù¥ x Ø3 α ¥gdÑy"3�ó¥�¹�
��/e§��Vþ
5. x ≈ x¶
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1�! ��Ü6���únXÚ 1ÊÙ /ªy²
6. x ≈ y → (α → α′)§Ù¥ α Ǒ�fúª¿� α′ ´ò α ¥ÑyeZ� x ^ y O�¤���§£ùpeZ��±´"�§��½õ�§�Ø�½´�Ü¤"·�Å^)º"Äkw1�|ún"XJ����úª α ´���fúª½ö´���¡úª§=/X ∀xβ§K·�¡ α Ǒ�� �úª"éu?Û����úª ϕ§·�ò§�¤k��fúª©OO�¤·KÎÒ§Ò��·KÜ6¥���úª ϕ′"XJ ϕ′ 3·KÜ6¥áuún (A1)§(A2)§½ (A3)§½ö´­óª§·�K©O¡ ϕ Ǒ /X (A1)§(A2) ½

(A3)§½´£��¿Âe�¤­óª" 'Xe���úª ϕµ
(∀y¬Py → ¬Px)→ (Px→ ¬∀y¬Py)Ò´����Ü6¥�­óª§ÙéA� ϕ′ Ǒ (A1 → ¬A2) → (A2 → ¬A1)" [Ö
��Ü6��!�Ööéù«�{ØATa�))" ]�â·KÜ6p���5½n§·�k½½½nnn 5.1.1. XJ ϕ ´����¿Âe�­óª§K ⊢ ϕ§= ϕ Ǒ��Ü6���S½n" ·�2w1�|ún§Ï~¡Ǒ O�ún" §��*¿Â´w,�µXJ α é¤k� x Ñé§K α é� t Ǒé"�´du·��3?Ø�{§
 αx

t ==´Å�/ò α¥gdÑy� x �¤ t§XJ·�Ø�%�{§¬Ñye�·�Ø���(Jµ~~~ 5.1.1. - α Ǒ��úª ∃y x 6≈ y"K ∀xα→ αx
z Ǒ

∀x∃y x 6≈ y → ∃y z 6≈ y"�´ ∀xα→ αx
y K¤Ǒ

∀x∃y x 6≈ y → ∃y y 6≈ y"Ïd·�I�\
^�±«Oþ~¥�ü�O�"
[*	L²§¯KÑ3� t p¡�C� y 3O� α ¥� x ���þ
 ∃y /84
0§½ö`§y 3O�
´gd�§
O��%C¤�å�
"·�I�B�ù�� t 5O� α ¥� x"�½� t ÚC� x ·�ÏLéúª α 48òá�/t 3 α ¥�±O� x0 °(½ÂXeµ
(1) é�fúª α§t o�±3 α ¥O� x"
(2) t 3úª ¬β ¥�±O� x ��=� t 3 β ¥�±O� x; t 3úª β → γ ¥�±O� x ��=� t 3 β Ú γ ¥Ñ�±O� x"
(3) t 3úª ∀yβ ¥�±O� x ��=�
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1ÊÙ /ªy² 1�! ��Ü6���únXÚ
(a) x Ø3 ∀yβ ¥gdÑy¶½ö
(b) y Ø3 t ¥Ñy¿� t 3 β ¥�±O� x"~~~ 5.1.2. C� x3?Ûúª ϕ¥Ñ�±O�gC"l
é?Ûúª ϕ§·�k ∀xϕ ⊢ ϕ"y²: �SK 5.1"1nÚ1o|ún��^´y²e�/V)½n0§Ǒk��Öò§�Ǒín5K§¡Ǒ/V)5K0"3êÆ¥²~kù��ØyµbX·�Ø^?Û'u x �b�Òy²
·K α(x)§·�Ò�±` “ÏǑ x ´?¿�§¤±·�k ∀xα(x)0"V)½n`�Ǒ´ù�¿g"½½½nnn 5.1.2 (V)½n). XJ Γ ⊢ ϕ ¿� x Ø3 Γ �?Ûúª¥gdÑy§K Γ ⊢ ∀xϕ"y²: - (ϕ1, ϕ2, · · · , ϕn) Ǒ ϕ ���íüS�"·�8By²é?¿ i ≤ n§Γ ⊢ ∀xϕi"b½é¤k� j < i§·�®²k Γ ⊢ ∀xϕj"·��	 ϕi"�/ 1: ϕi ´Ü6ún"K ∀xϕi Ǒ´Ü6ún (Ǒ�o?)"w, Γ ⊢ ∀xϕi"5¿§3ù«�¹e§x �U3 ϕi¥gdÑy§�ùØ´¯K"�/ 2: ϕi áu Γ"d� x Ø3 ϕi ¥gdÑy§¤± ϕi → ∀xϕi áu1o|ún§d©l5K§ Γ ⊢ ∀xϕi"�/ 3: ϕi d©l5Kl ϕj Ú ϕk = ϕj → ϕi��§Ù¥j, k < i"d8Bb�§

Γ ⊢ ∀xϕj Ú Γ ⊢ ∀x(ϕi → ϕi)"éún
∀x(ϕj → ϕi)→ (∀xϕj → ∀xϕi),üg�^©l5K§·�Ò��
 Γ ⊢ ∀xϕi"~~~ 5.1.3. y² ∀x∀yα ⊢ ∀y∀xα"y²: �â~ 5.1.2§∀x∀yα ⊢ α"duC� x 3�àØgdÑy§�âV)½n§·�k

∀x∀yα ⊢ ∀xα"Ó�/§
∀x∀yα ⊢ ∀y∀xα"3�ó¥�¹�
��/e§1Ê^Ú18|únÑØJn)"�,18|ún¢Sþé?Ûúª α Ñ¤á"·�r α ��3�fúªþ§==´Ǒ
4ún�°õ§N�����?´�N´y²Ù��5"�õ�k'�
�S½n���Ù1n!"�"
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1�! ínÚ�½n 1ÊÙ /ªy²SSSKKK 5.1.

(1) ±eúª´úníºXJ´§áu=|únº
(a) [(∀xPx→ ∀yPy)→ Pz]→ [∀xPx→ (∀yPy → Pz)]"
(b) ∀y[∀x(Px→ Px)→ (Pc→ Pc)]"
(c) ∀x∃yPxy→ ∃yPyy"

(2) y²C� x 3?Ûúª ϕ ¥Ñ�±O�gC"
(3) £�öS?Øún�Õá5"¤y²µXJvk1�|O�ún§KÙ{�únØUy² ∀x(x 6≈ x) → x 6≈ x"J«µ½Â¼ê h : {úª} → {0, 1} ÷vé¤k��úª α§h(α) = 1¶,�òÙg,/*�� h(¬α) Ú h(α → β) þ"y²XJ σ ǑÙ{ún����{�«§K h(σ) = 1"

1�! ínÚ�½nÚÚÚnnn 5.2.1 (­ó5K). XJ Γ ⊢ α1§Γ ⊢ α2§· · ·§Γ ⊢ αn ¿� α1 → α2 → · · · → αn → β´��¿Âe�­óª§K Γ ⊢ β"y²: �ì½n 5.1.1§α1 → α2 → · · · → αn → β ´��S½n§�Iéù�S½n�^
n g©l5K=�"~~~ 5.2.1. du {α → β, β → α} ­ó%º α ↔ β§Ïde�y² Γ ⊢ α ↔ β§K�Iy² Γ ⊢ α→ β¿� Γ ⊢ β → α"½½½nnn 5.2.1 (üÌ½n). Γ ∪ {γ} ⊢ ϕ ��=� Γ ⊢ (γ → ϕ)"y²: �·KÜ6¥�üÌ½n�y²�Ó"íííØØØ 5.2.1 (_Ä·K). Γ ∪ {ϕ} ⊢ ¬ψ ��=� Γ ∪ {ψ} ⊢ ¬ϕ"Ó·KÜ6��§·�¡��úª8Ǒ Ø��� XJ�3úª β§β Ú ¬β Ñ´§�½n"3ù«�/e§?Ûúª α Ñ´§�½n"íííØØØ 5.2.2 (�y{ (RAA)). XJ Γ ∪ {ϕ} Ø��§K Γ ⊢ ¬ϕ"ü�íØ�y²3�Öö"
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1ÊÙ /ªy² 1�! ínÚ�½n~~~ 5.2.2. ⊢ ∃x∀yϕ→ ∀y∃xϕ"y²£�g´¤. ·�}Á±�í��ª�y²"�y²±þ·K§�Iy² ∃x∀yϕ ⊢ ∀y∃xϕ (Ǒ�o?)"
ù�Iy² ∃x∀yϕ ⊢ ∃xϕ (Ǒ�o?)§= ¬∀x¬∀yϕ ⊢ ¬∀x¬ϕ"ùq�Iy² ∀x¬ϕ ⊢ ∀x¬∀yϕ (Ǒ�o?)"ù�Iy² ∀x¬ϕ ⊢ ¬∀yϕ (Ǒ�o?)"ù�Iy² {∀x¬ϕ, ∀yϕ} ´Ø��� (Ǒ�o?)§
ùéN´y² (Ǒ�o?)" �þ¡�~f¥�y·��Ïéd Γ y² ϕ ����{"·�ko(d Γ y² ϕ ��
k^E|§ù
E|�Ï·�|^ ϕ �é{/ª5Ïéy²:

(1) b� ϕ ´ (ψ → θ)§K�âüÌ½n§�Iy² Γ ∪ {ψ} ⊢ θ"ù´�Ǒ~^Ǒ�Ǒk���{§A�z��/ªíü��EÑ¬^�"üÌ½n��?´Q~�
�y(Ø�E,5§qO\
�^�
J"~~~ 5.2.3. - Γ = ∅§ϕ = ∀x(α→ β)→ (∃xα→ ∃xβ)"�âþ¡��{§�y²
∅ ⊢ ∀x(α→ β)→ (∃xα→ ∃xβ)�Iy²
∀x(α→ β) ⊢ ∃xα→ ∃xβ"|^­ó5Kòm>�_Ä·K§·��I�y²

∀x(¬β → ¬α) ⊢ ∀x¬β → ∀x¬α"
2g$^±þ��{§·��I�y²µ
{∀x(¬β → ¬α), ∀x¬β} ⊢ ∀x¬α" (5.1)
ù�d©l5K±9únN´��"

(2) b� ϕ ´ ∀xψ"XJ x Ø3 Γ ¥gdÑy§K�âV)½n§�Iy² Γ ⊢ ψ"�¡£½n 5.3.2¤·�¬w�µ=� x 3 Γ¥gdÑy§E�±é���C� y ��
Γ ⊢ ∀yψx

y � ∀yψx
y ⊢ ∀xψ"�,�Äþ¡�~f§�·�?1� (5.1)§�ây3��{§·��Iy²

{∀x(¬β → ¬α), ∀x¬β} ⊢ ¬α"
du ∀x(¬β → ¬α) ⊢ ¬β → ¬α� ∀x¬β ⊢ ¬β§�â­ó5K§·��I�y²
{¬β → ¬α,¬β} ⊢ ¬α"
ùq´w,�"
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1�! ínÚ�½n 1ÊÙ /ªy²
(3) b� ϕ ,��úª�Ä½"

(a) XJ ϕ ´ ¬(ψ → θ)§�Ò�Iy² Γ ⊢ ψ Ú Γ ⊢ ¬θ"
(b) XJ ϕ ´ ¬¬ψ§�Ò�Iy² Γ ⊢ ψ"
(c) XJ ϕ ´ ¬∀xψ"}Áé�� t§§3 ψ ¥�±O� x§¿� Γ ⊢ ¬ψx

t§ùÒv

§�J�´§ù¿�o´U��"�Ï3u§Ǒ, Γ ⊢ ¬αx
t �½%º

Γ ⊢ ¬∀xα§���¿Øo´¤á"XJØU��§}Á� ",�§}Á8¸{§��"~~~ 5.2.4. y² ∀x¬(α→ β) ⊢ ¬(α→ ∃xβ)"�â 3(a) ¥�ïÆ§·��Iy²
∀x¬(α→ β) ⊢ α ¿� ∀x¬(α→ β) ⊢ ¬∃xβ"�â ∀x¬(α→ β) ⊢ ¬(α→ β) ¿� ¬(α→ β) ­ó%º α§
ª¤á"2w�ª§¬∃xβ´ ¬¬∀x¬β � �§|^ 3(b) ÚV)½n§·��Iy² ∀x¬(α→ β) ⊢ ¬β§
ùw,�
ª�y²aq"·�þ¡�o(Ø
n�"n���/´é����{§��é?Û�y� ϕ§ÑJø��y²"�´kù���{�{§��Ü6Ò´��½�"�3�Y�§¥·�¬y²£Û½nµ��Ü6´Ø��½�"Ïdù«n���{´Ø�3�"SSSKKK 5.2.

(1) �Ñ��l�8 ∅ � ∀xϕ → ∃xϕ ���íü" [5¿µ�K��\�ÑíüS�§ØO�^?Û�½n" ]

(2) b�k��lúª8 Γ � ϕ �ÝǑ n �íüS�§¿� x Ø3 Γ ¥gdÑy§V)½nw�·��3��l Γ � ∀xϕ ���íüS�§-¼ê f(n) L«TS���Ý"éÑ��¼êO��Ý��Uú� f"
(3) (a) y²XJ ⊢ α→ β§K ⊢ ∀xα→ ∀xβ"

(b) y² α→ β |= ∀xα→ ∀xβ Ø�½o¤á"
(4) y²µ

(a) ⊢ ∃x(Px→ ∀xPx)"
(b) {Qy, ∀y(Qy→ ∀zPz)} ⊢ ∀xPx"
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1ÊÙ /ªy² 1n! Ù§�½n
(5) y²S½nµ

(a) ∃xα ∨ ∃xβ ↔ ∃x(α ∨ β)"
(b) ∀xα ∨ ∀xβ → ∀x(α ∨ β)"
(c) ∃x(α ∧ β)→ ∃xα ∧ ∃xβ"
(d) ∀x(α ∧ β)↔ ∀xα ∧ ∀xβ"
(e) ∀x(α→ β)→ (∃xα→ ∃xβ)"
(f) ∃x(Py ∧Qx)↔ Py ∧ ∃xQx"

1n! Ù§�½n·�e¡0�A��¡�^���½n"Äk´~êV)½n§·�3��Ü6��5½n�y²¥¬^�§"£Á�eV)½n9Ùy²§·�¬uyC� x å�==´Ó ��^§ÏdXJrC� x �¤~ê c§aqy²�VǑ�±ÏL"�,·�ØU��é~êÎÒ�^þ
§
�^,��#�C� y 5�Ǒ�V)�C�"½½½nnn 5.3.1 (~êV)½n). b� Γ ⊢ ϕ 
 c ´��Ø3 Γ ¥Ñy~êÎÒ§K�3C�
y§§Ø3 ϕ ¥Ñy§�� Γ ⊢ ϕc

y"�?�Ú§�3��l Γ � ∀yϕc
y �Ø¹ c �íü"y²: - (α0, α1, · · · , αn) Ǒ��d Γ � ϕ �íüS�§- y ´ØÑyu?� αi ¥�C�§K

((α0)
c
y, (α1)

c
y, · · · , (αn)

c
y) (∗)´dΓ � ϕc

y �íü"�/ 1: αk áu Γ"d� (αk)
c
y ´ αk§ÏǑ c Ø3 αk ¥Ñy"�/ 2: αk ´Ü6ún"d� (αk)

c
y E´Ü6ún"~X§XJ αk /X ∀xβ → βx

t§K (αk)
c
y ´ ∀x(β)cy → (βx

t )
c
y§5¿� (βx

t )
c
y �´ (βc

y)
x
tcy
§¤±§E´Ü6ún"Ù§|�únǑN´�y"�/ 3: αk ´l αi Ú αj = αi → αk �1©l5K
���§Ù¥ i, j < k"K (αj)

c
yǑ (αi)

c
y → (αk)

c
y"Ï
 (αk)

c
y Ǒ´l (αi)

c
y Ú (αj)

c
y �1©l5K
���"·�e¡�y/�?�Ú0Ü©"- Γ0 Ǒíü (*) ¥^�� Γ ¥�úª�8Ü"Γ0w,´��k¡8"·�k Γ0 ⊢ ϕc

y ¿� y Ø3 Γ0 ¥Ñy"�âV)½n§Γ0 ⊢ ∀yϕc
y§¤± Γ ⊢ ∀yϕc

y"5¿�V)½n�y²¥¿vkÚ?#�~êÎÒ§·�Ò��
��l Γ � ∀yϕc
y �íü§c ØÑyuÙ¥"
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1n! Ù§�½n 1ÊÙ /ªy²ÚÚÚnnn 5.3.1 (Ì�O�Ún). XJC� y ��Ø3úª ϕ ¥Ñy§KC� x �±3úª
ϕx
y ¥O� y ¿� (ϕx

y)
y
x = ϕ"y²: �SK 5.3"íííØØØ 5.3.1. b½ Γ ⊢ ϕx
c§Ù¥~êÎÒ c 3 Γ Ú ϕ ¥ÑØÑy"K Γ ⊢ ∀xϕ§¿�k�� c ��ØÑy�l Γ � ∀xϕ ���íü"y²: �â~êV)½n§·�k��l Γ � ∀y(ϕx

c )
c
y �íü§Ù¥ØÑy~êÎÒ c"du c Ø3 ϕ ¥Ñy§∀y(ϕx

c )
c
y Ò´ ∀yϕx

y"2�âÌ�O�½nÚV)½n§·�Òk
∀yϕx

y ⊢ ∀xϕ"£Ǒ�oº¤e¡��½n·�3
¡®²m�/�9�Ø��g
"�*þéN´n)"du·�3��5½n�y²¥Ǒ�^�§§4·��Ñ�[y²"½½½nnn 5.3.2 (�åC�O�½n). - ϕ Ǒ�úª§t Ǒ���§�k x Ǒ��C�"·�o�±é���úª ϕ′§§Ú ϕ ��O=3u�åC�§��
(a) ϕ ⊢ ϕ′ ¿� ϕ′ ⊢ ϕ¶
(b) t �±3 ϕ′ ¥O� x"y²: �½� t ÚC� x§·�48/l ϕ �E ϕ′"XJ ϕ ´�fúª§K- ϕ′ = ϕ"XJ ϕ ´ ¬ψ K- ϕ′ = ¬ψ′"XJ ϕ ´ (ψ1 → ψ2)§K- ϕ′ = ψ′

1 → ψ′
2"·�5w�­���/µ= ϕ ´ ∀yψ"À��3 ψ′ Ú t Ú x ¥ÑØÑy�C� z"½Â (∀yψ)′ Ǒ ∀z(ψ′)yz"w,£½^8By²¤ϕ Ú ϕ′ �«O=3u�åC�"·�é ϕ �18B5y²

(a) Ú (b)"·���y�­��þ
�/§ÏǑÙ§�Ñé{ü"�â8Bb�ÚC� z�À�§(b) ¤á"£Ǒ�oº¤·�e¡�y (a)"�â8Bb�§·�k ψ ⊢ ψ′"¤± ∀yψ ⊢ ∀yψ′"du z Ø3 ψ′ ¥Ñy§·�k
∀yψ′ ⊢ (ψ′)yz"�âV)5K§·��� ∀yψ′ ⊢ ∀z(ψ′)yz"¤± ∀yψ ⊢ ∀z(ψ′)yz"2w,���"Äk ∀z(ψ′)yz ⊢ ((ψ′)yz)

z
y"�âÌ�O�½n§�öÒ´ ψ′"�â8Bb�§·�k ψ′ ⊢ ψ"¤± ∀z(ψ′)yz ⊢ ψ"ÏL©Û y ´Ä�u z éN´wÑC� y Ø3�àgdÑy"dV)½n§·�Òk ∀z(ψ′)yz ⊢ ∀yψ"��4·��ÑA�k'�
 ≈ �A�S½n"ù
�
�5�´éw,�§
�3y²��5½Â´Ǒ¬^�"§��y²·�3�SK"

(Eq1) ∀x x ≈ x"
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1ÊÙ /ªy² 1o! 
å�ª
(Eq2) ∀x∀y(x ≈ y → y ≈ x)"
(Eq3) ∀x∀y∀z(x ≈ y → y ≈ z → x ≈ z)"£3e�ÙÆ
�Â��wÒ¬w�¤ùn^5�`² ≈ �)º�½´���d'X"¯¢þ§§��¤k�¢
Ú¼ê/�N0µ
(Eq4) é¤k n-�¢
ÎÒ P ·�k

∀x1 · · · ∀xn∀y1 · · · ∀yn(x1 ≈ y1 → · · · → xn ≈ yn → Px1 · · ·xn → Py1 · · · yn)"
(Eq5) é¤k n-�¼êÎÒ f ·�k

∀x1 · · · ∀xn∀y1 · · · ∀yn(x1 ≈ y1 → · · · → xn ≈ yn → fx1 · · ·xn ≈ fy1 · · · yn)"
1o! 
å�ª��`5§�ª½IO.��3¬�·��ïÄ�5�
�B§ÏǑ·��±�5¿,«AÏ�£=§5��§½IO�¤/ª§l
;�?n�Ǒ,Ï���/ª"3·KÜ6¥·�?ØL¤¢Û��ªÚÜ��ª"y3·�?�Ú?Ø��Ü6¥�
å�ª"¤¢
å�ª§Ò´r¤k�þ
ÑJ�
¡"°(/`§·�¡äk

Q1x1 · · ·Qnxn α,/ª�úªǑ�� 
åúª §Ù¥ n ´g,ê§Qi ´þ
 ∀ ½ö ∃§¿� α Ø¹þ
"
å�ª�Vg3O�Å�Æ¥~~�^�"d	þ
�õ�£
Ù´d�Óþ
|¤�þ
¬�õ�¤U,/Jø�·���ïþúªE,5�Ýþ§ù3�U�§¥£X8ÜØ¥�ýé5Ú48Ø¥��O�5¤¬²~!�"½½½nnn 5.4.1 (
å�ª½n). éu?Ûúª·�Ñ�±é����{�d�
åúª"y²: ·�ò|^e�5K5�þ
ö�§5K��(5·�3�öSµ
Q1a. ¬∀xα ⊢⊣ ∃x¬α"
Q1b. ¬∃xα ⊢⊣ ∀x¬α"
Q2a. (α→ ∀xβ) ⊢⊣ ∀x(α→ β)§b½ x Ø3 α ¥gdÑy"
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1o! 
å�ª 1ÊÙ /ªy²
Q2b. (α→ ∃xβ) ⊢⊣ ∃x(α→ β)§b½ x Ø3 α ¥gdÑy"
Q3a. (∀xα→ β) ⊢⊣ ∃x(α→ β)§b½ x Ø3 β ¥gdÑy"
Q3b. (∃xα→ β) ⊢⊣ ∀x(α→ β)§b½ x Ø3 β ¥gdÑy"·�éúª�18B5y²?ÛúªÑk���{�d�
åúª"
(1) XJ α ´�fúª§K§��®²´
åúª
"
(2) XJ α �du
åúª α′§K ∀xα �du
åúª ∀xα′"
(3) XJ α �du
åúª α′§K ¬α �du ¬α′§2^ Q1 =�ò ¬α′ CǑ
åúª"
(4) �	/Ǒ α → β �úª"�â8Bb�§·�k©O�du α Ú β �
åúª α′Ú β′"ÏL·���åC�O�§·��±?�Úb½ α′ ¥��åC�Ø3 β′ ¥Ñy§��½,"2^ Q2 Ú Q3 =������ α′ → β′ �d�
åúª§l
Ǒ� α→ β �d"~~~ 5.4.1. úª ∀x∃yPxy → ∃xQx �
å�ª�±´ ∃x∀y∃z(Pxy → Qz)§Ǒ�±´
∃x∃z∀y(Pxy→ Qz)§��±´ ∃z∃x∀y(Pxy→ Qz)"SSSKKK 5.3.

(1) b½ x Ø3 α ¥gdÑy§y² (Q2b) Ú (Q3a)µ
⊢ (α→ ∃xβ)↔ ∃x(α→ β)

⊢ (∀xβ → α)↔ ∃x(β → α)"
(2) (a) �Ñü� (ϕx

y)
y
x Ø�u ϕ �~f§��3��~f¥ x Ñy3 (ϕx

y)
y
x ¥
ØÑy3 ϕ ¥¶3,��~f¥ x Ñy3 ϕ ¥
ØÑy3 (ϕx

y)
y
x ¥"

(b) £Ì�O�Ún¤XJC� y ��Ø3úª ϕ ¥Ñy§KC� x �±3úª
ϕx
y ¥O� y ¿� (ϕx

y)
y
x = ϕ"

(3) y²µ
∀x∀yPxy ⊢ ∀y∀xPyx"
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1ÊÙ /ªy² 1Ê! g,íü
(4) y² (Eq3)µ

⊢ ∀x∀y∀z(x ≈ y → y ≈ z → x ≈ z)"
(5) y²e���dO�½nµb½úª ϕ′ ´drúª ϕ ¥�eZ� ψ1, ψ2, · · · , ψn ©OO�¤ ψ′

1, ψ
′
2, · · · , ψ′

n 
���"XJ ⊢ ψ1 ↔ ψ′
1§ ⊢ ψ2 ↔ ψ′

2§· · ·§⊢ ψn ↔ ψ′
n§K

⊢ ϕ↔ ϕ′"
(6) ©OéÑ���e�úª�{�d�
åúªµ

(a) (∃xAx ∧ ∃xBx)→ Cx"
(b) ∀xAx↔ ∃xBx"

1Ê! g,íü·��L·KÜ6¥���g,íüXÚ"ØJ����Ü6¥Ǒk£éõ¤aq�XÚ"·�UY1 n Ù1 Ô !¥�{K§r�p�g,íüXÚ*�¤Ǒ·^u��Ü6�XÚ"�¡·�¬^§5y²��5½nÚ����½n1" 5¿µ·��8�E,´�ǑÌ��Ö¿§Ïde¡0��Ñ´{z
���"Äk·�El5½�óm©§Ǒ
{üå�§·�b½�ó¥vk¼êÎÒÚ~êÎÒ§Ǒvk�
"�ó�)µ
(0) )Òµ/(0Ú/)0¶
(1) ¢
ÎÒµP0, P 0, P1, P 1, · · · Ù¥z� Pi �±�¹eZ�§¿� Pi Ú P i ¤éÑy"
(2) Ü6ÎÒµ∨§∧§∃§∀¶
(3) C�µ v1, v2, · · ·"�ó¥�fúªǑ Pi(vi1 , vi2 , · · · , vik) Ú P i(vi1 , vi2 , · · · , vik)"Ù§úªK´d�fúªÚ ∨§∧§∃x§∀x )¤�"5¿µÓ·KÜ6¥��{��§¬ Ú → E´�½Â�ÎÒ"�ØL3½Â ¬ �§�Vþ ¬∀xα =df ∃x¬α Ú ¬∃xα =df ∀x¬α"ù���8�E,´���Ý/|^ ∨ Ú
∧§∃ Ú ∀ �éó5§l
~�ín5K��ê"

1����½n§cut elimination theorem"
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1Ê! g,íü 1ÊÙ /ªy²ín5KXe§Ù¥ Γ Ú ∆ Ǒ?¿�k¡úª8µúnµ
Γ, P (vi1 , · · · , vik), P (vi1 , · · · , vik)5K (∨):

Γ, αi

Γ, (α0 ∨ α1)
i = 0, 15K (∧):

Γ, α0 Γ, α1

Γ, (α0 ∧ α1)5K (∃):
Γ, α(x′)

Γ, ∃xα(x)5K (∀):
Γ, α(x′)

Γ, ∀xα(x) x′ Ø3 Γ ¥gdÑy��5K:
Γ, α Γ,¬α

Γ�·KÜ6aq§·�E^ ⊢ Γ L«�3 Γ ���g,íü"äN½Â3�Öö"·�E�?Ø ⊢ Γ ù«f/ª§6Ø?Ø ∆ ⊢ Γ ù����/ª"�·KÜ6��/aq§·�k~~~ 5.5.1. ^g,íüy²µé¤k�k¡úª8 Γ Ú α§·�k ⊢ Γ,¬α, α"8�·�¬r§¡Ǒ£ún′¤½����ún5^"y²: �½ Γ§·�éúª α �18BµXJ α Ǒ�fúª P (vi1 , · · · , vik)§K ¬α Ǒ P (vi1 , · · · , vik)"¤± Γ,¬α, α ´ún"
α Ǒ P (vi1 , · · · , vik) ��/�daq"XJ α /X α0 ∨ α1§½ α0 ∧ α1§Ky²�·KÜ6�y²�Ó"XJ α /X ∃xβ(x)§K ¬α /X ∀x¬β(x)"du Γ ´k¡8§·��±À��3 Γ¥��ØÑy�C� y"�â8Bb½§�3 Γ,¬β(y), β(y) �g,íü D"·�k

D....
Γ, β(y),¬β(y)
Γ, ∃xβ(x),¬β(y)

Γ, ∃xβ(x), ∀x¬β(x) (∀)

α Ǒ ∀xβ(x) �y²aq"
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1ÊÙ /ªy² 1Ê! g,íü£Á�e§·�r {a, b, c} =�¤ {a, b}, c ½ {a}, b, c ��{PǑ (rw)"�+=�Ø´ín5K§Ǒ
Öö�B§·�r=��¤
{a, b, c}
{a, b}, c (rw)"~~~ 5.5.2. ^g,íüy²µ⊢ ∀xα(x)→ (∀xβ(x)→ ∀x(α(x) ∧ β(x)))"y²: Äk·��r p→ q ^ ¬p ∨ q �O§¿�^ ¬ �½Âr ¬ í��p�"·��y�´µ

⊢ ∃xα(x) ∨ (∃xβ(x) ∨ (∀x(α(x) ∧ β(x))))"�½��#C� y§= y 6= x ¿� y 3 α Ú β ¥ÑØÑy§íüäXeµ
{∃x¬β(x)}, α(y),¬α(y)
{∃x¬β(x), α(y)},¬α(y) (rw)

{∃x¬β(x), α(y)}, ∃x¬α(x) (∃)

∃x¬α(x), ∃x¬β(x), α(y) (rw)

{∃x¬α(x)}, β(y),¬β(y)
{∃x¬α(x), β(y)},¬β(y) (rw)

{∃x¬α(x), β(y)}, ∃x¬β(x) (∃)

∃x¬α(x), ∃x¬β(x), β(y) (rw)

∃x¬α(x), ∃x¬β(x), α(y)∧ β(y) (∧)

∃x¬α(x), ∃x¬β(x), ∀x(α(x)∧ β(x)) (∀)

∃xα(x) ∨ (∃xβ(x) ∨ (∀x(α(x) ∧ β(x)))) (∨′)

·�2w,��~f"·�F"ÏL§��¡`²N�éy²ä?18B¶,��¡ǑV«g,íükfúª5�§=y²¥^��úªÑ´¤yúª�fúª"~~~ 5.5.3. y²µXJ ⊢ Γ, (α0 ∧ α1)§K ⊢ Γ, α0 ¿� ⊢ Γ, α1"y²: ·�y²����AÏ��/§=b½ (α0 ∧ α1) 6∈ Γ"���/��?1fz=�£�SK¤"- D Ǒ Γ, (α0 ∧α1) ���g,íü"·�é D ��Ý£=y²ä�pÝ 2¤?18B"XJ D ��ÝǑ 1§K Γ, (α0 ∧ α1) ´ún"Ïd�3�fúª P (vi1 , · · · , vik) Ú
P (vi1 , · · · , vik) �¹3 Γ �¥"¤± Γ, α0 Ú Γ, α1 Ñ´ún§·K¤á"b½·Ké�Ý�u½�u k �g,íü¤á"�Ä���ÝǑ k+1 � Γ, (α0 ∧α1)�g,íü D"XJ D ����Ú´ún§K�
¡�y²�Ó"XJ D ����Ú�^
5K (∨)§½ (∃)½ (∀) ½��§·�±5K (∨) Ǒ~"b½ D ����ÚǑ

Γ′, β0
Γ′, (β0 ∨ β1)"

2ùp·�Ø���Ñy²ä�pÝ�î�½Â§��[���
äpÝ�½Âg1Öþ"
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1Ê! g,íü 1ÊÙ /ªy²5¿� Γ′∪{(β0∨β1)} = Γ∪{(α0∧α1)}§XJ·�- ∆ = Γ′ \ {(α0∧α1)}§K ∆∪{(β0∨
β1)} = Γ"¤±·�k���Ý�u½�u k �'u ∆ ∪ {β0}, (α0 ∧ α1) �g,íü"�â8Bb½§⊢ ∆, β0, α0 ¿� ⊢ ∆, β0, α1"2©O�^5K (∨)§·�k ⊢ ∆, β0 ∨ β1, α0Ú ⊢ ∆, β0 ∨ β1, α1"du ∆ ∪ {(β0 ∨ β1)} = Γ§·�Òk ⊢ Γ, α0 ¿� ⊢ Γ, α1"�e��/Ǒ D ����Ú�^
5K (∧)µ

Γ′, β0 Γ′, β1
Γ′, (β0 ∧ β1)XJé,� i = 0, 1§βi Ø�u αi§Ky²� (∨) �/aq"����U´ Γ′ = Γ§

β0 = α0§β1 = α1§d�w,k ⊢ Γ, α0 ¿� ⊢ Γ, α1"SSSKKK 5.4.

(1) y²fz½n3�e�f/ªµé¤k�k¡úª8 Γ Úúª α§XJ ⊢ Γ K
⊢ Γ, α"

(2) y²µXJ ⊢ Γ, ∀xα(x)§Kéu?¿� t £3·�{z
���p�kC� vi¤
⊢ Γ, α(t)" [Ǒ�o·�ùpvk t �3 α ¥O� x �^�Qº]

3fz½n§Weakening§���/ªǑ ∆ ⊢ ∆,Γ"�XÛ3g,ín¥½Â ∆ ⊢ Γ ·�vkù§¤±6Ø���[y²fz½n"
92



18Ù ���ó�(�Úý�nØ
1�! ���ó�(��y3Ǒ�·�Ñ3?Ø��Ü6��{Ü©§¤k�úª��Ñ�±�ÀǑÎ�¿Â�iÎG"y3·�m©?Ø§��/¿Â0"Äk·��)º�ó¥�z��ÎÒ�¿Â"oÑ/`§ù�)º´ÏL℄À/	Ü�0��êÆ/(�05�¤�"(�℄À�L§§ǑÒ´5½þ
���§¿�½¢
!¼ê!Ú~êÎÒ¿Â�L§"½½½ÂÂÂ 6.1.1. �����ó� (� A ´��½Â�Ǒ�ó¥ÎÒ�¼ê§¿�÷ve�^�µ

(1) A �þ
ÎÒ ∀ �½����8 | A |§¡� A � Ø� 1"
(2) éz� n-�¢
ÎÒ P§A Ñ�½�� n-�'X PA ⊆| A |n¶= PA ´dØ�¥

n-�|¤|¤�8Ü"
(3) éz�~êÎÒ c§A Ñ�½Ø� | A | ¥����� cA"
(4) éz� n-�¼êÎÒ f§A Ñ�½Ø� | A | þ��� n-�¼ê fA¶= fA :| A |n→| A |"5µÀ��8�ǑØ�´7��§�Ï´·�31ÊÙ¥�k
úné�8Ø·^£=�^Qº¤"�,�½Ø���¿�¢���³§ÏǑ·�¿Ø'%�8�5�"~~~ 6.1.1. �	8ÜØ��ó L = {≈,∈}§Ù¥ ∈ Ǒ����¢
ÎÒ"�+·���©´ïÄ/ý��08ÜØ§�Uì±þ(��½Â§·�Eké��gd5℄À L �(�"~X§- A �Ø� | A | Ǒ�Ng,ê�8Ü N§ÎÒ ∈ 3 A ¥�)º ∈A ½ÂǑ/�u0'X {(m,n) : m < n}"e�¯K¬�Ï·�n)�¡�!��ý�nØ"3þã)ºe§\N�)Ö�é ∃x∀y¬y ∈ x �k

∀x∀y∃z∀t(t ∈ z → (t ≈ x ∨ t ≈ y))?

1Ø�§universe§Ǒ�È�/�»0"
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1�! ���ó�(� 18Ù ���ó�(�Úý�nØe¡·�ò½Â “��4�é σ 3(� A ¥Ǒý”§P� |=A σ"du½Â´é�é8B�¤�§·�Ø�;�/�?n�kgdC��úª"�XJC��±�BC�{§?Øúª�ýb´�¿Â�"~X§3(� (N, 0) ¥XJC� x ��Ø(½§?Ø
x ≈ 0 ´ÄǑýÎ�¿Â"Ïd§·�I���D� s w�·�gdC���´=
��"- V Ǒ¤kgdC��8Ü"�� D� s Ò´��l V � A �Ø��¼ê§=
s : V →| A |"�½���ó L"- ϕ Ǒ L ¥���úª§A Ǒ L ���(�§s Ǒ��D�"·�e¡½Â A Ú s÷v ϕù�á�§P� |=A ϕ[s]"�*þ`§/|=A ϕ[s]0�¿g´µ·�krÎÒG ϕ p�¢
ÎÒ§¼êÎÒÚ~êÎÒUì(� A �5½5)º§rþ
�Ø���38Ü | A |§rgdC� x )º¤§�D� s(x)§l
rúª ϕ �È¤����ó¥�êÆ�ã§
^·�êÆ�£·���¤����ã¤á"°(½ÂXeµ½½½ÂÂÂ 6.1.2.

(1) ��)º" ·�rD� s *���§- T L«¤k��8Ü"·�48½Â����D�¼ê s : T →| A | Xeµ
(a) éz��C�ÎÒ x§s(x) = s(x)"
(b) éz��~êÎÒ c§s(c) = cA"
(c) XJ t1, t2, · · · , tn ´�¿� f ´�� n �¼êÎÒ§K

s(ft1t2 · · · tn) = fA(s(t1), s(t2) · · · , s(tn))"
(2) ?n�fúª"

(a) |=A≈ t1t2[s] ��=� s(t1) = s(t2)"
(b) é n �¢
ÎÒ P§|=A Pt1t2 · · · tn[s] ��=� (s(t1), s(t2) · · · , s(tn)) ∈ PA"

(3) Ù§úª�?n" ½Â
(a) |=A ¬ϕ[s] ��=� A Ú s Ø÷v ϕ§P� 6|=A ϕ[s]"
(b) |=A (ϕ→ ψ)[s] ��=�½ö 6|=A ϕ[s] ½ö |=A ψ[s]"
(c) |=A ∀xϕ[s] ��=�é?Û� d ∈| A |§·�k |=A ϕ[s(x | d)]§Ù¥ s(x | d) Ǒ��d s!x Ú d p�Ñ5#�D�¼ê§½ÂǑ

s(x | d)(y) =







s(y), XJ y 6= x¶
d, XJ y = x"5µ
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18Ù ���ó�(�Úý�nØ 1�! ���ó�(�
1. ÎÒ s(x | d) �{Øén�§�Ø�r§·¤ s 3,?���"·���¿´r
ϕ(x) ¥�C� x ^ d 5��§��ª��{Ǒ ϕ(d)"�î�ùù��Î�¿Â§ÏǑ d Ø´·��ó¥�ÎÒ"Ïd·��kæ^D���{rC� x D�Ǒ d"k���Ör§{P¤ ϕ[d]"�·�Vg�Ù��§~X3�¡�½Â5�Ü©Ǒ¬æ^ù«{P"

2. ½Â 6.1.2 ´��Ü6ý�nØ�Ø%"§´dÜ6Æ[©�dÄ 1933 
�Ñ�"
3. é�Æö5`Äk�t�Ù·�´^�o3½Â�o§½ö`§´Ä´Ì�½Â"�Y´·�´^êÆ£��ó¥¤��£5½Â£é��ó¥¤���é�ýb"~X§�½���ó L = {+, ·, 0, 1}"�	���é ϕ: ∀x(x · x 6≈ 1+ 1)"Ò ϕ ��
ó§§�´��iÎG§�y3Ǒ�ÿØäk?Û¿Â"�k�·��½� L ���(� A �§·�âUû½ ϕ �ýb"Ò ϕ 
ó§§3knê� Q ¥Ǒý§
3¢ê� R ¥Ǒb"�uǑ�o§3knê� Q Ǒý§K´·��êÆ¥�µ�£w�·��"Ïd·�´^êÆ¥'u A ��£5½Â��/ª�é£½`��úª¤ϕ 3 A ¥�ýb§= |=A ϕ"
4. lþ¡�?Ø·��±wÑ^êÆ�ó3ù�:þ'^g,�ó��ß"g,�ó¥~^�~fǑ ‘È´x�’Ǒý��=�È´x�"½½½ÂÂÂ 6.1.3. - Γ Ǒ��úª8¿� ϕ Ǒ��úª"·�¡ Γ �Â%º ϕ§2 P�

Γ |= ϕ§XJéz��(� A Úz�D�¼ê s : V →| A | Ñk�� A Ú s ÷v Γ ¥�¤k¤
§K A Ú s Ǒ÷v ϕ"½Â 6.1.3 ´��§¥�­��Vg��"�Â%º�8I´î�½Â/7,/�Ñ0ù�Vg"
¡��{%ºVg�+�~°(§�<�õ�¬~�§´ÄLu�6/ªXÚ�À�"
�Â%ºKvkù�"�"Ïd��/��0íüXÚlb�8 Γ U/í0Ñ�·KATØõØ�TT´ Γ �Â%º��
·K§ùÒ´·��¡�ù�¤¢��5Ú��5"·�3·KÜ6¥Q^ÎÒ |= L«L­ó%º§�ly3å§Ø�AO(²§ÎÒ |= �L«�Â%º"·�E,÷^L���
�½§'X§·�^ γ |= ϕ 5L«
{γ} |= ϕ¶·�`ü�úª ϕ Ú ψ ´ �Â�d� 3 XJ ϕ |= ψ ¿� ψ |= ϕ"��úª
ϕ �¡Ǒ ÊHk�� XJ ∅ |= ϕ§P� |= ϕ"4 5¿µúª ϕ ´ÊHk����=�é¤k�(� A Ú¤k�D� s : V →| A |§A Ú s Ñ÷v ϕ£Ǒ�oº¤"ÏdÊHk��úª3��Ü6¥�­óª3·KÜ6¥�/ aq"

2�Â%º§=©Ǒ logically imply§Ǒ�ÈǑ Ü6%º§½` ϕ ´ Γ � �Â�«"
3�Â�d§=©Ǒ logically equivalent§Ǒ�ÈǑ Ü6�d"
4ÊHk��§=©Ǒ valid"Ï~�ÈǑ/k��0"
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1�! ���ó�(� 18Ù ���ó�(�Úý�nØ½½½nnn 6.1.1. b½ s1 Ú s2 Ǒü�l V � | A | �D�¼ê§¿�§�3úª ϕ ¥¤kgdÑy�C�þ���Ó"K |=A ϕ[s1] ��=� |=A ϕ[s2]"y²: �½(� A"·�éúª ϕ �18B"b½D�¼ê s1 Ú s2 3úª ϕ ¥¤kgdÑy�C�þ���Ó"Äk·�k�/ 1µϕ ´���fúª Pt1t2 · · · tn ½ t1 ≈ t2"Äk·�ké?¿ i ≥ 1§
s1(ti) = s2(ti)"�[y²I�é� t �18B¿�^�éD� s1 Ú s2 �b�§·�3�Öö"Ïd |=A Pt1t2 · · · tn[s1] ��=� (s1(t1), s1(t2), · · · , s1(tn)) ∈ PA ��=�
(s2(t1), s2(t2), · · · , s2(tn)) ∈ PA ��=� |=A Pt1t2 · · · tn[s1]"� ϕ Ǒ t1 ≈ t2 �y²�daq"�/ 2 Ú 3µϕ ©Oäk/ª ¬α Ú α→ β"·�r�y3�Öö"�/ 4µϕ äk/ª ∀xψ"3d�/e3 ψ ¥gdÑy�C��õ´ x \þ3 ϕ ¥gdÑy�C�"¤±é?Û� d ∈| A |§p�Ñ�D�¼ê s1(x | d) Ú s2(x | d) 3 ψ¥¤kgdÑy�C�þ���Ó"�â8Bb½ A Ú s1(x | d) ÷v ψ ��=� A Ú
s2(x | d) ÷v ψ"¤± A Ú s1 ÷v ϕ ��=� A Ú s2 ÷v ϕ"íííØØØ 6.1.1. é?Û4�é σ§½ö
(a) é¤k¼ê s : V →| A |, Ñk |=A σ[s]¶½ö
(b) é¤k¼ê s : V →| A |, Ñk 6|=A σ[s]"��/ (a) ¤á�§·�Ò¡ σ 3 A ¥Ǒý§ P� |=A σ¶Ǒ²~�^e�á�µσ3 A ¥ ¤á¶A ÷v σ Ú A ´ σ ����. "íØ 6.1.1 `²é4�é5`§D�¼ê´Ø­��"~~~ 6.1.2. �½���ó L �¹����¢
ÎÒ P§��¼êÎÒ f Ú��~êÎÒ

c§�	§�Xe(�µ
A = (N,≤, S, 0)"- s : V → N �� s(vi) = i − 1§= s(v1) = 0, s(v2) = 1 ��"�o´ s(ffv3)º�k

s(ffc)º(� A ÚD� s ÷ve�úªíº
(1) Pcfv1¶
(2) ∀v1Pcv1¶
(3) ∀v1Pv2v1"~~~ 6.1.3. y²½Äye�·Kµ
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18Ù ���ó�(�Úý�nØ 1�! ���ó�(�
(1) ∀v1Qv1 |= Qv1¶
(2) Qv1 |= ∀v1Qv1"SSSKKK 6.1.

(1) 
¡`L§úª α ∨ β§α ∧ β Ú ∃xα ´©O�Ǒ ((¬α) → β)§(¬(α → (¬β)))Ú (¬∀x(¬α)) � �
Ú\�"�â½ÂéÑ |=A (α ∨ β)[s]§|=A (α ∧ β)[s] Ú
|=A ∃xα[s] �¿Â"

(2) y²µ|= ∀xϕ(x) → ∃xϕ(x)" [5µùq�´/�¥)k0"\3y²¥^�(�´���í?]

(3) �äe�·K�é�¿�Ñy²½�~"�½�����ó L"
(a) éu?¿ L �(� A Ú4�é§½ö |=A σ ½ö |=A ¬σ"
(b) é?¿�4�é σ§½ö |= σ ½ö |= ¬σ"

(4) y² Γ ∪ {α} |= ϕ ��=� Γ |= (α→ ϕ)"
(5) Þ~`²µ3 |= α ��=� |= β �^�e§Ø�½k |= α↔ β"
(6) y²e��?Û�éÑØ�Ù§ü��Â%º"

(a) ∀x∀y∀z(Pxy→ (Pyz → Pxz))"
(b) ∀x∀y(Pxy→ (Pyx→ x ≈ y))"
(c) ∀x∃yPxy→ ∃y∀xPxy"£\�±�E(�§�����é3T(�Ǒb§�Ù§ü��éǑý"¤

(7) y²
|=A ∀v2Qv1v2[cA] ��=� |=A ∀v2Qcv2"ùp Q Ǒ����¢
ÎÒ¿� c Ǒ~êÎÒ"

(8) y² {∀x(α→ β), ∀xα} |= ∀xβ" [ù´�¡��5½ny²��Ü©" ]
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1�! �½Â5 18Ù ���ó�(�Úý�nØ
(9) y²µXJ x Ø3 α ¥gdÑy§K α |= ∀xα" [ùǑ´�¡��5½ny²��Ü©" ]

(10) y²µúª x ≈ y → Pzfx→ Pzfy ´ÊHk��§Ù¥ f ´����¼êÎÒ¿� P ´����¢
ÎÒ"
(11) y²úª θ ´ÊHk����=� ∀x θ ´ÊHk��" [ùǑ´�¡��5½ny²��Ü©" ]

(12) y²µ|= ∃x(Px → ∀xPx)" [3SK 5.2 ¥§·�y²
§3�{¥�A�·K
⊢ ∃x(Px→ ∀xPx)§ù«�ÂÚ�{�éA´��5Ú��5½n���A~" ]

1�! �½Â5k
 |=A σ �Vg��§·��±|^§5?Ø¤¢��½Â5"��¡·��±�½��£½�x¤úª σ£½ Σ¤5&?�o��(��±÷v§£½§�¤¶,��¡§·�Ǒ�±�½��(� A 5&? | A | =
f8½'X�±�úª ϕ £ã"
ö´3êÆ¥é~�¶�öK3ênÜ6¥�~­�"é��4�é8 Σ ·�^ Mod Σ 5L«d Σ ��.¤|¤�a" 5XJ Σ ´ü�4�é�8Ü {τ}§·�K^/Mod τ0
Ø^/Mod {τ}0"·�¡£Ó�����óþ¤�(�a K Ǒ�� ��a£EC¤6 XJ�34�é τ �� K ´ Mod τ"·�¡ KǑ�� 2Â��a £EC∆¤XJ�34�é8 Σ§�� K ´ Mod Σ"~~~ 6.2.1. -���ó L = {≈, P} Ù¥ P ´����¢
ÎÒ"- τ Ǒe�n�4�é�Ü�µ
∀x∀y∀z (xPy → yPz → xPz);

∀x∀y (xPy ∨ x ≈ y ∨ yPx);
∀x∀y (xPy → ¬yPx).K?Û τ ��.Ñ´��£î��¤�S"¤±§¤k����S8�¤�a´����a"

5ùp�a´�é8Ü
ó§��`5§Mod Σ Ø´��8Ü§Ø,¬k�Ø"�aÚ8Ü��Éé·��?ØKǑØ�§�Æö�±6��Ñ"
6��a§=©Ǒ elementary class¶2Â��a§=©Ǒ elementary class in a wider sense"k<Ǒr elementary�È¤Ä�"��þ`§��Ǒ�§Ä�Ǒ�§Ñ��´��Ü6¤L��5�§
�¤¢�^/p�0�ó£ã�/p�05�"
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18Ù ���ó�(�Úý�nØ 1�! �½Â55µlþ~·��±wÑµXJ Σ ´��k¡�4�é8§K K = Mod Σ ´����a"
¡·�J�L/+0ù�Vg"·��`²¤k�+|¤����a§¿`²·��±ÀJØÓ��ó"31 o Ù1 � !¥§·�À��óǑ L0 = (e,+)"y3·�À� L1 = {≈, ◦,−1 , e}§Ù¥ ◦ Ú −1 ©O´����Ú��¼êÎÒ§e´��~êÎÒ"3 L1 þ§¤k+�a�±�e�4�é£ã§Ï
´����aµ
∀x∀y∀z (x ◦ (y ◦ z) ≈ (x ◦ y) ◦ z);

∀x (x ◦ e ≈ e ◦ x ≈ x);

∀x (x ◦ x−1 ≈ x−1 ◦ x ≈ e)"·�Ǒ�±À� L2 = {≈, ◦}§Ù¥ ◦ ´����¼êÎÒ"3 L2 þ§¤k+�aE´����a§ÏǑ§�±�e�4�é£ã£�SK¤µ
∀x∀y∀z (x ◦ (y ◦ z) ≈ (x ◦ y) ◦ z);
∀x∀y∃z (x ◦ z ≈ y);

∀x∀y∃z (z ◦ x ≈ y)"5µÀ�ØÓ��óé��§'XØ�§�XJ·�éé{E,5a,��{§·�¬5¿�3 L1 þ§·��^�
�¡þ
§
3 L2 ¥·�I�ü«ØÓ�þ
"ù��[��Ok�¬�)�
KǑ"XJ�ó¥k�
�{§·�k4�é ∃n L«/(�¥��k n �ØÓ���0§~X§∃2 Ú ∃3 ©OǑµ
∃x∃y(x 6≈ y),

∃x∃y∃z(x 6≈ y ∧ y 6≈ z ∧ x 6≈ z)"ù�¤k���+|¤�aÒ´��2Â��a§ÏǑ§´d¤k÷v+�ún¿�÷v {∃2, ∃3, · · · } �(�|¤�"�¡·�¬y²§Ø´����a"·�25?Ø(�S��½Â5"ù«�½Â53ênÜ6´éÊH�§'X§3x����¤8�a L ¥�½Â5´�­��Vg"d	§�.ØÆ[Ǒ²~ïÄ�½Â�8Ü½'X§ÏǑÓvk���?¿8Ü�'§<���¿?Øg,�8Ü§
�½Â�8Ü�±`´g,�"��ò�Ú`§Ø�½Â�8Ü´Ø�g,�"ÙG8ÜØún�ÓÆ�±'�©lúnÚÀJún§d©lún���8Ü´d,�úª½ÂÑ5�§
dÀJún���8Ü  ´Ø�½Â�§Ï
©lún'ÀJúnw�g,"�½���ó L Ú L þ¡���(� A"·�kÚ?���{5;� s(x | d) �a��¡"b½ ϕ(v1, v2, · · · , vk)Ǒ L ���úª§¿� v1, v2, · · · , vk �)
 ϕ¥�¤kg
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1�! �½Â5 18Ù ���ó�(�Úý�nØdC�"éu | A | ¥��� a1, a2, · · · , ak§·��`/ϕ(a1, a2, · · · , ak) ¤á0§�î�/`§�
 ai Ø3�ó L p¡§Ïdþ¡��{vk¿Â"·�7L���`{"äN�{´µ7½Â
|=A ϕ[a1, a2, · · · , ak]XJ�3,�D� s : V →| A | ÷v s(vi) = ai £1 ≤ i ≤ k¤§�� A Ú s ÷v ϕ"5¿µdu v1, v2, · · · , vk �)
 ϕ ¥�¤kgdC�§·�ké?¿÷v s(vi) = ai�D� s§Ñk A Ú s ÷v ϕ"·�¡ k-�'X

{(a1, a2, · · · , ak) :|=A ϕ[a1, a2, · · · , ak]}Ǒúª ϕ 3 A ¥ ½Â �'X"·�¡�� | A | þ� k-�'XǑ �½Â� XJ�3,�úª ϕ 3 A ¥½Â§"~~~ 6.2.2. �	'uêØ��ó L = {0, S,+, ·}"-(� A �Ø�Ǒg,ê8 N§Ù§�ÎÒÑUìg,�)º"KS'X {(m,n) : m < n} 3 A ¥´�½Â�£Ǒ�oº¤"éz��g,ê n§ü:8 {n} Ñ´ A ¥�½Â�£Ǒ�oº¤"¤k�ê�8Ü3 A ¥´�½Â�£Ǒ�oº¤"SSSKKK 6.2.

(1) y²÷ve�4�é�(�Ǒ��+µ
∀x∀y∀z (x ◦ (y ◦ z) ≈ (x ◦ y) ◦ z);
∀x∀y∃z (x ◦ z ≈ y);

∀x∀y∃z (z ◦ x ≈ y)"
(2) éÑ��4�é σ ��é?Û��ê n§σ ÑkäkT� 2n �����.¶¿� σvkT�Ûê����k¡�."\�±b½�ó¥¹k�
§¿��¿℄ÀÙ§ÎÒ"
(3) b½�ó L ¥k�
§¿�kü���¼êÎÒ + Ú ×"ée��8ÜÚ'X§©OéÑ3(� (N,+,×) ¥½Â§�úª"

(a) {0}"
(b) {1}"

7,�«~���{´*Ü�ó L ��éz� | A | ¥��� a, Ñk~êÎÒ a"�, a
A = a"
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18Ù ���ó�(�Úý�nØ 1n! Ó�ÚÓ�
(c) {(m,n) : n ´ m 3 N ¥��U}"
(d) {(m,n) : m < n}§Ù¥ < ´ N þ�g,S"

(4) b½�ó L ¥�¹�
¿�k����¢
 P"ée�^�©OéÑ L ¥�4�é σ ��(� A(= (| A |, PA)) ´ σ ����.��=�T^�¤á"
(a) | A | k�=kü���"
(b) PA ´��l | A | � | A | �¼ê"
(c) PA ´ | A | �g������éA"

1n! Ó�ÚÓ�kwüã��¯µ��åx[3�Åþ�*à
"Åþk�A�<ÑÚ¨kL!"�*Ú¨�I*l�kÜn�å�»"3Ê�����1å¥§��ªu(½8�´Bf¨
"Y�²K�§8�Áã ÅÀ��°§�3f¨
��Ïe§�[à%�Ñ
8�§¤õüá"��H�[3�å�þ�*à
"�þk�A�<ÑÚ�kË"È�
Ú��å*l�koo�å�»"3l�����§¥§��ªu(½8�´BiÅ"Y�²K�§8�Áãò�Àe℄á§�3iÅ��Ïe§�[à%�Ñ
8�§=�ǑS"ùüã�¯��´?ØM¿�Q�~f8"§�·��ù�SNk�o'X3��[��"½½½ÂÂÂ 6.3.1. - A Ú B Ǒ,��½�ó�ü�(�"·�¡��¼ê h :| A |→| B | Ǒ�� l A � B ���Ó� XJ§÷ve�^�µ
(a) éz�£Ø´�
 ≈¤� n �¢
 P§Úz| | A | ¥��� a1, a2, · · · , an Ñk

(a1, a2, · · · , an) ∈ PA ⇔ (h(a1), h(a2), · · · , h(an)) ∈ PB"
(b) éz� n �¼êÎÒ f Úz| | A | ¥��� a1, a2, · · · , an Ñk

h(fA(a1, a2, · · · , an)) = fB(h(a1), h(a2), · · · , h(an))"
8U?g Mace and Vincent-Northam, The Writer’s abc checklist, Accent Press, 2010"
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1n! Ó�ÚÓ� 18Ù ���ó�(�Úý�nØ
(c) éz�~êÎÒ c ·�k h(cA) = cB"3þã½Â¥§XJ h ´��V�§K¡ h Ǒl A � B þ��� Ó�§ ¿¡ AÚ B Ó�§P� A ∼= B"5µ
1. ÆLÄ��ê�ÓÆáǑ�±wÑùp½Â�Ó�´+Ó�§�Ó�§ S�Ó�Úã�Ó����Ä�"�·��^�£a¤��V��Þ§ù'�ê¥Ï~���ü� ⇒ �r§´¤¢�/rÓ�0"�Ä�g�´���§=§Ó�´/�±(�0�N�"
2. k
ë�Ör´ü��Ó�¡ǑÓ�§
rV��Ó�¡ǑNþ�Ó�"du·�'uÓ��?ØØõ§ÏdǑ
;�·Ï§·�¤!�Ó�Ñ´Nþ�Ó�"e¡�Ó�½nw�·�úª�ýb´N�ÏLÓ�l��(�D�,��(�¥�"½½½nnn 6.3.1 (Ó�½n). b½ h Ǒl A � B ���Ó�§¿� s : V →| A |"K

(a) é?¿� t§h(s(t)) = h ◦ s(t)"
(b) é?ÛØ¹þ
�Ø¹�
�úª α§|=A α[s] ��=� |=B α[h ◦ s]"
(c) XJ h ´ü�§K (b) ¥�úª α �±�¹�
"
(d) XJ h ´ A � B �÷�§K (b) ¥�úª α �±�¹þ
"y²: ·�ò (a) 3�SK"

(b) - α Ǒ��Ø¹�
Úþ
�úª§·�é α �18B5yµ|=A α[s] ��=�
|=B α[h ◦ s]"XJ α´���fúª Pt1t2 · · · tn§Ù¥ P ´ n-�¢
ÎÒ§t1, t2, · · · , tn ´�"K

|=A Pt1t2 · · · tn[s]
⇔ (s(t1), s(t2), · · · , s(tn)) ∈ PA

⇔ (h(s(t1)), h(s(t2)), · · · , h(s(tn))) ∈ PB

⇔ (h ◦ s(t1), h ◦ s(t2), · · · , h ◦ s(tn)) ∈ PB

⇔ |=B Pt1t2 · · · tn[h ◦ s]"XJ α /Ǒ ¬β ½ö/Ǒ β → γ§K~1/|^8Bb�=���y²"
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18Ù ���ó�(�Úý�nØ 1n! Ó�ÚÓ�
(c) �Ø h ´Ø´ü�§·�okµ

|=A u ≈ t[s] ⇔ s(u) = s(t)

⇒ h(s(u)) = h(s(t))

⇔ h ◦ s(u) = h ◦ s(t)
⇔ |=B u ≈ t[h ◦ s]"XJ h ´ü�§K1�Ú�/⇒0�±_="

(d) �Ø h ´Ø´÷�§·�okµ
|=A ∀xβ[s] ⇔ é¤k� d ∈| A | |=A β[s(x | d)]

⇔ é¤k� d ∈| A | |=B β[h ◦ (s(x | d))]
⇔ é¤k� d ∈| A | |=B β[(h ◦ s)(x | h(d))]
⇐ é¤k� e ∈| B | |=B β[(h ◦ s)(x | e)]
⇔ |=B ∀xβ[h ◦ s]"XJ h ´÷�§K�ê1�Ú�/⇐0�±_="¿�5¿1n�/⇔0´ÏǑD�¼ê h ◦ (s(x | d)) Ú (h ◦ s)(x | h(d)) �Ǒl V � B �¼ê´���£öS¤"½½½ÂÂÂ 6.3.2. �½���ó L ÚÙþ�ü�(� A Ú B"·�¡§�Ǒ ���d�§ P� A ≡ B§XJé L ¥�?Û��4�é σ Ñk |=A σ ��=� |=B σ"5µ

1. ���d´���~­��Vg§�k3ênÜ6p¡§<�â¬Xd­ÀïÄé��5�éÙ£ã�ó��6§Ý"
2. Ó�½nw�·�µ?Ûü�Ó���.Ñ´���d�"ù3�*þé�n)§ÏǑÓ��ü�(���þÒ´Ó��§�ØL´/I\0ØÓv
"Ïd3��(�p¤á�¯¢3§�Ó�N¥g,Ǒ¤á"
3. k¿g�´Ù_·K´Ä¤áº=´Ä���d�(�Ñ´Ó��º�¡·�¬�Ñ�~`²§Ø¤á"�nØJn)§ü�(����d�ØL`²§^·�5½��ó·��{£ãÑ§��«O§¿Ø¿�X§�vkO�«O"�é{`§���d�ØÓ��y��`²·��ó�"y
®"(� A þ��� gÓ� Ò´l A � A g����Ó�"dÓ�½n§·��±�Ñe�íØ§`²?ÛgÓ�Ñ�±�½Â�'X"
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1n! Ó�ÚÓ� 18Ù ���ó�(�Úý�nØíííØØØ 6.3.1. - h Ǒ(� A þ���gÓ�§¿� R ´ | A | þ��� A ¥�½Â�
n-�'X"Ké?¿ | A | ¥��� a1, a2, · · · , an§

(a1, a2, · · · , an) ∈ R⇔ (h(a1), h(a2) · · · , h(an)) ∈ R"y²: - ϕ Ǒ A ¥½Â R �úª"�âÓ�½n£Ǒ�oº¤§
|=A ϕ[a1, a2, · · · , an]⇔|=A ϕ[h(a1), h(a2), · · · , h(an)]"Ïd§
(a1, a2, · · · , an) ∈ R⇔ (h(a1), h(a2), · · · , h(an)) ∈ R£
ù�´·�/�±0 R �¿g¤"XJ��(�þkéõgÓ�§·�²~^íØ 6.3.1 �_Ä·K5y²,
8Ü½'X�Ø�½Â5"~~~ 6.3.1. �	d�N¢êÚÙþ�g,S|¤�(� (R, <)"½Â h : R → R Ǒ

h(x) = x3"K h ´T(����gÓ�£Ǒ�oº¤" h−1(x) = 3
√
x Ǒ´gÓ�"|^

h−1 ·��±y² N 3(� (R, <) ¥´Ø�½Â�£Ǒ�oº¤"SSSKKK 6.3.

(1) y²Ó�½n¥� (a) Ü©"
(2) éÑ¤k3(� (R, <) ¥�½Â� (a) R �f8¶(b) R þ���'X"¿y²\�(Ø"
(3) y²\{¼ê�ã� {(m,n, p) : p = m+ n} £�Ǒn�'X¤3(� (N, ·) ¥Ø�½Â"J«µé��(� (N, ·) þ�rü��ê/p�0�gÓ�"
(4) - L = {≈, ◦} Ù¥ ◦ Ǒ����¼êÎÒ"ée� L �(�©O�Ñ��4�é§�Ù3��(�S¤á§
3,n�(�¥Ø¤á"Ïd§�üüpØ���d"

(a) (R;×) Ù¥ × ´¢êþÏ~��{¶
(b) (R∗;×∗) Ù¥ R∗ ´�"¢ê�8Ü§×∗ ´ × 3 R∗ þ���¶
(c) (N; +) Ù¥ + ´g,êþÏ~�\{¶
(d) (P; +∗) Ù¥ P ´��ê�8Ü§+∗ ´ + 3 P þ���"
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18Ù ���ó�(�Úý�nØ 1n! Ó�ÚÓ�
(5) - L = {≈, P} Ù¥ P Ǒ����¢
ÎÒ"�	(� (P, |) Ù¥ P ´��ê�8Ü§¿� | Ǒ�Ø'X"

(a) ¤k�ê�8Ü3T(�¥�½ÂíºǑ�oº
(b) Ï~��u'X a < b 3T(�¥�½ÂíºǑ�oº

(6) (a) b½�ó L ¥Ø
�
�	=k����¢
 P"y²XJ A ´�� L þ�k¡(�§¿� A ≡ B§K A � B Ó�"
(b) y² (a) é?Û�¹�
��óÑ¤á"
[5µù`²·�kUå/��Ǒx0k¡�(�" ]

(7) - L Ǒ���½��ó!A Ǒ L ���(�¿� B ´Ø� | A | ���f8"·�¡ | A | ���f8 D Ǒ A ¥^ B p�ëê�½Â� XJ�3��g,ê k!�� L-úª ϕ(x, y0, y1, · · · , yk−1) Ù¥ x, y0, y1, · · · , yk−1 Ǒ ϕ ��ÜgdC�Ú��
b0, b1, · · · , bk−1 ∈ B ��

D = {a ∈| A |:|=A ϕ[a, b0, b1, · · · , bk−1]}"�	(� (R, <)"�½ R ���f8 B"y²��8Ü A ´ (R, <) ¥^ B p�ëê�½Â���=� A ´k¡õ�± B p���Ǒà:�«m�¿" 5¿: ùp/«m0Ú/à:0�½Â3�Öö"y²¥XJI�,
gÓ��5�§ǑF"Öög1òÙL��Ù¿y²"
(8) b½ X Ǒ | A | ���f8¿�3(� A �¤kgÓ�eØC§X �½´ A þ�½Â�í?
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1n! Ó�ÚÓ� 18Ù ���ó�(�Úý�nØ
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1ÔÙ x����5½n
1�! ��5½n½½½nnn 7.1.1 (��5½n). XJ Γ ⊢ ϕ§K Γ |= ϕ"·�ry²©¤�
��Ú½"Äk5¿�µXJ Γ |= ψ ¿� Γ |= ψ → ϕ§K

Γ |= ϕ"£Ǒ�oº¤�é{`§©l5K�±ý(5"Ïd·��I�y¤kúnÑ´ÊHk��"�âSK 6.1§��úª θ ´ÊHk����=� ∀xθ ´ÊHk��"·���µ��ÊHk�úª�V)E´ÊHk��"¤±·���u�8|ún§�yz�|¥�úªÑ´ÊHk��"SK 6.1 �w�·�§{∀x(α → β), ∀xα} |= ∀xβ Ú� x Ø3 α ¥gdÑy�§
α→ ∀xα"Ï
1nÚ1o|únÑ´ÊHk��"·�r1�|ún�ÊHk�53�SK"1Ê|ún x ≈ x �ÊHk�5´w,�"·�25w18|ún�ÊHk�5µx ≈ y → (α → α′)§Ù¥ α Ǒ�fúª¿�
α′ ´ò α ¥ÑyeZ� x ^ y O�¤���"·��I�y {x ≈ y, α} |= α′"�½��(� A ÚD� s ÷v |=A x ≈ y[s]§=§s(x) = s(y)"ÏLé� t �18B£äNÚ½�Ñ¤§·��±y² s(t) = s(t′) Ù¥ t′ ´ò t ¥ÑyeZ� x ^ y O�¤���"XJ
α ´ t1 ≈ t2§K α′ Ǒ t′1 ≈ t′2§Ï
 |=A α[s] ��=� s(t1) = s(t2)��=� s(t′1) = s(t′2)��=� |=A α

′[s]"aq�y²é/X Pt1 . . . tn ��fúª α Ǒ·^"¤±·���e�y1�|O�ún�ÊHk�5"·�ky²��Ún"ÚÚÚnnn 7.1.1 (O�Ún). XJ� t �±3úª ϕ ¥O�C� x§K |=A ϕx
t [s] ��=�

|=A ϕ[s(x | s(t))]"y²: ·�éúª ϕ �18B"�©�/µϕ ´�fúª"Äk|^é� u �18B§éN´y²µé?Û� u Ú
t§Ñk s(uxt ) = s(x | s(t))(u)"·�ùp�y²� ϕ Ǒ Pu1u2 · · ·un ��/§
r ϕ Ǒ
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1�! ��5½n 1ÔÙ x����5½n
u1 ≈ u2 ��y3�Öö"

|=A (Pu1u2 · · ·un)xt [s]��=� (s((u1)
x
t ), s((u2)

x
t ), · · · , s((un)xt )) ∈ PA��=� (s(x | s(t))(u1), s(x | s(t))(u2), · · · , s(x | s(t))(un)) ∈ PA��=� |=A Pu1u2 · · ·un[s(x | s(t))]"8B�/µ·��?nþ
��/§
r ϕ Ǒ ¬ψ ½ö ψ → θ ��/3�Öö"XJ ϕ Ǒ ∀yψ ¿� x Ø3 ϕ ¥gdÑy"�L5¿ s Ú s(x | s(t)) 3Ñy3 ϕ ¥�gdC�þ���Ó§�k ϕx

t Ò´ ϕ§áǑ���(Ø¤á"�e��/Ǒ ϕ Ǒ ∀yψ ¿� x �(3 ϕ ¥gdÑy"du t �±3 ϕ ¥O� x§·�k y Ø3 t ¥Ñy¿� t �±3 ψ ¥O� x"¤±§éØ� | A | ¥�?Û d Ñk
s(t) = s(y | d)(t)"du x 6= y§ϕx

y = ∀yψx
t"¤±

|=A ϕ
x
t [s]��=� é¤k d, |=A ψ

x
t [s(y | d)],��=� é¤k d, |=A ψ[s(y | d)(x | s(t))] �â8Bb½��=� |=A ϕ[s(x | s(t))]"ùÒ�¤
éO�Ún�8By²"�£�é1�|ún��5��y"b½ t 3 ϕ ¥�±O� x ¿� |=A ∀xϕ[s]"·�I�y² |=A ϕ

x
t [s]"·���é | A | ¥�?¿�� d§Ñk |=A ϕ[s(x | d)]"AO/§� d Ǒ s(t)§·�k |=A ϕ[s(x | s(t))]"�âO�Ún§|=A ϕ

x
t [s]"�d��5½n�y�."·�Qã��5½n�ü�~^íØ"íííØØØ 7.1.1. XJ ⊢ (ϕ↔ ψ)§K ϕ Ú ψ �Â�d"íííØØØ 7.1.2. XJ Γ ´�÷v�§=�3(� A ÚD� s ÷v Γ ¥�¤kúª§K Γ ´���"

1�! ��5½n/XJ�����é3¤k��.¥Ñ¤á§��½´ÏǑk��Ú���Ï£y²¤§
Ø´
uó,4§3ØÓ��.S½3ØÓ��/eÏØÓ��Ï
¤á"0 – Ù.d1

1Ù.d§Andreas Blass £1947 - ¤§{IÜ6Æ[§êÆ["
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1ÔÙ x����5½n 1�! ��5½n�e5·�y²��5½n�_½n – ��5½n"���y²´x��3 1929 
y² 1930 
uL�"·�e¡æ^�y²´"� 23 1949 
�Ñ�"·���Ä���ó´�ê��/§=�ó¥¤k�ÎÒ|¤���ê8"3½½½nnn 7.2.1 (��5½n).

(a) XJ Γ |= ϕ§K Γ ⊢ ϕ"
(b) ?Û���úª8Ñ´�÷v�"�âÚn 3.8.3§(a) � (b) �d"£Ǒ,Ún 3.8.3 ?Ø�´·KÜ6§�y²�\UÄBé��Ü6Ǒ·^"¤¤±·��y² (b)"·�Äk�Ä�ó¥vk�
��¹"b½ Γ ´�����úª8"y²�g´�·KÜ6���5½n�q"·�Äkr Γ*¿¤��4���8 ∆ ��)�x#�/"�ún0§ ±�Ï·�?nþ
"¤¢"�ún�/ªXeµ

¬∀xϕ→ ¬ϕx
c ,Ù¥ c ´/#�0~êÎÒ"·����Ù¢´V\ ∃xψ → ψx

c§=éz���35��éÑV\����yâ c"·��¤±þ��d/ª´ÏǑ�¡^å5���"��þ`§"�únÙ¢Ò´þ
��§�d´V\#�~ê"k
ù�� ∆ ��§·�éN´/ÖÑ0��÷v ∆ ¥£Ø
��
�¤¤kúª�(�ÚD�"Äk·���ó L ¥V\�êõ�#�~êÎÒ C = {c0, c1, · · · }"r*����óP� LC"·��y Γ 3#��ó¥E,´���"ùfå5´w,�§�V\
~êÎÒ�§únCõ
§·��´k7��y�e"£ù¢Sþ´�¡8B�y"�ún���5��Ü©"¤bX3*Ü�ó�� Γ C�Ø��
§K�3£LC S�¤úª β Ú,�£LC S�¤l Γ � β ∧ ¬β �y²S�"5¿�y²S�¥�¹�#~êÎÒǑk¡õ"·��±^~êV)½nr§�ÑO�¤C�§l
����l Γ � (β′ ∧¬β′)£3
L ¥�¤y²S�§Ù¥ β′ ´l β ¥r#~êÎÒO�¤C�
���"du β′ ´ L¥�úª§ù� Γ ���5gñ"�e5·�V\¤¢ "�ún §=é¤k£LC ¥�¤úª ϕ Ú¤k�C� x§·�Ñ� Γ ¥V\úª

¬∀xϕ→ ¬ϕx
c ,Ù¥ c ´,�#~êÎÒ"äN�{Xe4µ�½��£LC ¥¤úªÚC�kSé (ϕ, x)�qÞµ

(ϕ1, x1), (ϕ2, x2), · · ·
2"�§Leon Henkin (1921 - 2006)§{IÜ6Æ["
3��5½néØ�ê�óǑ¤á§�ØLy²�^�ÀJún�8ÜØóä"
4,�«~���{´µl�ó L0 = L Ñu§V\�êõ~ê C0 �� L0 ¥�úªÑk"�ún��§��ó*�¤ L1 = L0 ∪ C0 ��§·���V#�~ê C1 �� L1 ¥�úªÑk"�ún��§Xde�§·�I�*¿ ωÚâU��8�"
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1�! ��5½n 1ÔÙ x����5½nqÞ�35´d�ó��ê5�y�"- θ1 Ǒ
¬∀x1ϕ1 → ¬(ϕ1)

x1

ci1
,Ù¥ ci1 Ǒ1��Ø3 ϕ1 ¥Ñy�#~êÎÒ"bX·�®²?n�

 k �kSé§¿�½Â
"�ún {θ1, θ2, · · · , θk}§K- θk+1 Ǒ

¬∀xk+1ϕk+1 → ¬(ϕk+1)
xk+1

cik+1

,Ù¥ cik+1
Ǒ1��3 ϕ1 · · · , ϕk, ϕk+1, θ1, · · · , θk ¥ÑØÑy�#~êÎÒ"ù�Øä/�e�§·��ª����úª8 Θ = {θ1, θ2, · · · }"·��y Γ ∪ Θ E,´���µXJØ���{§K�ây²S��k�5Ú
¡�y� Γ ���5§Ò�3,� m ≥ 0§��

Γ ∪ {θ1, · · · , θm+1}ǑØ���"À����ù�� m"�â£RAA¤
Γ ∪ {θ1, · · · , θm} ⊢ ¬θm+1"b� θm+1 Ǒ

¬∀xϕ→ ¬ϕx
c"�â­ó5K§·�k

Γ ∪ {θ1, · · · , θm} ⊢ ¬∀xϕ,¿�
Γ ∪ {θ1, · · · , θm} ⊢ ϕx

c"5¿� c 3L�ª�>ØÑy§�â~êV)½n§·�k
Γ ∪ {θ1, · · · , θm} ⊢ ∀xϕ,ù� m �4�5gñ"·�3��úª8 Γ∪ΘUY*Ü§±����4����úª8 ∆§=é?Ûúª

ϕ ½ö ϕ ∈ ∆ ½ö (¬ϕ) ∈ ∆"äN�{�·KÜ6¥��
0Ún�y²��aq§ùpØ2­E"5¿?Û�4���8 ∆ Ñé�{�«£½`éí�¤µ4µXJ ∆ ⊢ ϕ§K��5w�·� ∆ 6⊢ ¬ϕ ¤± (¬ϕ) 6∈ ∆§3�â4�5§Òk ϕ ∈ ∆"�(µ·�*¿
�ó§V\
"�ún8 Θ§¿r Γ ∪ Θ *¿¤��4���8
∆"e�Ú·�òl ∆ ¥/ÖÑ0��#�ó LC þ�(� A§�r�
 ≈ 6�O�¤��#���¢
 E"£�
�?nò�·�e�Ú�ó�"¤(� A �½ÂXeµ
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1ÔÙ x����5½n 1�! ��5½n
(a) Ø� | A | Ǒ�ó LC þ¤k��8Ü"
(b) ½Â��'X EA Ǒ (u, t) ∈ EA ��=�úª u ≈ t áu ∆"
(c) éz� n-�¢
ÎÒ P§½Â n-�'X PA Ǒ

(t1, t2, · · · , tn) ∈ PA ��=� Pt1t2 · · · tn ∈ ∆"
(d) éz� n-�¼êÎÒ f§½Â fA Ǒ fA(t1, t2, · · · , tn) = ft1t2 · · · tn"
(e) éz�~êÎÒ c§½Â cA = c"½ÂD�¼ê s : V →| A | Ǒ�Ó¼ê§=é¤k�C� v§s(v) = v"ÚÚÚnnn 7.2.1. é?¿� t§s(t) = t"é?¿úª ϕ§|=A ϕ

∗[s] ��=� ϕ ∈ ∆§Ù¥ ϕ∗ ´ò ϕ ¥��
^ E O�
���"y²: ÏLé� t �18B§ØJy² s(t) = t"[!·�3�Öö"·�e¡éúª ϕ ¥Ñy�é
Úþ
��ê k �18B§y² |=A ϕ
∗[s] ��=�

ϕ ∈ ∆"�©�/µk = 0 K ϕ Ǒ�fúª"XJ ϕ Ǒ Pt1t2 · · · tn§K
|=A ϕ

∗[s]��=� |=A Pt1t2 · · · tn[s]��=� (s(t1), s(t2), · · · , s(tn)) ∈ PA��=� (t1, t2, · · · , tn) ∈ PA��=� Pt1t2 · · · tn ∈ ∆"XJ ϕ Ǒ u ≈ t§K
|=A ϕ

∗[s]��=� |=A uEt[s]��=� (s(u), s(t)) ∈ EA��=� (u, t) ∈ EA��=� u ≈ t ∈ ∆"8B�/µb½·�®²y²
Únéé
Úþ
�êǑ k �úª¤á"�	,�é
Úþ
�êǑ k+ 1 �úª ϕ" ϕ kn«�U5µ¬ψ§α→ β Ú ∀xψ§Ù¥ ψ, α Ú
β �é
Úþ
�ê�u½�u k"bX ϕ Ǒ ¬ψ§KÏ~�8B�±rÏ§·�Ñ�[!"

111



1�! ��5½n 1ÔÙ x����5½nbX ϕ Ǒ α→ β§K
|=A (α→ β)∗[s] ��=� 6|=A α

∗[s] ½ö |=A β
∗[s],��=� α 6∈ ∆ ½ö β ∈ ∆,��=� ¬α ∈ ∆ ½ö β ∈ ∆"�Ø ¬α ∈ ∆ �´ β ∈ ∆§·�Ñk ∆ ⊢ (α → β)"�â ∆ éí��µ45§·�k

(α → β) ∈ ∆",��¡§XJ (α → β) ∈ ∆§K½ö α 6∈ ∆ ½ö [α ∈ ∆ ¿� ∆ ⊢ β]"Ï
½ö ¬α ∈ ∆ ½ö β ∈ ∆§2����þ©�Øy§Ò�� |=A (α→ β)∗[s]"bX ϕ Ǒ ∀xψ§·�y²µ|=A ∀xψ∗[s] ��=� ∀xψ ∈ ∆ £5¿·�^
 ∀xψ∗ Ǒ
(∀xψ)∗ ù�¯¢"¤l��m§·�kÀ� c Ǒ"�ún ¬∀xψ → ¬ψx

c ¥�~ê c§,�kµ
|=A ∀xψ∗[s] ⇒ |=A ψ

∗[s(x | c)]
⇒ |=A (ψ∗)xc [s] dO�Ún
⇒ |=A (ψx

c )
∗[s]

⇒ ψx
c ∈ ∆

⇒ ¬ψx
c 6∈ ∆

⇒ (¬∀xψ) 6∈ ∆ ÏǑ θ ∈ ∆ ¿� ∆ éí�µ4
⇒ ∀xψ ∈ ∆"lm��§Äk|^�åC�O�kÀ��úª φ �� φ Ú ψ ��O=3u�åC�£Ï
é
Úþ
��êØC¤¿� t£t �À{�e©¤3 φ ¥�±O� x"·�k

6|=A ∀xψ∗[s] ⇒ 6|=A ψ
∗[s(x | t)] é,� t§À�¿�½

⇒ 6|=A φ
∗[s(x | t)] ÏǑ ψ∗ Ú φ∗ �Â�d

⇒ 6|=A (φx
t )

∗[s] �âO�Ún
⇒ φx

t 6∈ ∆ �â8Bb�
⇒ ∀xφ 6∈ ∆

⇒ ∀xψ 6∈ ∆ �â�åC�O�Ún"ùÒ�¤
é8B�/�y²"�(µ·���
��(� A Ú��D� s§§�÷v ∆ p¡¤kØ¹�
 ≈ �úª"·�e¡?n�
"Äkww�
�.�5�o¯K"£Á�e·�é�
�)º�AÏ��"~X§b½·���ó¥�5k~êÎÒ d§·�3V\"�ún�§¬r ∃x(x ≈ d) → c ≈ d V\?�§Ù¥ c ´��#�~êÎÒ§AO/§c 6= d"¤±
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1ÔÙ x����5½n 1�! ��5½n
c ≈ d ∈ ∆"�´3·��(� A ¥§|=A c ≈ d ��=� cA = dA = c = d§ǑÒ´ c Ú
d ´Ó��~êÎÒ§ùw,´Øé�"·�)û�Y´�Äû(� A/E§§�½ÂǑ A �K�d'X EA"��þ`§Ò´r� c, d ù��÷v c ≈ d ∈ ∆ ���Óå5§w¤��ÀÜ"¯KÒ)û
"äN[!XeµÚÚÚnnn 7.2.2. EA ´Ø� | A | þ���ÜÓ'X§ǑÒ´`§
(1) EA ´Ø� | A | þ����d'X"
(2) é�ó¥�?Û��Ø´�
� n-�¢
ÎÒ P§?Û�� ti Ú ui £i =

1, 2, · · · , n¤XJé¤k� i ≤ n§tiEAui§K
(t1, t2, · · · , tn) ∈ PA %º (u1, u2, · · · , un) ∈ PA"

(3) é�ó¥�?Û�� n-�¼êÎÒ f§?Û�� ti Ú ui £i = 1, 2, · · · , n¤XJé¤k� i ≤ n§tiEAui§K
fA(t1, t2, · · · , tn)EAfA(u1, u2, · · · , un)"y²: Ún�y²��þ´1 Ê Ù¥�
'u�
�S½n"·�3�SK"éz� | A | ¥��� t§- [t] L«�¹§��da"½Â û(� A/E Xeµ

(a) Ø� | A/E |= {[t] : t ∈| A |}§=d t ��da [t] /¤�8Ü"
(b) éz� n-�¢
ÎÒ P§

([t1], [t2], · · · , [tn]) ∈ PA/E��=�(t1, t2, · · · , tn) ∈ PA"
(c) éz� n-�¼êÎÒ f§

fA/E([t1], [t2], · · · , [tn]) = [fA(t1, t2, · · · , tn)]"
(d) éz�~êÎÒ c§cA/E = [cA]"ÚÚÚnnn 7.2.3. é?¿úª ϕ§|=A/E ϕ[S] ��=� ϕ ∈ ∆§Ù¥D� S Ǒ S(v) = [v]"·��±r S w¤d�ÓD� s p�Ñ�D�"���/§z��D� r Ñg,p�Ñ��û(��D� R§=éz��C� v§R(v) = [r(v)]"y²�g´´�ìÚn

7.2.1 Úû(��½Â§?1.~�8B�y"
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1�! ��5½n 1ÔÙ x����5½ny²: �âÚn 7.2.1§�Iy²µ|=A/E ϕ[S] ��=� |=A ϕ
∗[s]"·�é ϕ �18B§y²e�Ñ�r�:�·Kµé?¿D� r§|=A/E ϕ[R] ��=� |=A ϕ

∗[r]§Ù¥ R Ǒd r p�Ñ�D�"Äk§ÏLé� t �18B§éN´y²µé?¿� t§R(t) = [r(t)]"
�é¤k�
u§ r(x | u) p�Ñ�D�Ǒ R(x | [u])"�©�/µϕ Ǒ�fúª"XJ ϕ Ǒ Pt1t2 · · · tn§Ù¥ P ǑØ´�
� n-�¢
ÎÒ"K

|=A/E Pt1t2 · · · tn[R]��=� (R(t1), R(t2), · · · , R(tn)) ∈ PA/E��=� ([r(t1)], [r(t2)], · · · , [r(tn)]) ∈ PA/E��=� (r(t1), r(t2), · · · , r(tn)) ∈ PA��=� |=A Pt1t2 · · · tn[r]"XJ ϕ ´�fúª t ≈ t′§K
|=A/E t ≈ t′[R]��=� R(t) = R(t′)��=� [r(t)] = [r(t′)]��=� r(t)EAr(t′)��=� |=A (t ≈ t′)∗[r]"8B�/µ·�ré
 ¬ Ú → �?n3�Öö§��	 ϕ Ǒ ∀xψ ��/µ

|=A/E ϕ[R]��=� éz��� u§ |=A/E ψ[R(x | [u])]��=� éz��� u§ |=A ψ
∗[r(x | u)] 8Bb½��=� |=A ∀xψ∗[r]��=� |=A ϕ[r]"ùÒ�¤
éÚn�8By²"Ún 7.2.3 q��¤
��5½n�y²"�¢Sþ·��LÞ
"·�I��´���ó L �(�§=��½Â�Ǒ L ¥ÎÒ�£)º¤¼ê§·����´��*¿���ó LC þ�(�"Ïd·�r(� A/E ��3*¿
��ó L þ§¤���(�Ò´��5½n¤��"
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1ÔÙ x����5½n 1n! g,íüXÚ���5Ú��5SSSKKK 7.1.

(1) (a) - A Ǒ��(�¿� s : V →| A | Ǒ���C��D�"ddp�Ñ��ý��� v ½Â3�úª£¤/¤�·KÎÒ¤þµ
v(α) = T ��=� |=A α[s]"y²é?¿úª α £Ø�½Ǒ�úª¤Ñkµ
v(α) = T ��=� |=A α[s]"

(b) d (a) �ÑµXJ ϕ ´1�|ún¥�úª£¯¢þ§é?Û��¿Âe�­óª ϕ¤§K |= ϕ" [ù´��5½ny²��Ü©" ]

(2) y²Ún 7.2.2"
(3) - Λ Ǒ·�
¡À½
��Ü6�ún8"·�e¡é Λ ?1�
UÄ§ww§é�{Ú�Âk�oKǑ"

(a) bX·�� Λ V\���ÊHk��úª ψ§y²��5½nØ2¤á"
(b) bX·�r�,��4à§- Λ = ∅§=vk?Û�Ü6ún"y²��5½nØ2¤á"
(c) bX·�� Λ V\��#�ÊHk�úª ψ§y²d���5½nÚ��5½nÑ�,¤á"

(4) £�öS?Ø�3þ
~z5K�ü«/ª§�Ø�^��5Ú��5½n"¤
(a) 5K��{/ªµb½~êÎÒ c 3úª ϕ§ψ§Úúª8 Γ ¥ÑØÑy§¿� Γ ∪ {ϕx

c} ⊢ ψ"K Γ ∪ {∃xϕ} ⊢ ψ"
(b) 5K��Â/ªµb½~êÎÒ c 3úª ϕ§ψ§Úúª8 Γ ¥ÑØÑy§¿� Γ ∪ {ϕx

c} |= ψ"K Γ ∪ {∃xϕ} |= ψ"
1n! g,íüXÚ���5Ú��5·�÷^1 Ê Ù1 Ê !�g,íüXÚ"Ù��5´ØJy²�§·�3�öS"·�e¡y²§�f��5§=§�±y²¤k�ÊHk�ª"�ug,íü¥��/ª���5½nǑ´¤á�§k,��Öö�±ë� [7] ½Ù§y²Ø�ë�Ö"
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1n! g,íüXÚ���5Ú��5 1ÔÙ x����5½n·�®²k
"��y²§Ty²3�.Ø¥�~k^§ÏǑ|^~êÎÒ5�E�.´�.Ø¥�Ä���{"3�¡!�;�5½nÚ§�A^�§^���{��þÑ´"��E"·�e¡�Ñ�|Ïy²ä��E�.�{Ǒ,Ǒ|^
�§�§Jø�·��
#�&E"�´�±���
y²ØÆ['%�5�§X§����Ú¤¢fúª5�§=XJ��úª´�y�§K�3��£g,íüXÚ�¤y²§Ù¥Ñy�Ñ´§�fúª"�´§Jø�·��
U15�&E"ù�:k
�
§·�:�Ǒ�"k
Öö�U¬'%x�����5½n´Ä�3/k¡êÆ0¥��y²"le¡�y²·��Ù/w�§·�I�3,�äþ<����¡|"Ïd��5½nØU3/k¡êÆ0¥��y²"°(���´�íêÆ¥Xe�½nµ��5½n�duf��ZÜÚn5"·�y²µXJ 6⊢ Γ§K Γ Ø´ÊHk��"y²g´´µ·�Áãl Γ Ñu§Ïé§���y²ä"3ÏéL§¥§·�Ø^��5K§
rÙ§ín5K�L5^§¿r Γ p�úª©)¤Ùfúª"du Γ Ø´�y�§·��Ïé5½�}§�l�}�¥·��±ÖÑ��4 Γ Ø¤á��.£��.¤"[!XeµÄkr Γ ¥�úªü¤��S�§�fúª£XJk�{¤3
"- α ǑS�¥1����fúª§∆ ǑÙ{Ü©§KS� Γ /Xµ
Γ =eZ�fúª, α,∆",�·�^eã5Kr α 
¤Ùfúª§l
�)#�úªS� Γ′§3 (∧) �/¥·�¬��ü�#S� Γ′

0 Ú Γ′
1"

(∨) Γ = eZ�fúª§(α0 ∨ α1),∆§K Γ′ = Ó��fúª§ α0, α1,∆¶
(∧) Γ = eZ�fúª§(α0 ∧ α1),∆§Ké i = 0, 1§Γ′

i = Ó��fúª§ αi,∆"
(∀) Γ = eZ�fúª§∀xβ(x),∆§K Γ′ = Ó��fúª§β(vj),∆§Ù¥ vj Ǒ��î8Ǒ�vk^�L�C�¶
(∃) Γ = eZ�fúª§∃xβ(x),∆§K Γ′ = Ó��fúª§β(vk),∆, ∃xβ(x)§Ù¥ vkǑ v0, v1, v2, · · · ¥1��î8Ǒ�vk^5�¤ ∃xβ(x) yâ�C�"­EþãL§§·�Ò����S� Γ,Γ′,Γ′′, · · ·§¿��±ü¤äG§ò Γ ü3�e¡§,�ge
þ§�gV\ Γ′,Γ′′, · · · ��"~X§§k�U´µ

Γ′′
0 Γ′′

1

Γ′

Γ "5¿�·��)¤5KT�´rín5K�L5§Ïd3ù�äþ§ü3e¡� Γ∗ �±ÀǑlü3§þ¡� Γ∗∗ Uìg,íü5K�Ñ�§£3 (∧) �/¥K´l Γ∗∗
0 Ú Γ∗∗

1 ¥
5f��ZÜÚn§Weak König Lemma (WKL0)§�ZÜ§Dénes König £1884 - 1944¤§:ß|êÆ["
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1ÔÙ x����5½n 1n! g,íüXÚ���5Ú��5�Ñ�¤"XJuyä�,�!:þ�úª8´��ún§KÊ�ù�|��E"�â ΓØ�y�b½§ù�ä��k�|§PǑ p§½ö (a) ª(u��d�fúª|¤��Ø´ún�S�¶½ö (b) [Øª(§=/¤���¡|"l©| p ¥·�½Â�� Γ �/��.0 A XeµØ� | A | Ǒg,ê8 N¶éz�¢
ÎÒ Pj ½Âµ
(i1, i2, · · · , in) ∈ PA

j ��=� �fúª Pj(vi1 , vi2 , · · · , vin) Ø3©| p ¥Ñy"ÚÚÚnnn 7.3.1. -D�¼ê s Ǒ s(vi) = i"é?¿3©| p ¥Ñy�úª α§Ñk 6|=A α[s]"y²: éúª α �18B"5¿µ�âS���E§z�� p ¥Ñy���fúªÑ¬kÅ¬�?n�§Ïd§�fúªÑ¬3 p ¥Ñy"�©�/µα Ǒ�fúª Pj(vi1 , vi2 , · · · , vin)§K�â½Â§ 6|=A α[s]"8B�/µ·�©¤Xef�/5?Øµf�/ 1µαǑ P j(vi1 , vi2 , · · · , vin)"du p¥Ø¹ún§Ïdúª Pj(vi1 , vi2 , · · · , vin)3 p ¥ØÑy§¤± |=A Pj(vi1 , vi2 , · · · , vin)[s]§Ï
 6|=A α[s]"f�/ 2µα Ǒ α0 ∨ α1"�·�?n α �§α0 Ú α1 Ñ�V? p ¥"�â8Bb½§·�k 6|=A α0[s] Ú 6|=A α1[s]"¤± 6|=A α[s]"f�/ 3µα Ǒ α0 ∧ α1"�·�?n α �§α0 Ú α1 ��k���V? p ¥"�â8Bb½§·���k 6|=A α0[s] ½ 6|=A α1[s]"¤± 6|=A α[s]"f�/ 4µα Ǒ ∀xβ(x)"�·�?n α �§,� β(vj) �V? p ¥"�â8Bb½§·�k 6|=A β(vj)[s]"¤± 6|=A α[s]"f�/ 5µα Ǒ ∃xβ(x)"�â�E§·�¬?n α �¡õg§3zg?n§�§j-������Ø3 p ¥� β(vj) �V? p ¥"¤±§éz��g,ê i§β(vi) Ñ3 p ¥Ñy"�â8Bb½§éz��g,ê i§·�k 6|=A β(vi)[s]"¤± 6|=A α[s]"ùÒ�¤
Ún�8By²"íííØØØ 7.3.1 ([® 1936). XJ Γ ´g,íüXÚ���½n§Kk�� Γ �y²äÙ¥vk^���5K"y²: b½ ⊢ Γ"�â��5½n§|= Γ"¤±XJ·�^��5½ny²¥��{5|¢§(J�½éØ� Γ ���."Ïd�½�� Γ ���y²ä"�â�E§ù�y²äw,vk^���5K"SSSKKK 7.2.

(1) y²g,íüXÚ���5"
(2) y²g,íüXÚ�fúª5�µXJ ⊢ Γ§K�3��y²ä§Ù¥Ñy�úªÑ´ Γ �fúª"
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1o! ;�5½n9ÙA^ 1ÔÙ x����5½n1o! ;�5½n9ÙA^½½½nnn 7.4.1 (;�5½n). (a) XJ Γ |= ϕ§K�3 Γ�,�k¡f8 Γ0 �� Γ0 |= ϕ"
(b) XJ Γ �z�k¡f8 Γ0 Ñ´�÷v�§K Γ Ǒ´�÷v�"y²: �SK 7.3"e¡·�w�
;�5½n�A^"½½½nnn 7.4.2. b½�ó¥�¹�
"XJ��4�é8 Σ k?¿��k¡�.§K§�½k���¡�."y²: £Á�e§31 8 Ù1 � !¥§é?¿�ê k ≥ 2 ·�Ñ�Ñ
��4�é ∃kL�/���3 k ���0"~X§

∃2 =df ∃v1∃v2 v1 6≈ v2,

∃3 =df ∃v1∃v2∃v3 (v1 6≈ v2 ∧ v2 6≈ v3 ∧ v1 6≈ v3)"�	úª8 Γ = Σ∪ {∃2, ∃3, · · · }"�âb½§Γ �?Û��k¡f8Ñ´�÷v�";�5½nw�·�§Γ ��Ǒ´�÷v�"w,?Û÷v Γ ��.Ñ7L´ Σ ����¡�."íííØØØ 7.4.1. �½��k�
��ó L"L þ�¤kk¡(�/¤�aØ´2Â��a
EC∆"¤k�¡(�/¤�aØ´��a EC"5µ

1. ½n 7.4.2 ÚíØ 7.4.1 é�/�²
Ü6Æ´ïÄ�ã�4��Ì�"Ǒ,3êÆS¤k�k¡(�w,´�±Lã�§�XJ·�r�ó��3���óþ§K·��{y�k¡��¡�.�§=ù·�#N^�¡õ^£ã"3SK¥·��¬w��
��Ü6�{L��Vg§§�õ�õk
/k¡é�¡0�Kf3p¡"
2. íØ 7.4.1 Ǒ£�

¡je�¯Kµ=¤k���+Ø/¤����a"·�2w��;�5½n,	��­�A^§�IO�â�.��35§§Ǒ£�

¡je�,��¯K§=�3���d�ØÓ���."~~~ 7.4.1. �	 IO �â�. A = (N, 0, S, <,+, ·)"�3���ê�. B � A ���d�ØÓ�"
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1ÔÙ x����5½n 1o! ;�5½n9ÙA^ù��� A ���d�ØÓ��£�ê½Ø�ê¤�.¡Ǒ �IO�â�. "4·�kÚ\���Y�§¥~^�Vg"é?Û��(� A§·�¡¤k3 A ¥¤á�4�éǑ A �nØ§ P� Th A§=
Th A = {σ :|=A σ}"e¡�{ü·KJø�·����E���d�.��{µÚÚÚnnn 7.4.1. XJ£Ó���óþ�¤(� B ÷v Th A§K B ≡ A"y²: �SK"£��IO�.��E"y²: Äk*��óµV\��#�~êÎÒ c"-

Σ = {0 < c, S0 < c, SS0 < c, · · · }"·��y?Û�� Σ ∪ Th A �k¡f8 Σ0 Ñ´�÷v�µ5¿� Σ0 �õ�kk¡^
Σ ¥��é§·��±é��¿©��g,ê k§¿3IO�.¥Vþ c �)ºǑ k =�"Th A ¥��éØV�� c§Ïd3IO�.¥�,¤á"�ì;�5½n§Σ ∪ Th A Ǒk���."��5½n�y²w�·�ù��.�±�Ǒ�ê�"·�¤���. BÒ´T�.3�â�óþ���"du B´ Th A��.§A ≡ B"�e�y B Ú A ØÓ�"b½�3��Ó� h : B→ A"- m = h(cA)"du 0 < c, S0 < c, · · · , SS · · ·S

︸ ︷︷ ︸

m õ� 0 < c 3�. B ¥¤á§Ïd h p�Ñ��l m + 1 �
m ���ü�N�§ù�ÄT�K£SK 2.6¤gñ";�5½n�k��Ǒ�A^§~X§��dAÛ06|^;�5½n£Ú�
Ù§5�¤�Ñ
��é��Ü6���Ǒx"Ǒ,·�ùpr;�5½n����5½n���íØ§�l,«¿Âþù§��dAÛ0½nw�·�§;�5½nâ´��Ü6¥����AÆ"SSSKKK 7.3.

(1) y²;�5½n"
(2) y²Ún 7.4.1"
6��dAÛ0§Per Lindström£1936 - 2009¤§a;Ü6Æ[§êÆ["
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1o! ;�5½n9ÙA^ 1ÔÙ x����5½n
(3) b½4�é σ 3 Γ �¤k�¡�.¥Ñ¤á"y²µ�3��g,ê k �� σ 3

Γ �¤kõu k �����.¥Ñ¤á"
(4) b½�ó¥k����¢
ÎÒ <"-(� A = (N, <) Ǒg,ê8ÚÙþ�Ï~�S"y²�3��� A ���d��. B �� <B k���¡üó§=§�3
| B | ¥��� a0, a1, · · · ��é?¿g,ê i§(ai+1, ai) ∈<B" [5µ�K�±)Ö¤µûSØ´�����Vg" ]

(5) �	��Ü6��5Ú��5�e�f/ªµ⊢ α ��=� |= α"|^;�5½n§lþãf/ªí�Ñ��Ü6��5Ú��5���/ª"
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1lÙ (å�
ko(�e·��
�oµ·�°(½Â
�
ênÜ6¥�Ä�Vg§XýÚ�y"¿�ïá
§��mXe�éXµ Γ |= σ ��=� Γ ⊢ σ"^Ï��ó`§XJ·�rý)º¤��o°
�O§�oý�Òff�´�y�"l¥·��±+¬/ªz�{�r�",
§3òVg°(z��§;�5½nêþw�·�/ªz�{�Û�"�;�5½n�³���´Xì��Æ"·��e5��§ò¬y²x���ü�Ø��5½n§l
��Ǒ/�«
Ü6�{�Û�"3Ø��5½n�y²¥§�[�±���N¬�rÄ�Vg°(z�7�5".¾§�`²ý�f�´�y�¿vk�o-<¯Û�/�"·�ò¬w�µTT´�«
Ü6�{�Û��Ø��5½nâ¿©Ny
ênÜ6�ý�°��
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